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Abstract – Stirling engine is an environmental friendly heat engine which could reduce CO2 emission
through combustion process. Output power, shaft torque and brake specific fuel consumption represent
the efficiency and robustness of the Stirling engines. The present research tries to determine the three
aforementioned parameters with high accuracy and low uncertainty. In this research a new type of intelligent
models named “least square support vector machine (LSSVM) was employed to predict output power,
shaft torque and brake specific fuel consumption. Furthermore, high accurate actual values of the required
parameters from previous studies were implemented to develop the robust intelligent model. A great
advantage of LSSVM model over ANN is that in the present model over fitting does not happen. Expected
statistical parameters of the suggested intelligent model have been indicated and validate the high efficiency
of the suggested LSSVM model. Good agreement between LSSVM results and actual values was observed.
Solutions obtained from the developed support vector machine model could help us in exact designing of
Stirling engine with low uncertainty.
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1 Introduction

Recent advances in alternative and clean energy sys-
tems have helped us to encounter the crises of fossil fuel
reductions in the world. Therefore, many researchers fo-
cused on new energy conversion devices which can use var-
ious sources like bio-mass, solar, waste heat etc. in an effi-
cient and environmentally friendly manner. Among these,
Stirling engine is a promising technology which is able to
generate power with hight thermal efficiency. This is an
external combustion engine operating in a wide tempera-
ture difference and good combustion control. The Stirling
engine works by compression and expansion of different
working fluids such as air, hydrogen and helium in two
separated spaces. Two pistons with phase angle transfer
the working fluid between these spaces [1, 2]. The ther-
mophysical properties of the working fluids such as high
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heat capacity, high thermal conductivity and low viscos-
ity, heat transfer coefficient, temperature difference be-
tween cold and hot ends, regenerator efficiency, mechani-
cal connections, charge pressure and impermeability ratio
play an important role in the performance of the sys-
tem [3]. In recent years many studies, theoretically and
experimentally, have been done to improve the perfor-
mance of the Stirling engines. The first modern engine
was developed by Philips Company in 1937. They pro-
duced a number of Stirling engines up to 336 KWe [4].
Prodesser developed a Stirling engine working with the
stack gas of a biomass furnace in country zones [5]. It
generates 3.2 kW power output at 600 rpm under 33 bars
charge pressure.

Sripakagorn and Srikam [6] established a beta-type op-
erating in moderate temperature ranges. The engine pro-
duces 95.4 W at 360 rpm, 773 K hot source temperature
and 7 bars mean pressure. Karabulut et al. [7] investigated
a Stirling engine experimentally with a lever-controlled
displacer driving mechanism with helium as the working
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Nomenclature

AARD Average absolute relative deviation

ARD Average relative deviation

ANNs Artificial neural networks

b Intercept of the liner regression

in the modified SVM procedure

GA Genetic algorithm

H Hat matrix

LSSVM Least square support vector machine

MSE Mean square error

N Number of data points

RMSE Root mean square error

SVM Support vector machine

ek Regression error

γ Regularization parameter

αk Lagrange multipliers

σ2 RBF kernel parameter in the LSSVM model

w Weight vector

x Input vector of parameters of the model

y Connotes the outputs

fluid. The maximum torque and power are 3.99 Nm and
183 W at 4 bars charge pressure and 533 K hot-end tem-
perature. Cheng and Yu [8] proposed a numerical ap-
proach for a beta-type rhombic-drive Stirling engine. Ef-
fectiveness of the regenerative channel, non-isothermal ef-
fects and the thermal resistance of the heating head were
considered in the model. Also, the geometrical parameters
were introduced into the model. Several operational and
geometrical variables were evaluated through a numerical
model developed by Chen et al. [9] based on construc-
tion of a c-type twin-power piston Stirling engine. Some
improvements were done in the numerical model. The re-
sults showed the importance of regenerator in thermal ef-
ficiency where the engine speed affected the engine power.
Formosa and Despesse [10] developed a model which con-
sisted the imperfect regeneration, the dead volume, and
the external and internal thermal transfer effects on en-
gine performance. The model also included the effective-
ness of the heat exchangers and the critical flaws of the
regenerator.

