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Abstract – In this paper, we summarize a numerical study of two-dimensional natural convection in an
annular elliptical space fluid-saturated porous, by solving numerically the mass balance equations, momen-
tum and energy, using Darcy’s law, Boussinesq approximation, vorticity-stream function formulation and
the finite volumes method for the discretization of partial derivative equations. Both walls delimiting the
annular space are maintained at two uniform different temperatures. The external parameters considered
are the eccentricity of the inner elliptic wall (0.55, 0.688, 0.86, 0.9 and 0.999) and Rayleigh-Darcy number
(Ram = 500). The results indicate that there are two main modes of natural convection: natural convec-
tion with only two cells and with more cells, their description is given in detail. The average equivalent
conductivity is presented in terms of external parameters and allows us to see that it increases when the
internal wall eccentricity increases.

Key words: Natural convection / porous media / elliptical annulus / vorticity stream function formulation /
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1 Introduction

During recent years a considerable research effort has
been devoted to the study of heat transfer induced by nat-
ural convection in a porous medium saturated by a fluid.
Interest in these phenomena of natural convection is due
to many potential applications in engineering. These ap-
plications include the extraction of geothermal energy, the
dispersion of pollutants in aquifers, security issues in the
heart of nuclear reactors, thermal insulation of buildings,
etc.

Philip [1] developed exact solutions for small Rayleigh
number free convection in 2-D porous cavities of various
shapes due to a uniform temperature gradient normal to
the gravitational field. In this study the theorem is es-
tablished that such flows are independent of cavity orien-
tation. The exact solutions in detail for rectangular and
elliptical cavities with λ (ratio of long to short axis) ar-
bitrary, and for equilateral triangular cavities, are pre-
sented. The critical Rayleigh number for applicability of
the analysis is about 1 for cavities with long axis hori-
zontal, and about λ1/2 with long axis vertical. Elshamy
and Ozisik [2] studied numerically a steady-state natu-
ral convection for air bounded by two confocal horizontal
elliptical cylinders for the case of inner hot and outer
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cold isothermal surfaces. The local and average Nusselt
numbers were determined for different values of Rayleigh
number for different eccentricities of the inner surface.

Charrier-Mojtabi [3] carried a numerical investigation
of two-dimensional and three-dimensional free convection
flows in a saturated porous horizontal annulus heated
from the inner surface, using a Fourier-Galerkin approx-
imation for the periodic azimuthal and axial directions
and a collocation-Chebyshev approximation in the con-
fined radial direction. The numerical algorithm integrates
the Darcy-Boussinesq’s equations formulated in terms of
pressure and temperature. This method gives an accu-
rate description of the 2-D multicellular structures for a
large range of Rayleigh number and radii ratio. Bifurca-
tion points between 2-D unicellular flows and either 2-D
multicellular or 3-D flows are also determined numeri-
cally. Mota et al. [4] solved the two-dimensional Darcy-
Boussinesq equations, governing natural convection heat
transfer in a saturated porous medium, in generalized or-
thogonal coordinates, using high-order compact finite dif-
ferences on a very fine grid. The mesh is generated nu-
merically using the orthogonal trajectory method. The
code is applied to horizontal eccentric elliptic annuli con-
taining saturated porous media. The judicious stretching
of one of the annular walls in the horizontal direction re-
duces the heat losses with respect to a concentric cylindri-
cal annulus with the same amount of insulating material.
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Nomenclature

a Thermal diffusivity, m2.s−1

A Elliptic cylinder major axis, m
B Elliptic cylinder minor axis, m
c Constant defined in the elliptic coordinates, m
cp Specific heat at constant pressure, J.kg−1.K−1

Da Darcy number

e Elliptic cylinder eccentricity,

[
=

√
(A2−B2)

A2

]

g Gravitational acceleration, m.s−2

Gr Grashof number, [=gβc3(T1 − T2)/υ
−2]

h Dimensional metric coefficient, m
H Dimensionless metric coefficient
K Porous medium permeability, m2

Nu Local Nusselt number
P Pressure, N.m−2

Pr Prandtl number, [= (υρcp)/λ]
Ra Rayleigh number, [= GrPr]
Ram Rayleigh-Darcy number, [= RaDa]
t Time, s
T Fluid’s temperature, K
T1 Inner wall’s temperature, K
T2 Outer wall’s temperature, K
u Velocity component-coordinate x m.s−1

v Velocity component-coordinate y m.s−1

Uη Velocity component-coordinate η m.s−1

Vθ Velocity component-coordinate θ m.s−1

−→
V Velocity vector m.s−1

x, y Cartesian coordinates m
Greek letters

α Inclination angle, ◦
β Thermal expansion coefficient, K−1

μ Dynamic viscosity, kg.m−1.s−1

λ Thermal conductivity, W.m−1.K−1

υ Kinematic viscosity, m2.s−1

σT Thermal capacity factor
ΔT Temperature difference, [= T1 − T2], K
ρ Density, kg.m−3

