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Abstract – This paper presents a methodology to perform global reliability based design optimization
(RBDO) of the size and shape of truss structures. This methodology is comprised by the use of a global
constraint and the response surface method to deal with the reliability analysis together with the firefly
algorithm (FA) to carry out the structural optimization. The former is responsible for the reduction of the
computational cost required in the evaluation of the probabilistic constraints. The latter overcomes the
issues related to the non-convexity and mixed-variables of the optimization problem. Two examples are
analysed in order to show the effectiveness of the methodology. In these examples, the FA is compared to
other two well-known algorithms, the harmony search (HS) and genetic algorithm (GA). As a result, the
FA reached the best performance in the examples analysed. All the optima found were checked using a
classical first order reliability method (FORM) approach, validating the results provided by the response
surface method.

Key words: Truss optimization / firefly algorithm / reliability based design optimization / size
optimization / shape optimization / global optimization

1 Introduction

The deterministic optimization of truss structures has
been widely studied in the literature [1–3]. The optimiza-
tion of this kind of structure usually leads to mixed vari-
ables, i.e. discrete and continuous design variables, and
non-convex problems in the presence of many local min-
ima [4–6]. In order to overcome these two difficulties,
several metaheuristic algorithms have been employed,
being the most widely applied the genetic algorithm
(GA) [7–12].

However, the use of GA has presented some draw-
backs, mainly related to the long computational time
required when dealing with large computational mod-
els. Hence, alternative approaches have been developed
in order to reduce the computational demand needed.
Some methods that have been employed for truss opti-
mization are: particle swarm optimization (PSO) [13,14]
simulated annealing (SA) [15], ant colony optimiza-
tion [16], harmony search [17, 18], charged system search
(CSS) [19], artificial bee colony [20], big bang-big

a Corresponding author: rafael.holdorf@ufsc.br

crunch [21], taboo search [22] and cuckoo search algo-
rithm (CS) [23]. For a comprehensive review of the de-
terministic optimization of truss structures using meta-
heuristics, the reader is referred to Saka [24], Lamberti
and Pappalettere [25] and the references therein.

However, it is widely acknowledged that determinis-
tic optimization is not robust with respect to the un-
certainties which affect engineering design. In determin-
istic optimization, potential failure modes are converted
in deterministic constraints and uncertainty is addressed
indirectly by means of safety factors and conservative
assumptions. This approach is inherited from design
through design codes, but it is essentially non-optimal for
two reasons. First, safety factors approaches tend to be
conservative, since it must take into account a large num-
ber of cases with different characteristics. Besides, designs
obtained using the safety factors approach are potentially
less safe than required if the problem under study does
not match exactly the assumptions made in order to ob-
tain the safety factors used.

The main techniques used to take into account un-
certainties in optimization using probabilistic approaches
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are: robust optimization (RO) [26] and reliability based
design optimization (RBDO) [27]. The RO has as main
goal the minimization of the variability of some param-
eters related to system response. For example, Calafiore
and Dabbene [28] applied this concept to the field of truss
structures. On the other hand, the main goal of the RBDO
is to optimize the structure ensuring that its probability
of failure is lower than a certain level, chosen a priori by
the designer [29]. RBDO of the topology or size of truss
structures has been studied by Nakib [30] and Thampan
and Krishnamoorty [31]. The multi-objective optimiza-
tion of truss structures considering uncertainties was per-
formed by Greiner and Haleja [32]. Only a few papers
have dealt with the reliability based shape and topology
optimization of truss structures [5, 31, 33, 34]. It is worth
to highlight that none of the above mentioned studies em-
ployed a global optimization algorithm to carry out the
RBDO of truss structures. However, global optimization
algorithms are required due to the non-convexity of the
problem at hand.