More recently, various predicting strategies includ-
ing fuzzy logic, ANN, genetic algorithms, finite element
models and the Taguchi method have been introduced
to predict the performance of the system. These mea-
sures, if used well, help to avoid the time-consuming
process of experimental investigations and reduce the
cost problems of research studies. These methods con-
sist of time series such as the auto-regressive moving
average (ARMA), the auto-regressive conditional het-
eroskedasticity (ARCH) models [11, 12], the linear re-
gression model [13], the grey theory model [14, 15], the
support vector machine (SVM) [16, 17], adaptive fuzzy
logic algorithms [18, 19] and artificial neural networks
(ANNs) [20, 21], or other methods [22].

ANN is a method being used in different appli-
cations including manufacturing, signal processing and

optimization of energy systems [23]. ANN is based on
neural networks of the brain and is used to solve non-
linear problems and complex models. The literature re-
view reveals that no application of ANN has been used
on Stirling engine. Although its application on other heat
engines has shown good results [24].

The ANN method has been widely used to predict the
performance of various problems [25–36]. Although, dur-
ing optimizing of the model parameters, there might be a
random initialization of the networks and ceasing criteria
change [36–40]. These conditions may prevent a satisfac-
tory result of ANN application on external predictions
indicating external inputs excluding the employed opti-
mization and test methods of corresponding networks.

SVM is an effective procedure evolved from the
machine-learning community [37–42]. A SVM is a device
for number of related supervised learning ways that an-
alyze data and identify patterns, applied for regression
analysis. The SVM is assumed as a non-probabilistic bi-
nary linear classifier [37–42].

According to the particular formulation of the SVM
method, a few solutions can be detected and either lin-
ear or nonlinear regressions can be followed for solv-
ing the corresponding issues [37–42]. LSSVM is com-
monly applied in oil systems [38, 43–45]. The objective
is to propose math-based nonlinear relationships between
the available experimental information considered as in-
puts of the models (Rotation speed, temperature of heat
source, Pressure, Fuel) and the desired outputs (Brake
Specific fuel consumption, Torque and power). For this
purpose, appropriate mathematical tools are required.

The present paper highlights the use of LSSVM
method for building new predictive tool for estimat-
ing efficiency variables in Stirling engines with the help
of Stirling engine experimental outcomes for the first
time [46, 47].

2 Model development

One of the most well-known mathematical methods
to erect commensurate relations between the factors of
a definite mathematical issue is the SVM which aug-
ments the probability of achieving the global optima of
a quandary and reduces the chance of over-or under-
fitting issues of non-linear regression ways [37, 38, 43–
45,48–51]. Swifter SVM procedure is evolved by Suykens
and Vandewalle [38] concentrating on solving a num-
ber of linear equations instead of a twisted set of non-
linear ones in the corresponding SVM calculation steps.
A point to consider is that the improved SVM procedure
(LSSVM) [38], profits from the advantages of the origi-
nal version of the algorithm as well. The regression error
of the LSSVM [38] approach is identified as the differ-
ence between the estimated and forecasted property val-
ues and measured ones [46,47], which is noticed as an ex-
tension to the limit of the optimization quandary. In tra-
ditional SVM procedure, the value of the regression error
is commonly optimized during the determinations while
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in the LSSVM [38], the error is mathematically deter-
mined [37,38,43–45,48–51]. The cost function (penalized
cost function) of the employed strategy has been charac-
terized as below [37,38, 43–45,48–51]:

QLSSV M =
1
2
wT w + γ

N∑

k=1

e2
k (1)

Subject to the following limit [38, 43–45]:

yk = wT φ(xk) + b + ek k = 1, 2, . . . , N (2)

