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Abstract – The objective of this work is to design electrostatic actuators for a CMOS-MEMS nano-newton
capacitive force sensor to suppress vertical vibrations disturbances. Electrostatic actuators are selected
because the movable part of this force sensor is anchored to the fixed parts. In the first step, we propose
a framework for simulation of the force sensor based on finite element method. The proposed model is
modified utilizing comparison between the simulation and experimental models to improve the performance
of the model. Then, 14 pairs of electrostatic actuators are designed for applying the control algorithm
and their pull-in voltage is calculated. In next step, Modal Analysis is applied to find dominant natural
frequencies and mode shape vectors. In addition, an observer is proposed to estimate the velocity of the
modal coordinate. Finally, an optimal controller is designed employing state-space approach to suppress
vertical vibration due to undesired out-of-plane excitations generated by environment during manipulation.
Simulation results illustrate that employing optimum LQR control approach, the maximum out-of-plane
disturbance input is suppressed less than 0.4 s with acceptable range of voltage less than pull-in voltage.
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1 Introduction

MEMS force sensing devices play an important role
in sensitive applications such as living cell manipulation
and minimally invasive surgery (MIS). Determining forces
accurately is the key point to independently manipu-
late vulnerable biological cells and maintain safety during
manipulation.

Various kinds of MEMS force sensors have been de-
veloped and presented in the literature. A MEMS lateral
force sensor was presented for a diagnostic biomechan-
ics platform by Susan [1]. The proposed force sensor is
highly sensitive and it can be directly submerged in cell
medium to operate at a low voltage. Nevertheless, lateral
sensing mechanism is the most problematic disadvantage
of this sensor. Impairing effects of in-plane sensing mech-
anism are pull-in effect and complicated electrical isola-
tion [2]. Also, a 6-DOF force and torque sensor applied
for micro-manipulation applications was proposed by Es-
tevez et al. [3]. The sensor has the capability of detecting
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forces and torques in μN range. However, in minimally in-
vasive surgery and living cell manipulation the amplitude
of the forces may be varied in nano-newton range. The
piezoelectric [4], optical [5], piezoresistive [6] and capac-
itive force sensors are the most important types offered
for this purpose. Chu et al. developed a highly sensitive
capacitive force sensor in 2007 [7]. The main disadvan-
tages of this sensor are in-plane sensing mechanism and
its structural integration with a gripper. To resolve men-
tioned drawbacks novel COMS- MEMS technology was
proposed for fabrication. Advantages of this technology
are high performance, small size and cost effectiveness.
Other advantages are better integration with gripper and
integration of multiple sensors into one platform [2]. This
method was used for fabrication of accelerometers such as
the accelerometer developed by Xie and Fedder [8]. Later,
a CMOS-MEMS accelerometer with tri-axis sensing elec-
trodes arrays was proposed by Tsai et al. [9]. In addi-
tion, Xie and Fedder developed a CMOS-MEMS sensing-
actuating system equipped with vertical capacitive comb
fingers [10]. The Nano-Newton CMOS-MEMS capacitive
force sensor developed in Khir et al. [2] has utilized
out-of-plane sensing mechanism with high accuracy and
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Fig. 1. A CAD model of the CMOS-MEMS nano-newton force sensor used in this research.

reliability. This force sensor can measure forces ranged in
nano scale which can be useful for bio application. Fur-
thermore, CMOS-MEMS technology is used to fabricate
this force sensor that causes better integration of the sen-
sor with manipulator. The most important characteristics
of being capacitive are relatively high sensitivity and low
temperature dependence [7].

One of most reasonable approach to increase the accu-
racy in MEMS force sensors is to eliminate disturbances
and undesired forces during manipulation. Since the mag-
nitude of sensing force during manipulation in these de-
vices is limited to nano-newton scale, even small unde-
sired forces can influence on the performance of the sensor
severely. Most of the sensors in biomedical applications
are used usually in an open loop sense in presence of dif-
ferent environments. In practical point of view, undesired
forces applied during manipulation cannot be suppressed
and may affect the accuracy and reliability of the mea-
suring device. To suppress undesired effects of the distur-
bance forces using additional actuating elements in the
sensor structure with a closed loop strategy seems to be
an acceptable solution. There are different kinds of actu-
ators for controlling undesired vibrations of MEMS de-
vices such as shape memory alloy, PZT, capacitive, and
etc. The position control in MEMS shape memory alloys
and their nonlinear thermo mechanical behavior were in-
vestigated by Kumar et al. [11]. Gedouin et al. compared
the results of a classical PID and model-free control on
position control of a shape memory alloy in 2011 [12].
Marinaki et al. applied a piezoelectric sensors and actu-
ators system for suppressing disturbances in 2011 [13].
Also, Koha investigated on single s-shaped PZT as actu-
ating system in 2011 [14].