It has been observed that the computational cost of
the reliability analysis is one of the main issues in the ap-
plication of RBDO for real problems. The evaluation of
the probability of failure is traditionally made using first
and second order reliability methods (FORM and SORM,
respectively) [35]. However, a reliability analysis problem
must be solved for each limit state function of the prob-
lem, being most problems composed of several limit state
functions (e.g. the stress constraint inside each bar of the
structure defines a limit state function). Besides, FORM
and SORM require the evaluation of the gradient of the
limit state function, what is done using finite differences
in most cases, e.g. the structural behaviour is analysed
using a finite element model. Consequently, the evalua-
tion of the probability of failure for a given design vector
requires, in general, a large number of calls of some fi-
nite element code. This number is drastically increased in
the context of RBDO since several design vectors must
be checked in order to carry out optimization. One ap-
proach to overcome these difficulties is the utilization of
an analytical approximated model as a surrogate for the
reliability analysis, which can be obtained with the help of
the response surface methodology [35,37–39]. By choosing
an appropriate approximation, it is possible to represent
the response of the system accurately. This reduces the
computational cost of the optimization process because
the reliability analysis problem is solved for the approxi-
mated analytical solution and consequently all the infor-
mation needed (i.e. gradients) can be evaluated efficiently.
Besides, it can be used as a black-box in a non-intrusive
manner.

Computational cost of metaheuristic algorithm for
RBDO is a critical issue because both optimization and
reliability analysis tasks are usually expensive. However,
the firefly algorithm (FA) [40] has proved to be more accu-
rate and efficient than popular metaheuristic algorithms
like GA and the PSO. For this reason, several researchers
have focused their attention on solving optimization prob-
lems using FA in a growing number of papers [41–45],

including the deterministic optimization of truss struc-
tures developed by Miguel et al. [46]. However, its imple-
mentation in the field of structural optimization is still
fairly recent and requires a substantial amount of further
study [47]. Moreover, at the best of the authors’ knowl-
edge, the FA has never been applied to RBDO problems.
In view of this, we propose a framework for sizing and
shape RBDO of truss structures. The firefly algorithm
is utilized to perform design optimization while response
surfaces serve to reduce the computational cost of relia-
bility analysis. Since FA is utilized as optimizer, the pro-
posed methodology attempts to perform global RBDO of
truss structures. The validity of the present approach is
proven by comparing optimization results with those ob-
tained by RBDO frameworks employing harmony search
and genetic algorithms.

The paper is organized as follows. Section 2 presents
the formulation of the RBDO problem. The methodology
used to pursue the reliability analysis using the response
surface methodology is described in detail in Section 3.
A description of the FA is given in Section 4. Test prob-
lems and optimization results are presented in Section 5.
Finally, Section 6 presents the main conclusions of the
study.

2 Formulation of the RBDO problem

We consider that the structures studied in this pa-
per are subject to random variables of the following type:
cross-sectional areas of the bars A, nodal coordinates
C, load magnitudes F, yielding stress of the material
in tension St and compression Sc and material elastic
modulus E.

The algorithm performs size optimization of the truss
by changing the mean value of the cross-sectional areas
(a ∈ �m) of the m structural members. Shape optimiza-
tion is made by modification of the mean value of the
nodal coordinates of the nodes q′ considered as design
variables (c ∈ �q′

). Notice that we employ capital let-
ters for random variables and small letters for determin-
istic quantities, such as the mean value of the random
variables.

The optimization procedure seeks the structure of
minimum weight subject to stress, displacement and local
buckling reliability constraints. For convenience of nota-
tion, the design variables a and c are grouped into the
vector d = [a1, . . . , am, c1, . . . , cq′ ] and the random vari-
ables are grouped into the vector X = [A,C,F, St, Sc, E].
The optimization problem can then be posed as:

Find d

Minimise w (d) =
m∑

j=1

ρj�j (c) aj

Subject to P (Gk (d,X)>0) − Pf ≤0, k = 1, . . . , q + m

aj ∈ Ω, j = 1, . . . , m

cmin
i ≤ ci ≤ cmax

i , i = 1, . . . , q′ (1)
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where w is the structural weight, m is the number of bars,
ρ is the specific weight of the bar material, � is the length
of each bar, P (. . .) is the probability of the event in paren-
thesis to occur, Pf is the maximum allowable probabil-
ity of failure for each reliability constraint, Ω is the set
of available discrete cross-sectional areas, cmin

i and cmax
i

are lower and upper bounds for the nodal coordinate ci,
respectively, and Gk are the local limit state functions
given by

Gi (d,X) = δi (d,X) − δmax
i ≤ 0, i = 1, . . . , q

Gj (d,X) = |Sj (d,X)| − S̄j ≤ 0, j = 1, . . . , m

S̄j =

{
St

j , for bars in tension (Sj > 0)

min (Sc
j , S

b
j ), for bars in compression (Sj ≤ 0)

(2)

where δk and δmax
k are the displacement and maximum

allowable displacement at node i, respectively, Sj is the
stress of bar j, St

j and Sc
j are the yielding stresses in

tension and compression of bar j, respectively, and Sb
j is

the Euler buckling stress of bar j.