In which x stands for the input vector of parameters of the
model, y connotes the outputs, b represents the intercept
of the liner regression in the modified SVM procedure, w
is the regression weight, ek implied by the regression error
for N training objects, γ represents the relative weight
of the summation of the regression errors compared to
the regression weight (first right hand side of Eq. (1)), φ
is the feature map, mapping the possible area to a high
dimensional feature space, where the measured data can
be linearly separable by a hyper plane determined by the
pair (w ∈ Rm, b ∈ R), and superscript T describes the
transpose matrix. The weight coefficient (w) is commonly
written as follows [37, 38, 43–45,48]:

w =
N∑

k=1

αkxk (3)

where [37, 38, 43–45,48–51],

αk = 2γ ek (4)

Therefore, Equation (2) can be penned as follows [37,38,
43–45,48–51]:

y =
N∑

k=1

αkxT
k x + b (5)

Thus, the Lagrange multipliers (αk) are indicated as [37,
38, 43–45,48–51]:

αk =
(yk − b)

xT
k x + (2γ)−1

(6)

Equation (7) can be utilized as a further nonlin-
ear regression employing the Kernel function as fol-
lows [37, 38, 43–45,48–51]:

f(x) =
N∑

k=1

αkK(x, xk) + b (7)

where K (xxk) stands for the Kernel function based on
the inner product of the two vectors x and xk in the pos-
sible denoted by the inner product of the vectors Φ(x)
and Φ(xk) as follows [37, 38, 43–45,48–51]:

K(x, xk) = Φ(x)T Φ(xk) (8)

where the radial principle function (RBF) Kernel has
been utilized as follows [37, 38, 43–45,48–51]:

K(x, xk) = exp(−‖xk − x‖2
/σ2) (9)

In which σ stands for a decision parameter, which is
achieved by an outside optimization procedure. The mean
square error (MSE) of the outcomes of the final model can
be specified as follows [38]:

MSE =

n∑
i=1

(
Prep./pred,i − Pexp,i

)2

ns
(10)

In which subscripts rep./pred. and exp denote the es-
timated, and measured output (Brake specific fuel con-
sumption, power and torque) values, [46,47] respectively,
and ns is the number of samples from the primary pop-
ulation. In the present investigation, the LSSVM [38] al-
gorithm is employed.

3 Leverage approach

Outlier detection is very prominent in evolving the
mathematical models. In fact, outlier detection is to rec-
ognize individual datum which may vary from the bulk
of the data present in a dataset [52]. The correspond-
ing ways commonly comprise of numerical and graphi-
cal procedures [52–54]. The Leverage approach [52–54]
is deemed to be a confident procedure for outlier detec-
tion that copes with the values of the residuals and a
matrix identified as Hat matrix comprised of the mea-
sured data and the estimated values accomplished from
a model. The main usage criterion of the procedure is to
utilize a LSSVM method, which is able of adequate cal-
culation/estimation of the data of interest. The Leverage
or Hat indices are calculated based on Hat matrix (H)
with the following definition [52–54]:

H = X
(
XT X

)−1
XT (11)

where X is a (n × k) matrix, in which n indicates the
data (rows) and k represents the parameters of the model
(columns), and T shows the transpose matrix. The Hat
values of the data in the possible region of the problem
are the diagonal elements of the H value.

Having evaluated the H values with Equation (11),
the Williams plot is drawn for graphical recognition of the
suspended data or outliers. This plot illustrates the cor-
relation of Hat indices and standardized cross-validated
residuals (R), which are determined as the distinction
between the represented/predicted values and the imple-
mented data. A warning Leverage (H∗) is commonly fixed
at the value equal to 3n/p, where n is the number of
training points and p is the number of model parameters
plus one. The Leverage of three is commonly deemed as a
“cut-off” value to comply the points within 73 range (two
horizontal redlines) standard deviations from the mean
(to cover 99% commonly distributed data). Existence of
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Fig. 1. Linear regression fit between the power estimated by LSSVM method and Brake specific fuel consumption measured in
experimental conditions [46,47] for the studied systems.

