
Mechanics & Industry 14, 239–245 (2013)
c© AFM, EDP Sciences 2013
DOI: 10.1051/meca/2013063
www.mechanics-industry.org

Mechanics
&Industry

Parametric study of the influence of the structure dimensions
and the material properties on the global behavior of plates
made of composite materials

Mohamad Abdul Wahab1, Nazih Moubayed1,a, Tony Jabbour2 and Peter Davies3

1 Faculty of Engineering 1, Lebanese University, Tripoli, Lebanon
2 ISAE, Lebanese University, Beirut, Lebanon
3 Laboratory of Materials of Marins, Center of Brest, BP 70, 29280 Plouzané, France
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Abstract – This paper considers the effect of the damage caused by transverse stresses due to a low
velocity impact loading on composite plates. The dynamic response of a plate is calculated using the
modal superposition technique based on the classical plate theory of sandwich plates (stratified) taking into
account transverse shear effects. An indentation law, based on the Hertz theory and verified experimentally,
governs the behavior of the plate subsequent to impact. The numerical time integration scheme is used to
calculate the contact force at any instant by combining the indentation and the dynamic response of the
structure. The obtained results show a good correlation between the shock results and their prediction. This
method is equally applied to the contact force as well as to the deformation of the plate. The simulation
permits a parametric study of the structure dimensions and the material properties on the global behavior
of the plate.
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1 Introduction

It has been observed in sandwiched composite panels,
intended for use in naval or off-shore construction, that,
when those panels are subjected to shock loading, two
types of damage need to be considered: a local damage
involving only localized micromechanical effects inherent
in the material, and a global damage evidenced by frac-
ture cracks due to flexure on the upper and lower surfaces
of the plate, or a local degradation due to shear failure in
the matrix further away from the point of impact.

In order to study these types of damage that involve
the whole lay-up of the structure and the boundary con-
ditions, a dynamical model of the panel is given. This one
is subjected to a shock loading which do not cause any
global damage. This model needs to treat the structural
aspect of the panel and its behavior during a localized
damage under the impactor.

The dynamical response is obtained by modal su-
perposition, the modes being calculated analytically as-
suming a simple mathematical model of the sandwiched
plate vibrating under simple limiting conditions. The
assumed plate model follows the Reissner-Midlin [1] and
Whitney and Pagano [2] types which take into account

a Corresponding author: nmoubayed@yahoo.com

the transverse shear effects. The displacement field can
then be calculated at any point of the plate.

In order to calculate the dynamical loading on the
structure, i.e., the contact force due to the impact, it is
necessary to formulate an indentation law that would re-
flect the localized effects of the shock. In this paper, a
law of the Hertz type has been adopted and is verified
experimentally.

A numerical scheme makes it possible to integrate,
with respect to time, the two mechanical phenomena, the
local deformation and the response of the structure.

To validate the model, the low energy impact is
achieved by dropping on the structure a rigid sphere of
mass equal to 10.9 kg at impacting velocities ranging from
1 to 10 m.s−1.

The skin laminates forming the top and the bottom
surfaces of the sandwiched plate are made of composite
materials with continuous fibers imbedded in an organic
matrix. A parametric study is then performed to study
the effect of the dimensions of the plate and the mechan-
ical properties of the material.

2 Dynamical model

The problem of isotropic plates and beams subjected
to impact, has been considered by Timoshenko [3] while
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Nomenclature

Notation Unit Description
a, b m Plate dimensions
Bij N Bending-extension coupling coefficients
Dij N.m Bending-twist coupling coefficients
Ei, E N.m−2 Young’s modulus
F (t) N Contact force
Fi N Value of force distribution within a time interval
g m.s−2 Acceleration
Gij N.m−2 Shear modulus of elasticity
I m4 Moment of inertia
kh N.m−1.5 Hertz coefficient
L Lagrange multiplier or Lagrangian
Mmn Generalized mode mass
m0 kg Impactor mass
p(x, y) N.m−2 Transverse loading
qmn (t) Unknown generalized variables
Qmn N.m−2 Plane stress elastic coefficients
R m Impactor radius
g3

mn(x, y) Deformation of the plate
s(t) m Impactor displacement
Vd Joule Energy of deformation
uβ , (β = 1.2) m Displacement of the middle surface
Ud Joule Potential energy of the structure
V0 m.s−1 Impactor speed before impact
w m Tranverse displacement of the structure
x, y, z m Cartesian coordinates
α m Penetration, indentation
ψx, ψy Rotations of normal lines
φk Nodal vectors

impact loading on structures made of composite materials
has been investigated by various authors [4–8]. In this
paper, a simple dynamical approach has been adopted
based on modal superposition. Indeed, the present study
seeks to analyze the global damage modes that arise due
to overloads away from the impacted regions.