3 Reliability analysis

3.1 First order reliability method

The main idea of the FORM consists in replacing each
limit state function Gk by a tangent hyperplane in the
most probable point of failure (MPP). The reliability of
the system is then approximated using the reliability in-
dex, which is usually denoted by β. To evaluate the β of
each constraint, it is usual to introduce a vector of normal-
ized and statistically independent random variables U ∈
�n and a transformation T so that U = T (X). The map-
ping T transforms every realization x of X in the physical
space into a realization u in the normalized space. Notice
that the limit state function can also be written in the
normalized space as H(d,U) = G(d, T−1(X)).

The reliability index β can be obtained from the fol-
lowing optimization problem in the normalized space:

for a given d

Find u∗ (d)

Minimise β = ‖u‖
Subject to H(d,U) = 0 (3)

The solution of Equation (3) u∗ (d) is the MPP, which
is defined as the realization of the random vector U that
lies over the limit state surface and that is closer to the
origin of the normalized space. The reliability index β is
defined as the distance from the origin of the normalized
space to the MPP.

Finally, the failure probability can be approximated as

P (Gk (d, X) > 0) ≈ Φ (−β (d))
Pf ≈ Φ (−βt) (4)

where Φ is the standard Gaussian cumulated function and
βt is the target reliability index. In this paper, the proba-
bility constraints of Equation (1) are approximated using
Equation (4). For a full description of the FORM, the
reader is referred to Melchers [35].

It is important to point out that the optimization
problem of Equation (3) must be solved to evaluate the
reliability index βk of each constraint. Thus, to check the
feasibility of a given design vector d, q + m optimization
problems must be solved. This procedure leads to very
high computational costs, especially when a metaheuris-
tic algorithm is employed for the structural optimization,
since it usually requires the evaluation of at least thou-
sands of designs in order to converge to the global opti-
mum of the problem. To overcome this issue, we restate
the reliability analysis using a global constraint and em-
ploy the adaptive response surface strategy to evaluate
the resulting reliability index.

3.2 Statement of the reliability problem

Here, we take into account all the reliability con-
straints at once by using a global constraint that is ob-
tained employing the maximum operator. In the case that
all the constraints given by Equation (1) are respected,
the following condition is also respected:

max {G(d,X)} ≤ 0 (5)

where we assume that the vector G is composed by all
the limit state functions Gk of the problem.

Instead of evaluating each probabilistic constraint, we
assume that the limit state function of the problem is
the one given by Equation (5). That is, all limit state
functions are considered at once by taking the maximum
value among them. This new limit state function is called
here global limit state function in order to put in evidence
that we are considering a set of local limit state functions
at once. This limit state function can be written as

Gglobal(d,X) = max {G(d,X)} ≤ 0 (6)

where Gglobal is the global limit state function in the phys-
ical space. In the normalized space, we have

Hglobal(d,U) = Gglobal(d, T−1(X))

= max
{
G(d, T−1(X))

} ≤ 0 (7)

and the resulting reliability analysis problem is stated as:

for a given d

Find u∗(d)

Minimise ‖u‖
Subject to Hglobal(d,U) = 0 (8)

Note that this may not be an efficient approach when the
FORM is applied directly to the problem, since one would
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have difficulties in dealing with the gradient of Hglobal,
since it is not differentiable at some points because of the
maximum operator. However, we take advantage here of
the use of the adaptive response surface approach since
it does not require the evaluation of the gradient of the
limit state function, as discussed later.

3.3 Adaptive response surface approach

The main idea behind the adaptive response surface
approach is to make some approximation for the limit
state function and then solve the reliability analysis prob-
lem using this approximation [35,37–39]. The approxima-
tion is then iteratively refined and the procedure repeated
until convergence is achieved.