The main focus of this research is to propose electro-
static actuators for the structure of CMOS-MEMS Nano-
Newton capacitive force sensor developed in [2]. For this
purpose, the model proposed for the force sensor is sim-
ulated by finite element method (FEM). Then 14 pairs
of electrostatic actuators are proposed and their pull-in
voltage is calculated. Electrostatic actuators are selected
because the movable part of this force sensor is anchored

Fig. 2. Elements of the force sensor structure for FEM
analysis.

to the fixed parts. Then, Modal Analysis is applied to
find dominant natural frequencies and mode shape vec-
tors. Also, an observer is necessary for estimating the ap-
plied velocity because the sensor is able only to measure
displacement. Finally, an efficient closed loop system is
developed to improve the performance of the sensor dur-
ing manipulation by suppressing vertical disturbances.

2 Modeling by finite element method

Figure 1 illustrates a CAD model of the CMOS-
MEMS capacitive force sensor developed in Khir et al. [2].
In the proposed sensing mechanism, a micro probe is at-
tached to the proof mass to convert the effect of applied
vertical external force at the tip to produce relative dis-
placement between the rotor (movable) and stator (fixed)
comb drives and to capacitance changes during sensing.

To model the force sensor, finite element method is ap-
plied. The force sensor is considered as a beam composed
of three different cross sections. As illustrated in Figure 2,
the proof mass of the force sensor is anchored by two ro-
tational beams. Consequently, three elements and four
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K =

⎡
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M =⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

7.4853 × 10−9 2.4073 × 10−13 −1.4427 × 10−13 0 0 0 0
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(4)

nodes should be considered. The dimensions of these ele-
ments are mentioned in Table 1. Timoshenko Beam model
is considered and the stiffness matrix (K) can be calcu-
lated for each element based in Equation (1) [15].

K =
EI

L
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0 0 0 0
0 1 0 −1
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0 −1 0 1
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(1)

where E, L, G and A are Young’s modulus, length, shear
modulus and cross action of each element respectively.
Traditionally, μ is the correction factor for shear energy
whose value is normally 5

6 . Assembling these elements,
the stiffness matrix of the structure can be obtained and
defined by Equation (2).

See equation (2) above.

The consistent mass matrix for Timoshenko Beam is ap-
plied to calculate the mass matrix of each element based
in Equation (3) [15].

See equation (3) above.

where ρ is the density of the structure and Φ = 12EI
GAL2 .

Finally assembling these elements, the mass matrix of the
structure can be obtained as presented in Equation (4).

See equation (4) above.

Generally, the structural damping can be presented by
Equation (5) [17].

C = αM + βK. (5)
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Table 1. The dimensions of elements.

Element Length (μm) Width (μm) Thickness (μm)
1 250 924 40
2 250 700 40
3 1100 50 40

Fig. 3. Seven groups of electrostatic actuators located on the
node No. 1.

The global equation of motion can be obtained employing
Equation (6).

[M]
{
Ÿ

}
+ [C]

{
Ẏ

}
+ [K] {Y } = [PC ] {F} (6)

where F is the force generated by electrostatic actuators
against an undesired displacement, Pc is determined by
the position of actuator and Y is the vector of variables
of nodes which was obtained as defined by Equation (7).

Y =
[

Y1 θ1 θ2 Y3 θ3 Y4 θ4

]
(7)

Because the anchor is located on the node 2, Y 2 should
be removed. After determining the stiffness matrix, the
magnitude of the force corresponding to each node can
be calculated by Equation (8):

F = K × Y (8)

The comparison between the displacements estimated by
FEM and the corresponding values from experimental
model presented in Khir et al. [2] is given in Table 2. The
results illustrate that the proposed model in this research
is accurate enough for simulation study.

3 Design of electrostatics actuators

The node No. 1 is assigned for the attachment point of
the electrostatic actuator because of more vacant space.
Increasing the number of actuators causes to enhance the
generated force with the same voltage. It can be supposed
that two thin rods are added to the end of the sensor
on the node No. 1 to make the possibility of increasing
the number of actuators. Figure 3 illustrates the places
of seven groups of electrostatic actuators located on the
node No. 1.