ψ Stream function, m2.s−1

η, θ Elliptic coordinates
Subscripts

1 Inner
2 Outer
p Porous

Superscripts
+ Dimensionless parameters

Previous studies show that, under certain conditions, ec-
centric cylinders may lead to a more effective insulation
than concentric ones. The results presented here provide
an alternative approach to optimizing the heat transfer
rate by a proper choice of the annular shape. Djezzar
et al. [5,6] expressed the Boussinesq equations of the lam-
inar thermal and natural convection, in the case of per-
manent and bidimensional flow, in an annular space be-
tween two confocal elliptic cylinders. A new calculation
code uses the finite volumes with the primitive functions
(velocity-pressure formulation) using the elliptic coordi-
nates system. Both effects of Rayleigh number and the

geometry of the interior elliptic cylinder were examined.
Leong and Lai [7] presented for natural convection in con-
centric cylinders with a porous sleeve, analytical solutions
obtained through perturbation method and Fourier trans-
form. The porous sleeve is press-fitted to the inner sur-
face of the outer cylinder. Both the inner and outer cylin-
ders are kept at constant temperatures with the inner
surface at a slightly higher temperature than that of the
outer. The main objective of this study is to investigate
the buoyancy-induced flow as affected by the presence of
the porous layer. They performed parametric study to in-
vestigate the effects of Rayleigh number, Darcy number,
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porous sleeve thickness, and relative thermal conductiv-
ity on the heat transfer results. Khanafer et al. [8] in-
vestigated a numerical natural convection heat transfer
within a two-dimensional, horizontal annulus that is par-
tially filled with a fluid-saturated porous medium. In ad-
dition, the porous sleeve is considered to be press fitted to
the inner surface of the outer cylinder. Both cylinders are
maintained at constant and uniform temperatures with
the inner cylinder being subjected to a relatively higher
temperature than the outer one. Moreover, the Forch-
heimer and Brinkman effects are taken into considera-
tion when simulating the fluid motion inside the porous
sleeve. Furthermore, the local thermal equilibrium con-
dition is assumed to be applicable for this investigation.
The working fluid is air while copper is used to represent
the solid phase. The porosity is considered to be uniform
and constant with ε = 0.9. The effect of the porous sleeve
on the buoyancy induced flow motion under steady-state
condition was examined. Kumari and Nath [9] studied the
unsteady natural convection flow from a horizontal cylin-
drical annulus filled with a non-Darcy porous medium
.The unsteadiness in the problem arises due to the im-
pulsive change in the wall temperature of the outer cylin-
der. The Navier-Stokes equations along with the energy
equation governing the unsteady natural convection flow
have been solved by the finite-volume method. The results
show that the annulus completely filled with a porous
medium has the best insulating effectiveness. The effect
of porous medium Darcy number on the heat transfer
is more pronounced than that of the Grashof number.
Sankar et al. [10] investigated natural convection flows
in a vertical annulus filled with a fluid-saturated porous
medium, when the inner wall is subject to discrete heat-
ing. The outer wall is maintained isothermally at a lower
temperature, while the top and bottom walls, and the
unheated portions of the inner wall are kept adiabatic.
Through the Brinkman-extended Darcy equation, the rel-
ative importance of discrete heating on natural convection
in the porous annulus is examined. An implicit finite dif-
ference method has been used to solve the governing equa-
tions of the flow system. The analysis is carried out for a
wide range of Rayleigh and Darcy numbers for different
heat source lengths and locations. The numerical results
reveal that an increase in the radius ratio, Rayleigh num-
ber and Darcy number increases the heat transfer, while
the heat transfer decreases with an increase in the length
of the heater.

Our contribution is to solve the problem of natural
convection in porous media saturated with a fluid inside
an annular elliptical geometry using the vorticity-stream
function formulation in elliptical coordinates. The inter-
est in considering an annular elliptical geometry is based
on their adaptability to become either circular when the
axis ratio approaches unity, or flat plate when the axis ra-
tio approaches zero. This type of geometry can be found
in a wide range of applications such the heat exchang-
ers consisting of coaxial tubes. The inner tube wall can
be heated by flowing a hot fluid in the inner space at a
constant temperature in order to obtain a temperature

Fig. 1. Cross-section of the system.

gradient. Our work is dealing with the natural convec-
tion that occurs only in the annular space considered as
a porous medium saturated with a fluid and bounded by
two elliptical walls.

2 Problem formulation and basic equation

An annular elliptical space fluid-saturated porous and
inclined is considered. Figure 1 represents a cross section
of the system. Both elliptic internal and external walls are
isothermal, kept at temperatures T1 and T2 respectively,
with T1 > T2.