Here, we use a linear response surface of the form

Hglobal(u) ≈ H̃global(u) = b0 +
n∑

i=1

biui, (9)

where H̃global is the approximation of Hglobal, ui are the
variables of the problem, n is the number of random vari-
ables and bi are coefficients to be determined. Once the
closed form approximation for the limit state function
from Equation (9) is built, the reliability analysis prob-
lem can be solved efficiently with FORM algorithms.

According to Equation (9), we note that for n random
variables the number of coefficients to be determined is
n+1. Consequently, in order to uniquely define these coef-
ficients, we must evaluate Hglobal at least in n+1 different
sampling points, denoted here as ũi (i = 1, 2,. . . , n+1).
In order to generate the points ũi, we build the approx-
imation centred at some chosen point ũ0. The sampling
points are then obtained as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ũ1 = ũ0

ũ2 = ũ0 + Δe1

ũ3 = ũ0 + Δe2

...

ũn+1 = ũ0 + Δen

(10)

where Δ is a scalar and ei are canonical basis vectors with
all its components equal to zero but component i, which
is equal to 1.

The coefficients a, bi from Equation (9) can be found
by imposing the conditions

Hglobal(ui) = H̃global(ui) (i = 1, 2, . . . , n + 1), (11)

which results in a system of n + 1 linear equations with
unknowns b0, b1, b2,. . . , bn.

The adaptive response surface approach is made using
the following procedure. At the first iteration, we choose
some initial value for Δ as used in Equation (10) and de-
note it as Δ (0). We then build an approximation H̃

(0)
global

centred at the origin of the normalized space ũ(0)
0 = 0. We

use this value for ũ(0)
0 since we lack further information

about a better choice at this stage of the search. The relia-
bility analysis problem is solved for H̃

(0)
global using FORM,

thus giving the MPP at the first iteration ũ∗(0).
The value Δ is then reduced by the update rule

Δ(k+1) = λΔ(k) (12)

where k is the iteration number and λ ∈ (0, 1).
With the updated value Δ(k+1), another approxima-

tion H̃
(k+1)
global is built, but now centred at the MPP from the

last iteration ũ∗(k). This problem is solved thus giving an
updated MPP ũ∗(k+1). This procedure is repeated until
some convergence criterion is met and the last MPP found
u∗ is taken as the solution to the problem. The conver-
gence criterion can be checked on the change of the design
vector, on the change of the reliability index, or in both
quantities. More details on this adaptive response surface
approach are described by Torii and Lopez [39].

4 Firefly algorithm (FA)

The Firefly Algorithm (FA) is a very recent meta-
heuristic optimization algorithm developed by Yang [40]
and is inspired by the flashing behaviour of fireflies. Ac-
cording to Yang [40], FA optimization has three idealised
rules.

(a) All fireflies are unisex, so that one firefly is attracted
to other fireflies regardless of their sex.

(b) Attractiveness is proportional to brightness, so for any
two flashing fireflies, the less bright firefly will move
towards the brighter firefly. Both attractiveness and
brightness decrease as the distance between fireflies
increases. If there is no firefly brighter than a partic-
ular firefly, that firefly will move randomly.

(c) The brightness of a firefly is affected or determined by
the landscape of the objective function.

Based on these three rules, the basic steps of the FA can
be summarised as the pseudo-code shown in Figure 1 [40].

There are two essential components to FA: the vari-
ation of light intensity and the formulation of attrac-
tiveness. The latter is assumed to be determined by the
brightness of the firefly, which in turn is related to the
objective function of the problem under study.

As light intensity and attractiveness decrease and the
distance from the source increases, the variation of light
intensity and attractiveness should be a monotonically de-
creasing function. For example, the light intensity can be:

I (rij) = I0e−γr2
ij (13)

in which the light absorption coefficient γ is a parameter
of the FA and rij is the distance between fireflies i and
j at di and dj , respectively, which can be defined as the
Cartesian distance rij = ‖di − dj‖. Because a firefly’s
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begin 
Objective function J(d), d = (d1, ..., dnv)