In this case, the length of actuators should be selected
as large as possible because of generating larger force with
the same voltage. Consequently, it was selected 100 μm
which is the maximum length because of limitation of the
space of the first actuators group. In addition, the efficient
width of the actuator combs was selected as only 5 μm so
that the actuators fingers can be approximately located in
parallel. Furthermore, the gap should be selected as small
as possible due to generate larger force. So, the gap be-
tween movable and fixed actuator fingers can be selected
as 5 μm which is the minimum magnitude by consider-
ing the maximum displacement of the tip. Also, selecting
smaller thickness can cause to increase the number of ac-
tuators and to generate larger force. Thus, the thickness
was considered as 5 μm an acceptable magnitude for toler-
ating forces. According to the dimensions set, it is reason-
able for each of the seven groups to include two movable
and three fixed electrostatic actuators. Consequently, 14
pairs of electrostatic actuators are suggested for applying
the control algorithm. Figure 4 shows the structure of two
actuators pairs of each group.

As illustrated in Figure 4, for each actuator, two sur-
faces, top and bottom, were defined to generate forces
in different directions, one force is generated toward up
and another is generated toward down. As illustrated in
Figure 4, when the displacement generated by a distur-
bance is positive and the movable fingers move toward
up, the positive controlling voltage should be applied to
the top surfaces of the second and third fixed actuators
and the bottom surfaces of both movable actuators be-
cause of generating forces toward down. This controlling
voltage will be named “the controlling voltage for positive
displacements” in the next sections. Similarly, for the neg-
ative value of the displacement measured by the sensor,
the movable fingers move toward down and the positive
controlling voltage should be applied to the bottom sur-
faces of the first and second fixed actuators and the top
surfaces of both movable actuators because of generating
forces toward up. This controlling voltage will be named
“the controlling voltage for negative displacements” in the
next sections. Both voltages will be applied by a controller
continuously due to place the movable fingers accurately
in the middle of the fixed fingers.

4 Pull-in voltage

For the system under investigation, the pull-in voltage
is obtained when the mechanical force is equal to the elec-
trical force [16]. Generally, to prevent damage and obtain
high performance of the electrostatic devices they should
be designed to operate at voltage below the pull-in volt-
age. In this case, when the pull-in voltage is applied, mov-
able plate displaced by 1/3rd of the initial gap. Pull-in
voltage can be calculated by Equation (9) [16].

Vpull-in =
2X0

3

√
K0

1.5C0
(9)
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Table 2. Comparison between experimental and simulated models.

Force = 100 nN Force = 500 nN Force = 1 μN

5.27 × 10−8 2.62 × 10−7 5.27 × 10−7 Displacement of the end of sensing finger in Experimental Model
5.2644 × 10−8 2.6172 × 10−7 5.2644 × 10−7 Displacement of the end of sensing finger in Simulated Model by FEM

Movable

Movable

Movable

Fig. 4. The structure of two actuators pairs of each group.

where X0 is given by Equation (10).

X0 = g + dmax (10)

in which g represents the gap between movable and fixed
plate and it was determined to be equal to 5 μm. In ad-
dition, dmax is equal to possible maximum displacement.
As mentioned in Khir et al. [2], the maximum measurable
force by the sensor under investigation is up to 1 μN. The
movable part of the sensor usually faces with disturbance
forces generated by eventually clashing a cell or tissue in
nano scale when it is applied in living cell manipulation
or minimally invasive surgery and more powerful distur-
bance forces usually apply to arm of manipulator which
should be damped by the arm. Accordingly, the sensor
is appropriate for damping disturbance forces applied to
the movable part of the sensor and maximum disturbance
force supposed to be 1 μN which generates a displacement
equal to 0.539 μm in node No. 1 based in Equation (8).
Also K0 can be calculated by Equation (11):

K0 =
F0

X0
(11)

In this equation, F0 is the force which can generate
dmax based in Equation (8) and C0 can be calculated by
Equation (12):

C0 =
εLw

X0
(12)

where, L and w are the efficient length and the width of
actuators respectively. Based in Equations (8)–(12) the
pull-in voltage was calculated as 85.72 V.

5 Modal analysis

Modal analysis adheres that only the first few modes
are significant for obtaining the vibration response. Con-
sequently, an approximate reduced order dynamic model
of the structure is considered in modal coordinates based
in Equation (13) [17].