2.1 Equation of motion

The case of a simply-supported, sandwiched, compos-
ite plate, with symmetric skin laminates, that is subjected
to an impact loading, is treated. To analyze the behavior
of the plate subsequent to loading, the theory developed
by Whitney and Pagano [2] for multi-layered plates is uti-
lized in the present study. This theory is based on some
fundamental hypotheses which are:
– (A1) The plate is made of thin, parallel layers of con-

stant thickness,
– (A2) Each layer behaves elastically and is under plane

stress conditions,
– (A3) The deformations are small.

It should be noted that the Whitney’s theory is based
on an admissible kinematic field of the Reissner-Midlin
type [1] which has the form:{

uβ(x, y, t) = u0
β (t) + zψβ, (β = x, y)

u3(x, y, t) = w (x, y, t)
(1)

where u0
β , w (x, y, t), ψβ and (β = x, y) are, respectively,

the membrane deflection of the middle surface, the trans-
verse deflection of the structure and the rotation of an
element normal to the middle surface.

Knowing the displacement field, it is possible to de-
termine the elements of the shear deformation tensor εzβ ,
(β = x, y) in the honeycomb core material [1, 9].

The fundamental law of elastic behavior and the fun-
damental relations of the principles of dynamics for bend-
ing lead to the following system [9–11]:

hak1G13

(
∂ψx

∂x
+
∂2w

∂x2

)
+ hak1G23
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∂ψy
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∂2w

∂y2
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∂x2
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(2)
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where:

– Dij , and Gij are, respectively, the bending and the
shear coefficients [12],

– k1 is a correction factor, k1 = 5/6 [13];
– hα represents the thickness of the honeycomb core;
– ψβ are the rotations of the normal to the middle sur-

face;
– w designs the transverse deflection of the structure;
– p represents the transverse loading applied to the

middle surface;
– Ixy is the moment of inertia;
– ρs is the mass density of the plate and is given by

ρs =
h
2∫

−h
2

ρdz = 2hpρp + haρa where ρa and ρp are,

respectively, the mass densities of the core and that
of the skin of the laminate, ha and hp are respec-
tively, the thickness of the core and of the skin of the
laminate.

2.2 Determination of the transverse displacement
of the plate

The dynamic response of a rectangular, sandwich
plate with symmetric, orthotropic skin laminates sub-
jected to an exciting transverse force, can be obtained
by modal decomposition [9–11,14, 15]:[

w(x, y, t)

p(x, y, t)

]
=

∞∑
m=1

∞∑
n=1

[
qmn(t)g3

mn(x, y)

pmn(t)g3
mn(x, y)

]
(3)

The rotations of the normal are written as:

ψβ(x, y, t) =
∞∑

m=1

∞∑
n=1

aβ
mn(t)gβ

mn(x, y) (4)

The functions gi
nm(x, y), (i = 1, 2, 3, . . .) are known and

should satisfy the boundaries conditions. It remains to
determine αβ

nm(t) and qnm(t). As far as αβ
nm(t) are con-

cerned, they are obtained from the constitutive relations
of the plates based on the known components of the ver-
tical displacement qnm(t). The involvement of the lat-
ter in the potential energy of the external load permits
the use of Lagrange’s method which is a consequence of
Hamilton’s principle [11, 16].

The Lagrangian is defined as:

L = T − VT

where T and VT are, respectively, the kinetic and the
potential energies. Then:

d
dt
∂L

∂q̇
− ∂L

∂q
= 0 (5)

VT and T are given by the following expressions:

VT = Ud − 1
2

∫∫
A

q(x, y, t)w(x, y, t)dxdy

with: Ud = 1
2

∫∫
A

σT εdxdy =
∑
m

∑
n
Kmnq

2
mn

T =
1
2

∫∫
A

ρs(u̇2 + v̇2 + ẇ2)2dxdy =
∑
m

∑
n

Mmnq̇
2
mn

with: Mmn = ρs

∫ a

0

∫ b

0

(
g3

mn (x, y)
)2dxdy.