T 
Generate initial population of fireflies di (i = 1, 2, ..., n) 
Light intensity Ii at xi is determined by J(di) 
Define light absorption coefficient γ 
while (t < itmax) 
for i = 1 : n all n fireflies  

for j = 1 : nv loop over all nv dimensions 
if (Ii < Ij), Move firefly i towards j ; end if 
Vary attractiveness with distance r via exp[−γ r] 
Evaluate new solutions and update light intensity 
end for j 

end for i 
Rank the fireflies and find the current global best 
end while 
Post-process results and visualization 

end 

Fig. 1. Pseudo-code of the Firefly algorithm (adapted from Yang [40]).

attractiveness is proportional to the light intensity seen
by other fireflies, it can be defined by:

η (rij) = η0e−γ r2
ij (14)

in which η0 is the attractiveness at r = 0. Finally, the
probability of a firefly i being attracted to another, more
attractive (brighter) firefly j is determined by:

Δdi = η0e−γ r2
ij

(
dt

j − dt
i

)
+ αεi, dt+1

i = dt
i + Δdi (15)

where t is the generation number, εi is a random vec-
tor (e.g., the standard Gaussian random vector in which
the mean is 0 and the standard deviation is (1) and α
is the randomisation parameter. The first term on the
right-hand side of Equation (15) represents the attrac-
tion between the fireflies and the second term is the ran-
dom movement. In other words, Equation (15) shows that
a firefly will be attracted to brighter or more attractive
fireflies and also move randomly. Equation (15) indicates
that the user must set parameters η0, γ, α and the distri-
bution of εi to apply the FA, and also shows that there
are two limit cases when γ is small or large.

(a) If γ approaches zero, the attractive and brightness are
constants, and consequently, a firefly can be seen by
all other fireflies. In this case, the FA reverts to the
PSO.

(b) If γ approaches infinity, the attractiveness and bright-
ness approach zero, and all fireflies are short-sighted
or fly in a foggy environment, moving randomly. In
this case, the FA reverts to the pure random search
algorithm.

Hence, the FA generally corresponds to the situation
falling between these two limit cases. The stopping cri-
terion employed in this paper is the maximum number of
iterations itmax.

One crucial aspect in the application of metaheuristic
algorithms is the constraint handling. Here, we propose
the following multiplicative penalty scheme to handle the
probability constraints:

J (d) = w (d) (1 + Pt (d)) (16)

where J is the new objective function to be minimised and
Pt is directly proportional to the level of unfeasibility of
the design d. This scheme employs different penalizations
if the design fails in the deterministic case or not. First,
before running the reliability analysis, the current design
is checked in the deterministic case, i.e. the finite element
code is run using the mean value of all the random vari-
ables of the problem. If the design fails in the determin-
istic case, the following penalization is employed in the
construction of the objective function of the problem:

Pt (d) = |Gglobal(d,X)| + μ t (17)

in which μ is a positive constant and we may see that the
penalization is also dependent on the generation number
t. Thus, if we set μ relatively close to zero (e.g. μ = 0.1),
at the first few generations the designs that violate the
deterministic constraints are not highly penalized and it
is possible to maintain their characteristics in the pool of
designs. It is interesting to do so in order to keep in the
pool low area bars, for instance. However, if the design
is feasible in the deterministic check, the reliability anal-
ysis code is called in order to evaluate βglobal (d). If the
reliability constraint is not fulfilled, Pt is given by:

Pt (d) =
(
βglobal (d) − βtarget

)+ (18)

in which ( · )+ = [( · )+|( · )|]
2 , |( · )| stands for the abso-

lute value. Finally, if the reliability constraint is fulfilled
J (d) = w (d) . The constraints on the bounds of the nodal
coordinates are addressed by a coding approach. These
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bounds are imposed by not sampling unfeasible designs
in the computer code. Thus, the optimization problem
that the FA solves in this paper is given by:

Find d

Minimise J (d)

Subject to aj ∈ Ω, j = 1, . . . , m

cmin
i ≤ ci ≤ cmax

i , i = 1, . . . , q′. (19)

The next section contains a numerical analysis to demon-
strate the effectiveness of the proposed methodology, com-
prised by the response surface method and the FA, for
solving the reliability based shape and size optimization
of trusses.