Fig. 2. Relative deviations between Brake Specific fuel consumption values estimated by LSSVM model and data measured in
experimental condition [46,47].

the majority of data points in the ranges 0 ≤ H ≤ H∗
and −3 ≤ R ≤ t3 divulges that both method evolve-
ment and its estimations are done in applicability domain,
which results in a statistically valid model. “Good High
Leverage” points are placed in domain of H∗ ≤ H and
−3 ≤ R ≤ 3. The Good High Leverage can be opted as
the ones, which are outside of applicability domain of the
employed model. It means that the model cannot repre-
sent/predict the following data at all.

The points placed in the range of R < −3 or 3 < R
are opted as outliers of the model or “Bad High Leverage”
points. These wrong estimations may be ascribed to the
doubtful data.

4 Results and discussions

As mentioned earlier, two important parameters of the
LSSVM model are γ and σ2. Based on the aforementioned
procedure for determination of the addressed parameters

Table 1. The LSSVM model parameters.

γ σ2

Brake specific fuel consumption 3623.346 187.8732325
Torque 2037.8375 74.82365847
Power 634.38764 83.83649387

in previous sections, the obtained values of the γ and σ2

for Brake Specific fuel consumption, Torque and power in
the Stirling engine are reported in Table 1.

Based on the obtained values of γ and σ2 in proposed
LSSVM model, scatter plot of the developed model out-
puts based on squared correlation coefficient (R2) is de-
picted in Figure 1. As illustrated in Figure 1, results of the
LSSVM model fall on the diagonal line in lower boundary
of the Brake Specific fuel consumption that means high
precision of the developed model in the addressed bound-
ary. However, few deviation from Y = X line in interme-
diate and upper boundaries leads to higher uncertainty
of the obtained results in the mentioned boundaries. To
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Fig. 3. Linear regression fit between the power estimated by LSSVM method and torque measured in experimental condi-
tions [46,47] for the studied systems.

Fig. 4. Relative deviations between torque values estimated by LSSVM model and data measured in experimental condi-
tion [46,47].

wrap up previous details in one smart plot, relative devi-
ation of each LSSVM output against relevant measured
Brake Specific fuel consumption values is illustrated in
Figure 2.

As can be seen from Figure 2, the LSSVM model
has acceptable deviation from corresponding actual val-
ues which is about 20%, however three noisy points with
high deviation from referred experimental value are ob-
served. The calculated torque values in contrast with the
experimental ones [46, 47], are explained in Figure 3. As
illustrated in Figure 3 the outputs gained by the LSSVM
method for predicting torque have satisfactory agreement
with experimental ones and the deviation is negligible for
torque values between 0.5 and 4. As demonstrated in Fig-
ure 4, the errors for the LSSVM method for estimating
the torque between 0.5 and 1.5 N.m are intermediate and
between 1.5 and 3.5 N.m are low. However two unaccept-
able points in lower boundary of the experimental torque
values are observed. Due to the changing conditions in

the laboratory, there is a possibility of error. The two
data unacceptable are of these errors.

Figures 5 and 6 show the estimated values performing
the LSSVM model developed in this research vs. mea-
sured values of the power for Stirling heat engine. Same
as previous figures, Figure 5 illustrates the output results
of suggested LSSVM model for Stirling engine power ver-
sus corresponding experimental power data. As previously
mentioned falling on the diagonal line in regression plot
leads to high precision of the implemented model. As can
be seen from Figure 5, outcomes of LSSVM model be-
tween 100 W and 300 W have low deviation from ex-
perimental ones, although deviation from corresponding
values between 300 W and 450 W is not negligible. Ob-
viously the output results of LSSVM model in Figure 6
for 50 W through 450 W are collapsed around zero error
line that means that error of the LSSVM method in this
space is negligible. Despite the previous fact, two or three
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Table 2. Criteria calculated for the LSSVM model proposed in this research.