The solution of the problem is obtained for a concen-
trated loading:

p(x, y, t) = F (t)δ(x− x0)δ(y − y0)

For each mode, the Lagrange’s method leads to a second
order differential equation of the form:

q̈mn (t) + ω2
mnqmn (t) =

g3
mn (x0, y0)F (t)

Mmn
(6)

The Lagrange solution of equation (6) is written as:

qmn(t) =
1

Mnmωnm

∫ t

0

g3
nm(x0, y0)F (τ) sinωnm (t− τ ) dτ

(7)
By substituting equation (7) into equation (3), the re-
sponse of the plate obtained by modal superposition leads
to the transverse deflection:

w =
∞∑

m=0

∞∑
n=0

g3
mn (x, y) g3

mn (x0, x0)
Mmnωnm

×
t∫

0

F (τ) sinωnm (t−τ) dτ (8)

The natural frequencies ωmn appeared in equation (8)
can be determined experimentally or calculated from the
fundamental equations of the sandwiched plate [9].

2.3 Modal accelerations method

The modal accelerations method enables one to cal-
culate a statically exact response to the problem of shock
loading. Thus, consider the differential equation of an un-
damped structure subjected to a shock loading based on
the Geradin and Rixen model [16]:

MÜ (t) +KU (t) = F (t) (9)

By truncating the modal series representation of the
inertia forces, we can write:

KU (t) = F (t) −
n∑

k=1

q̈ (t)Mφk (10)

where φk are the modal vectors associated with the pulses
ωk. The displacements are then obtained as:

U (t) = K−1F (t) −
n∑

k=1

q̈k (t)
φk

ω2
k

(11)
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Every modal displacement qk is a solution of a single
degree-of-freedom differential equation:

q̈k (t) + ω2
kqk (t) =

1
μk
φT

k F (t) (12)

where μk is the modal mass μk = φT
kMφk.

The solution of the system initially at rest is:

qk =
1
ωk

∫ t

0

F (τ) sinωk (t− τ ) dτ (13)

Combining equation (12) and equation (13), thus:

q̈k (t) =
1
μk
φT

k

(
F (t) − ωk.

∫ t

0

F (τ) sinωk (t− τ) dτ
)

(14)
Then substituting equation (14) into equation (11), U(t)
becomes:

U (t) =
n∑

k=1

φkφ
T
k

ωkμk

∫ t

0

∫ t

0

F (τ) sin (ωk (t− τ )) dτ

+
∞∑

k=1+n

φkφ
T
k

ω2
kμk

F (t) (15)

Finally, the method of modal accelerations resides in com-
pleting the response of the modal displacements by in-
cluding the missing terms in the spectral development of
the quasi-static response. In many cases, it can lead to
an improvement of the solution without an appreciable
increase in computational volume in comparison with the
method of modal displacements.

2.4 Case of a concentrated load

In order to simulate the experiments dealing with
shock loading using drop-weight machines, the excitation
is assumed to be vertical, concentrated and directed to-
ward the center of the plate with coordinates (x0, y0).

The applied loading p(x, y, t) is expanded into a dou-
ble Fourier series [9, 10, 17] as:

p(x, y, t) =
∞∑
1

∞∑
1

pmn (t) sin
(
mπ

x

a

)
sin

(
nπ

y

b

)
(16)

where:

pmn =
4
ab

∫ a

0

∫ b

0

p (x, y, t) sin
(
mπ

x

a

)
sin

(
nπ

y

b

)
dxdy

(17)
From equations (16) and (17), the concentrated load
becomes:

p (x, y, t) =
∞∑
1

∞∑
1

4F (t)
ab

sin
(
mπ

x0

a

)
sin

(
nπ

y0
b

)

× sin
(
mπ

x

a

)
sin

(
nπ

y

b

)
(18)

Fig. 1. Configuration example of a falling weight.

3 Method of solution

Once it is decided how the plate behaves, how the con-
tact plate-impactor occurs, and how the dynamical phe-
nomenon is discretized, it would be appropriate to explic-
itly solve the transitional movement of the plate during
and after the impact.