5 Test problems and optimization results

In this section, we adapted two benchmark examples
that have been analysed in the deterministic optimiza-
tion of truss structures. Due to the stochastic nature of
the FA, the final result can vary depending on the seed
used for the random number generation. Yet there is no
established statistical benchmark criterion in the litera-
ture to evaluate the performance of metaheuristics in size
and shape optimization of trusses, especially in the case of
RBDO. With the goal of providing a statistical basis for
further comparison, this paper presents the results of over
50 runs for each example. In this way, the average values
and coefficients of variation are presented along with the
optimal results. The problems are presented in increas-
ing order of complexity. The parameters of the FA were
adopted from Fadel Miguel et al. 0 and were kept con-
stant in all examples: μ = 0.1, η0 = 1, γ = 1, α = 0.5 and
a value of εi that follows a uniform distribution between
–0.5 and 0.5. The parameters employed in the adaptive
response surface approach were λ = 0.25 and Δ(0) = 1
(i.e., one time the standard deviation of the random vari-
ables). These values were obtained after some investiga-
tion by the authors. The FA is compared in this section to
a HS [18] and a GA (MATLAB optimization toolbox). In
order to make the comparison fair among the optimiza-
tion algorithms, the total number of calls of the objective
function is kept constant for all of them in each example.

5.1 Planar 10-bar truss problem

The first test problem is the weight minimization of
the planar 10-bar truss structure shown in Figure 2. The
structure has 10 elements connected by 6 nodes and is
subject to two load cases, i.e. the truss is subject to ei-
ther load F1 or F2. The total length and total height
of the ground structure (see Fig. 2) are 720 cm and
360 cm, respectively. The weight density of the bars is
78.5 kN.m−3. The moment of inertia of each truss ele-
ment (used for checking buckling constraints) is related

135
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 = 100kNF
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 = 100kN

Fig. 2. Planar 10-bar truss problem.

to the cross-sectional area by the following equation:

I = 0.192a2 + 1.261a− 6.781 (20)

where a is the element cross-sectional area. The maximum
allowable nodal displacement is δmax = 2.0 cm.

All random variables included in the optimization
problem are listed in Table 1. For convenience, load un-
certainty was modeled by multiplying the concentrated
loads F1 and F2 by uncertainty load factors.

Simultaneous layout and sizing optimization of the 10-
bar truss structure was performed so to reach the target
optimum reliability index βt = 3.7. The optimization vari-
ables chosen for this test problem are the mean values of
cross-sectional areas of all elements and the mean val-
ues of the vertical coordinates of free nodes 1, 2, 3 and 4:
therefore, this optimization problem included 14 variables
stored in the design vector d = [a1, . . . , a10, y1, . . . , y4] .
The mean values of element cross-sectional areas can be
selected from the following set of discrete values Ω =
(5.09, 6.91, 9.03, 7.53, 8.70, 11.0, 7.34, 8.73, 10.10, 11.50,
12.80, 14.10, 16.60, 9.35, 12.30, 15.10, 10.60, 12.20, 13.90,
15.50, 17.10, 18.70, 11.80, 13.70, 15.50, 19.20, 22.70,23.20,
27.50, 29.90, 34.80, 43 37.20, 46.10, 55.40, 61.90, 69.10,
76.40) cm2. By taking node 6 as the origin of the X-Y
coordinate system, side constraints of configuration vari-
ables are: 15 cm ≤ y1, y3 ≤ 45 cm, −10 cm ≤ y2, y4 ≤
10 cm.

Since nodal coordinates are continuous while cross-
sectional areas must be selected from a discrete set of 38
available values, this test case is a mixed-variable opti-
mization problem including integer and continuous vari-
ables.

In the present study, n = 20 fireflies and itmax = 3000
optimization iterations were considered: 60 000 reliability
analyses were hence carried out. Details of the best design
weighing 4.602 kN are given in Table 2. The feasibility of
the optimized design was checked using a standard FORM
approach which converged to the same reliability index.
The corresponding optimized layout is shown in Figure 3.

Table 2 compares the optimized design obtained by
using FA as metaheuristic optimizer with those obtained
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Table 1. Random variables of planar 10-bar truss problem.