The physical properties of the fluid are constant, ex-
cept the density ρ whose variations are at the origin of
the natural convection. Viscous dissipation is neglected,
just as the radiation (emissive properties of the two walls
being neglected). We assume that the problem is bidimen-
sionnal, steady and laminar.

In this space described above a natural convection oc-
curs and it’s subject to a numerical study. The natural
convection equations within the framework of the Boussi-
nesq approximation are written:

– Continuity equation

div�V = 0 (1)

– Momentum equation
The classic formulation of Darcy is used for writing
the equation of motion:

�V = −K
μ

(∇P − ρ�g) (2)

– Heat equation

σT
∂T

∂t
+

(
�V · −−→grad

)
T =

λp

ρCp
∇2T (3)

It is convenient to define a reference frame such as the
limits of the system result in constant values of the coor-
dinates. The passage of the Cartesian coordinates (x, y) to
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the elliptic coordinates (η, θ) is obtained by the following
relations:

x = c ch (η) . cos (θ)
y = c sh (η) . sin (θ)

}
(4)

(1)–(3) are written respectively in the elliptic coordinates
using the metric coefficient h:

h = h1 = h2 = c
(
sh2 (η) + sin2 (θ)

)1/2

and h3 = 1 with c =
A

ch (η)
=

B

sh (η)

The continuity equation represented by (1) is re-written
in the elliptic coordinates as following:

∂

∂η
(hVη) +

∂

∂θ
(hVθ) = 0 (5)

Projections of (2) after some long manipulations and by
introducing the stream function ψ give:

Vη =
1
h

∂ψ

∂θ
, Vθ = − 1

h

∂ψ

∂η

1
h

[
∂2ψ

∂η2
+
∂2ψ

∂θ2

]
=−Kgβ

υ

(
[cos(α)F (η, θ)−sin(α)G (η, θ)]

× ∂T

∂η
− [sin(α)F (η, θ) + cos(α)G (η, θ)]

∂T

∂θ

)
(6)

Vη
∂T

∂η
+ Vθ

∂T

∂θ
= a

(
1
h2

) [
∂2T

∂η2
+
∂2T

∂θ2

]
(7)

Vη and Vθ are the velocity components in the directions
η and θ.

The coefficients F (η, θ), G (η, θ) used in (6) are
given by:

F (η, θ) =
sh (η) cos (θ)(

sh2 (η) + sin2 (θ)
)1/2

and G (η, θ) =
ch (η) sin (θ)(

sh2 (η) + sin2 (θ)
)1/2

The characteristic quantities used for the dimensionless
problem are: ΔT = T1−T2 between the inner and the
outer elliptic cylinder is the characteristic temperature,
the focal length c in elliptic coordinates is the reference
length and the thermal diffusivity of fluid a is the charac-
teristic velocity. The dimensionless mathematical model
obtained is:

∂

∂η

(
HV +

η

)
+

∂

∂θ

(
HV +

θ

)
= 0 (8)

HV +
η

∂T+

∂η
+HV +

θ

∂T+

∂θ
=

[
∂2T+

∂η2
+
∂2T+

∂θ2

]
(9)

[
∂2ψ+

∂η2
+
∂2ψ+

∂θ2

]
= −RamH [[cos (α)F (η, θ)

− sin (α)G (η, θ)]
∂T+

∂η
− [sin (α)F (η, θ)

+ cos (α)G (η, θ)]
∂T+

∂θ

]
(10)

where V +
η and V +

θ the components of the dimensionless
velocity are defined by:

V +
η =

1
H

∂ψ+

∂θ
and V +

θ = − 1
H

∂ψ+

∂η

where H = h/c is the dimensionless metric coefficient.
Ram the Rayleigh-Darcy number is defined by: Ram =
RaDa.

The boundary conditions are the following ones:
Hot inner wall (η = ηi = cst.):

V +
η = V +

θ =
∂ψ+

∂η
=
∂ψ+

∂θ
= 0 and T+

1 = 1

Cold outer wall (η = ηe = cst):

V +
η = V +

θ =
∂ψ+

∂η
=
∂ψ+

∂θ
= 0 and T+

2 = 0

3 Numerical method

To solve (9) with the associated boundary conditions,
we consider a numerical solution by the finite volumes
method, exposed by [11]. The power law scheme was used
for the discretization. For (10), we consider a numerical
solution by the centered differences method. The itera-
tive method used for the numerical solution of algebraic
system of equations is the Gauss-Seidel with an under-
relaxation process. Figure 2 shows the physical and com-
putational domain, once the temperature distribution is
available; the local Nusselt number in the physical domain
is defined as:

Nu = − 1
h

∂T+

∂η

∣∣∣∣
η=cst

(11)

4 Results and discussion

For the validation of the computational problem, we
compared our results with those of literature: the numer-
ical simulation of two- and three-dimensional free convec-
tion flows in a horizontal porous annulus using a pressure
and temperature formulation of [3] and the natural con-
vection heat transfer in horizontal eccentric elliptic annuli
containing saturated porous media of [4]. The grid de-
pendence has been investigated using different mesh sizes
before settling to a mesh size of (61 × 81). Our objective
is to analyze the effect of eccentricity on heat transfer
and flow. For this reason, we presented the isotherms and
streamlines for different values of eccentricities for deter-
mined value of Rayleigh-Darcy number Ram = 500 and
when the inclination α = 0◦.
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Fig. 2. Physical and computational domain.