Statistical criteria Brake specific fuel consumption Torque Power
Training set

R2 0.9864 0.9971 0.9934
Average absolute relative deviation (AARD) 4.04 2.4293 2.7828

Root mean square error (RMSE) 0.0722 0.332 5.9655
N 96 96 96

Validation set
R2 0.9913 0.9963 0.995

AARD 2.0038 1.1289 1.3325
RMSE 0.211 0.228 3.4405

N 5 5 5
Test set

R2 0.9809 0.9989 0.9992
AARD 2.9537 0.9322 0.7966
RMSE 0.367 0.0113 1.2273

N 11 11 11
Total
R2 0.9862 0.9972 0.9939

AARD 3.8570 2.2376 2.5230
RMSE 0.06707 0.306 5.3874

N 112 112 112

Fig. 5. Linear regression fit between the power estimated by LSSVM method and power measured in experimental condi-
tions [46,47] for the studied systems.

noisy points for power lower than 50 W are observed in
the addressed figure.

To quantify all of the previous discussions, the sta-
tistical parameters of the proposed approach are summa-
rized in Table 2 for training, validating and testing phases
which include the R2, AARD, and RMSE. As reported
in Table 2, the developed LSSVM model has acceptable
squared correlation coefficient in training, validating and
testing phases for the three addressed targets being higher
than 0.9. It is worth mentioning that approaching squared
correlation coefficient value to one means that represented
values by the LSSVM model cover the relevant actual
value. Furthermore, average absolute relative deviation
for the three mentioned outputs in training, validating
and testing phases is less than 6% and it means the high

accuracy of the suggested LSSVM model. Finally root
mean square errors of the obtained results are in the ad-
equate manner. The determination of the best learning
algorithm and experimental data for Stirling engine are
shown in Table 3.

Finally, Williams’s plots of all the previous results are
demonstrated in Figures 7 through 9. As depicted in Fig-
ure 7, the warning Hat value of the brake specific values is
0.133929. Based on the obtained warning Hat value, the
Hat value of any data samples greater than the addressed
warning Hat value, means that the relevant output of the
developed LSSVM model is not adequate and acceptable.

As shown in the Figure 7, one point is out of lever-
age based up the previous point and it means that these
experimental data are doubtful. Moreover, the Williams
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Fig. 6. Relative deviations between power values estimated by LSSVM model and data measured in experimental condi-
tion [46,47].

Fig. 7. Capability domain of the intelligent model proposed for estimating the Brake Specific fuel consumption of the Stirling
engine and specifying of the possible uncertain real data. The H∗ value is 0.133929.

plot of the LSSVM outcomes for the torque and the power
are demonstrated in Figures 8 and 9. As can be seen in
the aforementioned figures, coverage of the LSSVM model
outputs in the ranges of −3 < R < +3, 0 < H < 0.133929
proves and confirms the robustness and low uncertainty of
the proposed LSSVM model in prediction of Brake Spe-
cific fuel consumption, Torque and power of the Stirling
engine. However, in the three depicted plots one point is
observed in the outlier region.

5 Conclusions

Massive efforts were made for simplifying estimation
of the Stirling engine parameters such as power, torque
and Break specific fuel consumption. To assess the main
end of this communication, a new type of SVM called

LSSVM was implemented to represent the addressed pa-
rameters of the Stirling engine. Moreover, statistical crite-
ria such as AARD, RMSE and R2 of the outputs of the de-
veloped LSSVM model determined and due to indicated
statistical parameters, suggested LSSVM model outputs
have low deviation from the corresponding actual Stirling
engine data samples. Finally, Williams plots of the gener-
ated results were demonstrated in details. Based on the
critical Hat value for the three addressed outputs of the
Stirling engine, the proposed LSSVM model has satisfy-
ingly performance. Obtained results from this paper could
help to design more accurate Stirling engine system. We
think that this application will be useful for other types of
Stirling engines or other working conditions although the
correct input data will increase the accuracy of the results.
Therefore, studying the other free derivative optimization
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Fig. 8. Capability domain of the intelligent model proposed for estimating the torque of the Stirling engine and specifying of
the possible uncertain real data. The H∗ value is 0.133929.

Fig. 9. Capability domain of the intelligent model proposed for estimating the Power of the Stirling engine and specifying of
the possible uncertain real data. The H∗ value is 0.133929.

methods on the models will be a part of our future inves-
tigations.
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