3.1 Contact force

Consider two bodies, one elastic and one rigid, which
are about to collide as shown in Figure 1.

Within the structure of the study of the behavior of a
sandwiched plate subjected to loading shock, this contact
can be modeled following the Hertz’s law [6,17–19]. Thus,
the contact force of a sphere on a plane surface is of the
type:

F = kh(α)3/2 (19)

where F is the contact force during the shock load-
ing, kh is the Hertzian coefficient which depends on the
elastic properties of both bodies. This coefficient can
be determined experimentally by quasi-static indenta-
tion [18, 20–22]. The penetration is given by:

α = s (t) − w (x0, y0, t) for t > 0 (20)

where w(x0, y0, t) is the transverse displacement of the
structure at the point of impact and s(t) is the displace-
ment of the impactor.

3.2 Impactor displacement

To calculate the displacement of the impactor having a
mass equal to m0, the fundamental principle of dynamics
is applied to the falling weight. Thus:

−F = m0
dv
dt

(21)
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where F is the contact force (determined as being an ex-
ternal action on the plate) at time t.

The variation of the velocity during dτ is expressed as
follows:

dV = −F (τ)
m0

dτ

The velocity of the impactor at time t is determined by
integration. Therefore:

V (t) = V0 − 1
m0

∫ t

0

F (τ) (t− τ) dτ (22)

where V0 is the instantaneous velocity before the shock.
It can be determined from the conservation of energy the-
orem expressed by:

1
2
m0V

2
0 = m0gz0

This gives:
V0 =

√
2gz0

where z0 is the height drop.
The variation of the displacement during (t−τ) is

equal to:
ds (t) = dV (t− r) (23)

Finally, the transverse displacement of the spherical im-
pactor of mass m0 at any time is obtained by a new
integration:

s(t) = V0t− 1
m0

∫ t

0

F (τ) (t− τ) dτ (24)

The penetration law, according to the theory of Hertz, is
expressed as:

α = s (t) − w (x0, y0, t) (25)

Then, the transverse displacement of the structure is
expressed as:

w (x, y, t) =
N∑
1

N∑
1

g3
mn(x, y)g3

mn(x0, y0)
Mωnm

×
∫ t

0

F (τ) sinωmn(t− τ)dτ

+
∞∑

N+1

∞∑
N+1

4
g3

mn(x, y)g3
mn(x0, y0)

abρsω2
mn

F (t) (26)

Substituting equations (24)–(26) into equation (20), a
nonlinear integral equation that can only be solved
numerically is obtained. Thus:

(F (t) /kh)2/3 = V0t− 1
m0

∫ t

0

F (τ) (t− τ ) dτ

−
N∑
1

N∑
1

g3
nm (x, y) g3

nm (x0, y0)
Mωnm

∫ t

0

F (τ) sinωnm(t− τ)dτ

−
∞∑

N+1

∞∑
N+1

4
g3

mn(x, y)g3
mn (x0, y0)

abρsω2
mn

F (t) (27)

Fig. 2. Numerical schematic of integration.

To calculate the contact force, an iterative method based
on a numerical scheme for explicit time integration is used
(Fig. 2). This is an extension of a method in which the
contact force is assumed constant during the interval [idτ ,
(i+ 1)dτ ].

3.3 Iterative method

The contact force during a small time interval is as-
sumed to be constant. Initially, for t = 0 and at a first
time increment, F1 is calculated from V0, thus:

F1 = kh(V0dτ)

At an increment time i, Fi is calculated from V(i−1) and
F(i−1), thus:

(Fi/kh)
2/3 = V0 (i− 1) dτ − 1

m0
dτ2

i∑
j=1

Fj
(2i− 2j − 1)

2

−
∞∑
n

∞∑
m

(
g3

nm (x0, y0)
)2

Mmnωmn

i−1∑
j=0

Fj (cosωmn

× (i− j − 1) dτ − cosωmn (i− j) dτ)

−
∞∑
n

∞∑
m

(
g3

mn (x0, y0)
)2

Mmnω2
mn

Fi−1 (28)

The iterations are continued until a number N is obtained
such that FN = 0. Thus, Ndτ is the contact time.