4.1 Influence of the internal well eccentricity

We consider five annular spaces characterised by the
eccentricity of the internal elliptic cylinder (e1 = 0.55),
(e1 = 0.688), (e1 = 0.86), (e1 = 0.9) and (e1 = 0.999).

The eccentricity of the external cylinder is maintained
constant (e2 = 0.5). We use only one value of Rayleigh-
Darcy number Ram = 500 and the inclination chosen for
the calculation is α = 0◦. The fluid is assumed as air, so
the number of Prandtl is supposed be constant and equal
to 0.702.

Figure 3 for the value of Rayleigh-Darcy number con-
sidered shows that when e1 = 0.55 the free space between
two surfaces of exchange is very small, it favours the con-
ductive transfer. With increasing the value of the eccen-
tricity for the internal ellipse in Figure 4 the free space
will be relatively expanded to facilitate the transfer by
convection that is relatively low.

This transfer by convection becomes more important
for larger annular spaces Figures 5–7, which shows that
increasing the amount of internal eccentricity e1, there-
fore causes an increase in the free space between the two
surfaces exchange, which results in an intensification of
the natural convection.

4.2 Influence of the internal eccentricity
on average equivalent conductivity

Since this study examines the natural convection in
an annulus whose geometry varies with eccentricity, the
equivalent conductivity is the most suitable parameter
with which to compare the surface heat transfers of the
various annular spaces. The equivalent conductivity is de-
fined as:

λ∗eq =

∂T∗
∂η

∣∣∣
Conduction+Convection

∂T∗
∂η

∣∣∣
Conduction

(12)

The Nusselt number is proportional to the overall value of
heat transfer rate which consists of both modes conduc-
tion and convection; whereas the equivalent conductivity
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Fig. 8. Average equivalent conductivity on the internal wall.

represents the ratio of the total heat transfer between the
inner and outer cylinders, the Nusselt number is not a
good indicator of heat transfer when comparing different
geometries.

The local equivalent conductivity is defined as the ra-
tio of the local Nusselt number on the surface over which
a fluid is moving to the local Nusselt number which would
be calculated if the fluid was quiescent.

The overall equivalent conductivity is given by the ra-
tio of the average Nusselt numbers for either case.

Figure 8 shows that the average equivalent conductiv-
ity values on the internal wall increase with the increasing
of the internal eccentricity. For a narrow annular space,
both walls are very close to each other which give a trans-
fer by pseudo-conduction higher compared to the transfer
by convection. By increasing the eccentricity of the inner
elliptical tube which tends to become a plane and allows
more free space, this promotes the convective transfer to
be predominant as the average equivalent conductivity
shows.

5 Conclusion

The phenomenon of natural convection in a porous
elliptical annulus that is saturated of Newtonian fluid
was studied using a numerical method which uses the
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Fig. 3. Isotherms and streamlines for Ram = 500, α = 0◦, e1 = 0.55 and e2 = 0.5.

Fig. 4. Isotherms and Streamlines for Ram = 500, α = 0◦, e1 = 0.688 and e2 = 0.5.

Fig. 5. Isotherms and Streamlines for Ram = 500, α = 0◦, e1 = 0.86 and e2 = 0.5.

Fig. 6. Isotherms and Streamlines for Ram = 500, α = 0◦, e1 = 0.9 and e2 = 0.5.
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Fig. 7. Isotherms and Streamlines for Ram = 500, α = 0◦, e1 = 0.999 and e2 = 0.5.

method of finite volumes, the vorticity-streamline formu-
lation makes it possible to find a good agreement with
the literature bidimensional thermal natural convection,
in laminar flow and permanent, in an annular space filled
with fluid-saturated porous media located between two
confocal elliptic cylinders.

We examined, in particular, the influence of the in-
ternal eccentricity on the convective mode; the results
underline the influence of the geometry on heat transfer
that is greatly affected by the eccentricity of the internal
cylinder qualitatively and quantitatively. The transfer is
better when we considered the most valuable free space
between the two cylinders by increasing the eccentricity
of the inner elliptical cylinder which promotes the con-
vective mode of heat transfer.
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