Variables Distribution E[X] σ[X]

Cross sectional areas Lognormal – 0.05E[A] cm2

Elastic modulus Lognormal 210 GPa 10.5 GPa
Yielding stress (tension and compression) Lognormal 210 MPa 10 MPa

Node coordinates (except supports) Normal – 2.0 cm
Load factors for F1 and F2 Lognormal 1.0 0.2

Table 2. Optimum size and shape solution for the planar 10-
bar truss problem.

d∗ FA GA HS

a1 (cm2) 17,1 17,1 16,6
a2 (cm2) 8,70 8,70 8,70
a3 (cm2) 29,9 34,8 29,9
a4 (cm2) 15,5 18,7 15,1
a5 (cm2) 6,91 6,91 6,91
a6 (cm2) 6,91 6,91 6,91
a7 (cm2) 8,73 10,6 10,1
a8 (cm2) 29,9 27,5 29,9
a9 (cm2) 5,09 6,91 5,09
a10 (cm2) 22,7 22,7 22,7
y1 (cm) 155,5 150 164,4
y2 (cm) 83,5 100 87,4
y3 (cm) 334,7 288,9 342,7
y4 (cm) 27,2 11,1 10,4

wmin (kN) 4.602 4.784 4.686
wmean (kN) 4.93 5.442 5.375
wc.v. (kN) 2.4 13.1 12.2

Fig. 3. Best result for the size and shape optimization of the
planar 10-bar truss problem.

by using HS and GA. Remarkably, the present algorithm
designed the lightest structure with the smallest standard
deviation. The mean optimized weight was 4.929 kN with
2.4% standard deviation. Figure 4 shows a typical con-
vergence history obtained in the optimization process.

It should be noted that individual evaluation of each
reliability constraint stated in Equation (1) using a stan-
dard FORM procedure may lead to have convergence is-
sues and usually entails high computational cost espe-
cially in the case of very conservative designs [49]. In the
present study, we tried to solve the 10-bar problem with
a standard FORM approach but several designs diverged
because of the above mentioned reason and computational

Fig. 4. Convergence history for the size and shape optimiza-
tion of the planar 10-bar truss problem.

cost was unaffordable. This gives further evidence of the
validity of the proposed approach.

5.2 Planar 21-bar tower problem

The second test problem considered in this study is
the optimization of the planar 21-bar tower shown in Fig-
ure 5. The structure includes 21 elements connected by
10 nodes. The ground structure has base width of 2 m and
total height of 4 m (see Fig. 5). The truss is made of steel,
with mass density of 8002 kg.m−3. The structure must be
designed to withstand three independent loading condi-
tions depending on concentrated forces F1 = 100 kN and
F2 = 25 kN. The maximum allowable nodal displacement
is δmax = 1 cm.

The moment of inertia of each truss element (used
for checking buckling constraints) is related to the cross-
sectional area by the following equation

I = 0.36a2 (21)

All random variables included in the optimization prob-
lem have lognormal distributions (see Tab. 3). For conve-
nience, load uncertainty was modelled by multiplying the
concentrated loads F1 and F2 by uncertainty load factors.

Simultaneous layout and sizing optimization of the
planar tower was performed so to reach the target op-
timum reliability index βt = 3.0. The optimization vari-
ables chosen for this test problem are the mean values

603-page 7



R.H. Lopez et al.: Mechanics & Industry 16, 603 (2015)

1 6

2 7

3 8

4 9

5 10

1 5

2 6

3 7

4 8

17

18

19

20

21

9

10

11

12

13

14

15

16

 
(a) 

F
1

F
1

 
Load case I 

(b) 

F
2

F
2

F
2

F
2

F
1

F
1

 
Load case II 

(c) 

F
2

F
2

F
2

F
2

F
1

F
1

 
Load case III 

(d) 

Fig. 5. 21-Bar tower problem.

Table 3. Random variables of 21-bar tower problem.

Variables E[X] σ[X]

Cross sectional areas – 0.05E[A] cm2

Elastic Modulus 210 GPa 21 GPa
Load factor for F1 1.0 0.1
Load factor for F2 1.0 0.3

Node coordinates (except supports) – 2.0 cm
Yielding stress (tension and compression) 210 MPa 21 MPa

Fig. 6. Best result for the size and shape optimization of the
21-bar tower problem.

of cross-sectional areas of truss elements and horizontal
coordinates of free nodes. Because of structural symme-
try, the number of nodal coordinates included as design
variables was reduced to 4 (i.e. x2, x3, x4 and x5) and the
number of areas was reduced to 13 (see Tab. 4). Therefore,
this test case is a mixed integer-continuous optimization
problem with 17 optimization variables (i.e. 13 sizing and
4 layout variables).