{Y } =
[
Φ̂

]
{η} (13)

where {η (t)} are the modal coordinates and
[
Φ̂
]

is the
truncated modal matrix which can be calculated by
Equation (14).

[
Φ̂
]

= [Φ1, Φ2, . . . , Φr] (14)

In this equation, Φr is the shape mode vector of rth fre-
quency which is normalized employing Equations (15)
and (16).

ΦT
r M Φr = 1 (15)

ΦT
r K Φr = ω2

r (16)
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Based on modal coordinates, the equation of motion
calculated in Equation (6) could be transformed to
the reduced modal space form as mentioned in Equa-
tion (17) [17].

[M′] {η̈} + [C′] {η̇} + [K′] {η} = [P′
C] {F} (17)

where [M′], [C′, [K′], and [P′
C] are calculated by Equa-

tions (18)–(21).

[M′] =
[
Φ̂
]
[M]

[
Φ̂
]

(18)

[C′] =
[
Φ̂
]
[C]

[
Φ̂
]

(19)

[K′] =
[
Φ̂
]
[K]

[
Φ̂

]
(20)

[P′
C] =

[
Φ̂
]
[PC] (21)

Then, the equation of motion can be written in a state-
space as presented by Equations (22) and (23).

[ξ] =
{

η
η̇

(22)
[
ξ̇
]

= [A] {ξ} + [B] {u} (23)

where [A] and [B] are the system and control matrixes,
respectively as mentioned by Equations (24) and (25).

[A] =
[

[0] [I]
− [M′] [K′] −[M′] [C′]

]
. (24)

[B] =
[

[0]
− [M′] [P′

C]

]
(25)

where {u} = F (t) is the controlling force.

6 Optimal control law and minimum-order
observer

To generate the controlling force, the gains of a con-
troller may be determined by optimal control law and
named linear quadratic regulator (LQR) controller. After
simulating the Force Sensor, LQR controller can be de-
signed by MATLAB software. The most significant point
of designing LQR controller is that Q and R have to be
calculated by respecting pull-in voltage and acceptable
controlling time.

Generally, electrostatic actuators cannot be directly
controlled by this control algorithm. The reason is that
the controller generates force signals while electrostatic
actuators require voltage or current signals to be oper-
ated. To solve the problem, we use an inverse electro-
static actuators model and force can be calculated by
Equation (26) [18].

F =
εLw

2 (g + d)2
V 2 (26)

Fig. 5. The block diagram of the control algorithm.

where d is the displacement and g is the gap between
the movable and fixed plates. In this way, we can ob-
tain the controlling voltage which should be applied to
the actuators. Figure 5 illustrates the block diagram of
the control algorithm computed with inverse electrostatic
actuators model. As shown in this figure, the control al-
gorithm needs an observer for estimating the velocity of
the modal coordinates.

It should be noted that some of the variables cannot
be measured. On the other hand, the displacement can
be measured by the sensor and the modal coordinate can
be calculated by the displacement but, velocity of the
modal coordinate cannot be measured. Consequently, a
minimum-order observer is needed for estimating them
based on measured displacement and modal coordinate.
First of all, the controllability matrix should be investi-
gated based in Equation (27) [19]:

M =
[
B|AB| . . . |An−1B

]
(27)

where n is the number of the states. The partitioned states
can be presented by Equation (28) [20].

⎡
⎣ ξ̇a

−−
ξ̇b

⎤
⎦ =

⎡
⎣Aaa | Aab

−− −− −−
Aba | Abb

⎤
⎦

⎡
⎣ ξa

−−
ξb

⎤
⎦ +

⎡
⎣Ba

−−
Bb

⎤
⎦u (28)

where ξa is a scalar and can be directly measured. ξb is
(n − 1) × 1 matrix and is the immeasurable portion of
the state vector. Aaa, Aab, Aba, Abb, Ba, Bb are scalar,
1×(n−1) matrix, (n−1)×1 matrix, (n−1)×(n−1) ma-
trix, scalar and (n − 1) × 1 matrix respectively. Based in
Equation (28), the gains of the minimum-order observer
can be determined by MATLAB software. It is necessary
to properly propose the eigenvalues of minimum-order ob-
server. Then, transfer function of the observer-controller
should be investigated and if it includes a positive eigen-
value, the eigenvalue of minimum-order observer should
be changed.