4 Comparison trial/calculation

The calculation of the deformations during the time
the shock is applied has been performed on rectangular
sandwiched plate (300×300×24 mm3), simply supported
all around (300×300 mm2 of free surface), containing two
identical skin layers made of fibers glass “rovimat” and
2 mm polyester in thickness, and of foamy core mate-
rial PVC2. This plate is subjected to an impacting rigid
sphere falling from a height varying between 1 m and
2.5 m. The impactor that is used has a mass of 10.9 kg
and a radius of 50 mm. The geometric characteristics of
the plate and its material properties are shown in Table 1.
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Table 1. The used plate characteristics.

Property Skin (laminated) Core

Mass density kg.m3 1630 80
Young’s modulus E1 = E2 = 14 GPa Epvc2 = 56 MPa

Shear modulus of elasticity G12 = 4 GPa Gpvc2 = 20 MPa
Poisson’s ratio v12 = 0.25 v12 = 0.4

Thickness (mm) 2.2 20

Fig. 3. Deformation for 10.9 kg and 2 m of height.

Table 2. Deformations (predicted/measured) at the PVC2
sandwiched plate center.

Height (m) εxx (10−3) εyy (10−3)
1 6.5/7.1 6.00/6.45

–9.2% –7.5%
1.5 8.7/8.4 8.78/8.2

3.4% 6.6%
2 8.95/8.38 10.2/9.41

6.3% 7.7%
2.5 11.4/8.13 11.4/9.77

28.6% 14.29%

The plate length is: a = 0.3 m. Its width is: b = 0.3 m.
The coefficient of penetration, obtained through a quasi-
static indentation, is: kh = 2 × 107 N.m−1.5.

The validation at the deformations level is also con-
ducted in the case of a simply supported sandwich plate.
The results of measurements at the center of the under-
side are illustrated in Figure 3 and are compared with
results from the analytical model. Relative deviations are
observed between the measured and calculated values in
Table 2. The difference between the two results increases
more and changes from negative to positive, this can be
explained by the fact that the strain rate affects the stiff-
ness of the skins as well as the Young’s modulus. This has
been observed for PVC2 materials for which the influence
of speed is very important.

Other comparisons have been made (for the same type
of sandwiched plates [23,24]). They also show a good cor-
relation between experiment and simulation. Given the
discrepancies existing in the material properties and the
errors in measurements, the proposed method does allow

the prediction of the behavior of the plate subsequent to
impact.

5 Parametric study

Table 3 shows that some characteristics of the re-
sponse of the plate (sandwich panel) are affected by the
material properties.

It can be noted that the Hertz factor kh does not have
a strong influence. On the other hand, the contact forces,
the displacements and the flexural deflections are affected
by the thickness of the skin layers, and, to a lesser ex-
tent, by the thickness and the shear modulus of elasticity
G13 of the core. However, the shear, which is a deter-
mining factor for damage prediction, is principally influ-
enced by both the thickness of the core and its modulus
of elasticity G13.

6 Conclusion

The objective of this work is to develop an analytical
approach using modal acceleration, based on the classical
theory of sandwiched, laminated plates, to predict the
occurrence of global damage by first considering the static
solution.

By using the Hertz’s law of indentation, the model
is used to analyze the dynamical behavior of such plates
by calculating the contact force, the deflection, and the
strains occurring at the lower skin layer, at the center
of the plate during impact. The given results from the
presented model have been compared to results generated
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Table 3. Influence of the material parameters on the dynamical response.

Parameter Force 1 Deflection 2 ε
(1)
xx ε

(2)
xz Duration of impact

kh + 10% 1.4% 1.7% 0% 1% –0.7%
Ei + 10% 1.0% –1.0% –7% 1% 0.0%
G13 + 10% 4.0% –4.0% 3% –5% –9.0%
ha + 10% 10.0% –7.0% –6% –6% –4.0%
hp + 10% 1.0% 0.0% –9% 0% 0.0%

from experiments. Thus, experimental results validate the
proposed model.

The study of affecting material parameters shows that
the latter have an influence on the dynamical behavior of
the sandwiched panel. In addition, this study provides
a basis to develop an experimental procedure to ana-
lyze these parameters. However, it should be noted that
the approach used in this work, specifically, to vary the
parameters individually, is somewhat simple. It should
be noted that this approach does not take into consider-
ation the numerous relationships existing between these
parameters. For example, the shear modulus of elasticity
G13 has an influence on both the response of the panel
and on the coefficient of indentation.
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