Table 4. Best design of the 21-bar tower problem.

Design variables FA GA HS

a1, a5 (cm2) 100 110 100
a2, a6 (cm2) 90 90 110
a3, a7 (cm2) 70 70 60
a4, a8 (cm2) 40 40 40
a9, a10 (cm2) 60 60 60
a11, a12 (cm2) 50 50 50
a13, a14 (cm2) 40 40 40
a15, a16 (cm2) 50 50 50

a17 (cm2) 10 10 10
a18 (cm2) 10 10 10
a19 (cm2) 10 10 10
a20 (cm2) 10 10 10
a21 (cm2) 20 20 10
x2 (cm) 1772.0 1773.9 1748.9
x3 (cm) 1566.0 1570.7 1582.1
x4 (cm) 1442.6 1421.3 1411.0
x5 (cm) 1200.0 1208.2 1248.5

wmin (kN) 103.6 105.1 104.6
wmean (kN) 110.4 114.2 113.9
wc.v. (kN) 5.6 8.5 7.2

The mean values of element cross-sectional areas can
be selected from the following set of discrete values Ω
= (10, 20, 30, 40, 50, 60, 70, 80, 90, 100, 110, 120, 130,
140, 150, 160, 170, 180, 190, 200, 210, 220, 230, 240, 250,
260, 270, 280, 290, 300, 310, 320, 330, 340, 350, 360, 370,
380) cm2. Nodal coordinates taken as optimization vari-
ables can vary by + or –0.8 m with respect to the initial
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Fig. 7. Convergence history for the size and shape optimization of the 21-bar tower problem.

layout of the ground structure shown in Figure 5. The ori-
gin of the X-Y coordinate system coincides with node 1.

60 000 reliability analyses (resulting from n = 20
fireflies and itmax = 3000 optimization iterations) were
carried out also for this test problem. Details of the best
design weighing 103.6 kN are given in Table 4. The fea-
sibility of the optimized design was checked using a stan-
dard FORM approach which converged to the same relia-
bility index. The corresponding optimized layout is shown
in Figure 6.

Table 4 compares the optimum designs obtained by
using FA, HS and GA as metaheuristic engines. The
RBDO algorithm developed in this study again designed
the lightest structure with the smallest statistical disper-
sion on optimized weight. The mean optimized weight was
110.4 kN with coefficient of variation equal to 5.6%.

Figure 7 shows a typical convergence history obtained
in the optimization process.

Similar to the 10-bar truss problem, the standard
FORM approach was not efficient also in this test prob-
lem: in fact, several designs diverged and computational
cost was unaffordable. This confirms the validity of the
proposed RBDO framework.

6 Conclusions

This study presented a novel methodology to perform
global reliability based design optimization of truss struc-
tures including sizing and shape variables. The methodol-
ogy combined global constraint formulation and response
surface approximation to deal with reliability analysis and
a firefly algorithm to carry out global optimization. In this

way, it was possible to reduce the computational cost en-
tailed by the evaluation of probabilistic constraints as well
as to deal with design space non-convexity.

The proposed RBDO framework was successfully
tested in two weight minimization problems of truss struc-
tures. The FA metaheuristic search engine outperformed
other popular algorithms like harmony search and genetic
algorithms designing lighter structures with lower statis-
tical dispersion on optimized weight. Since there are no
general benchmark criteria to compare relative merits of
metaheuristic algorithms in sizing and shape RBDO opti-
mization of truss structures, performance of FA, HS and
GA was statistically evaluated in terms of average op-
timized weight and coefficient of variation of weight ob-
tained over 50 independent optimization runs.

Optimized designs were also checked using a classical
FORM approach, thus validating results provided by the
response surface approximation method developed in this
study. The implementation of the proposed approach not
only allowed the computational cost of global RBDO to
be drastically reduced (in particular, reliability analysis),
but also overcame the typical limitation of FORM poor
convergence. However, all other FORM drawbacks are
not eliminated by the present formulation: for example,
the accuracy achieved in the approximation of the failure
probability for non-linear limit state functions and non-
normal random variables. The coupling of more precise
reliability methods with global optimization algorithms
is very important and should be investigated in future
research.
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