7 Simulation study and results

The natural frequencies of the system can be ob-
tained by solving the eigenvalue problem of the gener-
alised (M−1×K), the natural frequencies can be obtained.
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Table 3. The natural frequencies.

ω1 ω2 ω3 ω4 ω5 ω6 ω7

9.0800 × 10+9 4.6516 × 10+9 9.7961 × 10+8 2.1370 × 10+7 5.3906 × 10+6 3.2673 × 10+6 2.6604 × 10+4

Table 4. The gains of observer-controller.

LQR gain K(1,1) 8.9103 × 10−10

LQR gain K(1,2) 98393 × 10−4

Observer gain Ke 2.1602 × 10+4

Fig. 6. Open loop vibration of the sensor for the maximum
displacement.

They are listed in Table 3. The first mode was consid-
ered since it is critical in vibration analysis. Based in
Equations (13)–(25), the new equations of motion and
state space equations related to modal coordinate were
achieved. As mentioned, the maximum displacement of
the end of the probe is equal to 0.539 μm. Figure 6 il-
lustrates open loop vibration response for the maximum
displacement of the probe. As understood from the Equa-
tion (29), the new state space equations are controllable
because the rank of controllability matrix (CM) is equal
with the rank of matrix A which is 2.

CM = [B AB] (29)

Then, LQR algorithm was implemented using MATLAB

software and selecting Q =
[

1 0
0 1

]
and R = 10 000 000. We

obtained two possible values for controlling gain. In addi-
tion, using MATLAB software, the gain of the minimum-
order observer was determined. The gains of the observer-
controller are presented in Table 4.

Then, transfer function of the observer-controller was
calculated and as understood from Equation (30), all of
its eigenvalues are negative.

Ges =
6.1121s− 1.4170× 1012

s + 2.1920× 103
(30)

Fig. 7. Closed loop vibration of the sensor structure for the
maximum displacement.

Fig. 8. The velocity of the modal coordinate estimated by the
minimum-order observer.

Closed loop response of the system employing the
observer-controller for the maximum disturbance input is
simulated and illustrated in Figure 7. Employing the pro-
posed control algorithm, the maximum disturbance input
is suppressed less than 0.4 s as shown in Figure 7. Ad-
ditionally, the velocity of the modal coordinate was esti-
mated by the minimum-order observer and illustrated in
Figure 8.

The controlling forces needed for suppressing the max-
imum disturbance are illustrated in Figure 9. Based on
the controlling force and using inverse model calculated
by Equation (26), the controlling voltages which should be
applied to actuators can be calculated. In addition, Fig-
ures 10 and 11 illustrate the controlling voltages applied
to the electrostatic actuators to suppress the maximum
disturbance of the probe. For instance, as shown in Fig-
ure 1, 3.5 V was applied to the top surfaces of the second
and third fixed actuators and the bottom surfaces of both
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Fig. 9. The controlling forces needed for suppressing the max-
imum displacement.

Fig. 10. The controlling voltage for positive displacements of
the probe.

Fig. 11. The controlling voltage for negative displacements of
the probe.

movable actuators due to suppress the positive displace-
ment. Then, the sensor measured the negative displace-
ment and 3.1 V was applied to the bottom surfaces of
the first and second fixed actuators and the top surfaces
of both movable actuators because of generating forces
toward up. It is understood that the maximum control-
ling voltage (3.5 V) for suppressing the maximum distur-
bance which should be applied to top electrostatic actu-
ators is less than pull-in voltage (85.72 V) calculated by
Equation (9).

8 Conclusion

This paper has addressed the performance of a new
CMOS-MEMS nano-newton capacitive force sensor using
a finite element method technique. The necessary modi-
fication needed to improve the accuracy of the proposed
model was performed employing comparison between the
results of simulation and experimental analysis. In this
case, 14 pairs of electrostatic actuators which were cate-
gorized in seven groups were designed to suppress vertical
disturbances generated by environment during manipula-
tion. In addition, pull-in voltage needed to actuate the ac-
tuators was calculated. Finally an optimal controller was
proposed utilizing the state-space and modal analysis ap-
proaches. Modal analysis was applied to find dominant
natural frequencies and mode shape vectors. Also, the
velocity of the modal coordinate was estimated by an ob-
server. Simulation results illustrate that by employing op-
timum LQR control approach, the maximum disturbance
input is suppressed less than 0.4 s. The corresponding
maximum controlling voltage is obtained as 3.5 V which
should be applied to the electrostatic actuators located
on top which is less than pull-in voltage (85.72 V).
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