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1,a

, Roland Platz
2

and Tobias Melz
1

1 System Reliability and Machine Acoustics SzM, Technische Universität Darmstadt, Magdalenenstrasse 4, 64289 Darmstadt,
Germany

2 Fraunhofer Institute for Structural Durability and System Reliability LBF, Bartningstrasse 47, 64289 Darmstadt, Germany

Received 2 July 2015, Accepted 29 January 2016

Abstract – Undesired vibration may occur in lightweight structures due to low damping and excitation. For
the purpose of vibration attenuation, tuned mass dampers (TMD) can be an appropriate measure. A similar
approach uses resonantly shunted piezoelectric transducers. However, uncertainty in design and application
of resonantly shunted piezoelectric transducers and TMD can be caused by insufficient mathematical mod-
eling, geometric and material deviations or deviations in the electrical and mechanical quantities. During
operation, uncertainty may result in detuned attenuation systems and loss of attenuation performance. A
consistent and general approach to display uncertainty in load carrying systems developed by the authors
is applied to describe parametric uncertainty in vibration attenuation with resonantly shunted piezoelectric
transducers and TMD. Mathematical models using Hamilton’s principle and Ritz formulation are set up
for a beam, clamped at both ends with resonantly shunted transducers and TMD to demonstrate the ef-
fectiveness of both attenuation systems and investigate the effects of parametric uncertainty. Furthermore,
both approaches lead to additional masses, piezoelectric material for shunt damping and compensator mass
of TMD, in the systems. It is shown that vibration attenuation with TMD is less sensitive to parametric
uncertainty and achieves a higher performance using the same additional mass.

Key words: Uncertainty / vibration attenuation / resonant shunt circuit / piezoelectric transducer / tuned
mass damper

1 Introduction

Structural vibration may occur in several mechanical
systems leading to fatigue, reduced durability or undesir-
able noise. In this context, piezoelectric transducers with
a semi-passive inductive resistive electrical network and
mechanical tuned mass dampers (TMD) may be an ap-
propriate measure. Both approaches are combined with a
host structure and may attenuate its vibration in a lim-
ited frequency range, determined by the resonance fre-
quency. Semi-passive vibration attenuation means that
no additional energy such as from amplifiers is used for
vibration attenuation. However, weak power supply for
circuits like a synthetic inductance is necessary. Both at-
tenuation approaches have been subject to research for
several decades. A piezoelectric transducer converts me-
chanical energy into electrical energy. By connecting the
electrodes of the transducer to an electrical circuit with
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resistor and inductance, an electrical oscillation circuit
with the inherent capacitance of the transducer is cre-
ated. Hence, the vibration energy of the host structure
can be reduced with the semi-passive approach by trans-
ferring it partly to the electrical vibratory system. The
passive TMD achieves vibration attenuation in the same
way, but no mechanical energy is converted to electrical
energy. Only mechanical energy is transferred from the
host structure to the TMD. Usually, a TMD is given by
tuned mass, stiffness and damper. Both approaches, semi-
passive and passive, lead to additional masses that affect
adversely the construction of lightweight structures. Es-
pecially piezoelectric shunt damping is often mentioned
in accordance with lightweight design and weight reduc-
tion [1,2]. Furthermore, replacing a classical passive TMD
with a piezoelectric patch transducer connected to a res-
onant shunt could achieve benefits due to the reduced
construction space and a more precise tuning of the elec-
trical shunt components compared to mechanical stiffness
and damping.
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Nomenclature

Symbols

βS
r,33 Relative permittivity at constant strain –

η Mass per length kg.m−1

λopt Optimal shunt tuning parameter –

μ Mass ratio –

Ω Excitation angular frequency s−1

ω Angular frequency s−1

ωT Tuning frequency of TMD s−1

ψ Trial function –

ρ Density kg.m−3

Θ Electromechanical coupling N.V−1

ϕ Phase ◦
ζopt Optimal TMD damping parameter –

a Width mm

b Damping coefficient N.s.m−1

C Capacitance F

Dopt Optimal shunt damping parameter –

d31 Piezoelectric constant m.V−1

E Young’s modulus N.mm−2

f Frequency Hz

F Force N

H Transfer function mm.N−1

h Thickness mm

I Area moment of inertia mm4

k Stiffness N.m−1

K31 Electromechanical coupling coefficient –

L Electrical inductance H

l Length mm

m Mass kg

q Electrical charge Cb

R Electrical resistance Ohm

r Generalized coordinate –

v Voltage V

w Beam displacement mm

zT Displacement of TMD mm

BF Forcing vector –

D Rayleigh damping matrix N.s.m−1

K Stiffness matrix N.m−1

M Mass matrix kg

Subscripts and Superscripts

Non-deterministic value of a property
+ Upper limit of property
− Lower limit of property

0 Deterministic value of property

b Referring to beam

F Referring to exciting force

OC Open circuit

osc Oscillating

p Referring to piezoelectric transducer

SC Short circuit

sh Referring to beam with shunted transducers

T Referring to tuned mass damper TMD

TMD Referring to beam with tuned mass damper TMD

In general, systems for passive and semi-passive vi-
bration attenuation are designed for a specific problem.
However, deviation of the system parameters may lead
to mismatch or detuning and, thus, to loss of vibration
attenuation performance. Most of the literature examines
passive and semi-passive systems with no regard to effects
of uncertainty [1,3–5]. In references [6,7] electrical quanti-
ties of a transducer with resonant shunt are considered to
be uncertain. However, no investigations regarding differ-
ent transducer dimensions and the effect on uncertainty
are made. There are many ways, approaches and keywords
to describe and evaluate uncertainty in technical context.
In this paper three simple categories shall be used to de-
scribe and evaluate uncertainty in vibration attenuation:
unknown, estimated and stochastic uncertainty. The cat-
egories are developed in the German Collaborative Re-
search Center SFB 805 “Control of uncertainty in load-
carrying mechanical systems” (see Sect. 3). In this paper,
the categories are used to describe and compare the effects
of uncertainty on vibration attenuation of an harmoni-
cally excited beam clamped at both ends. For that, piezo-
electric transducers with semi-passive inductive resistive
shunt, in the following referred to as resonant shunt, and
passive TMD are used to attenuate the first transversal
eigenmode of the beam. In this paper, the additional mass
of both approaches, the resonant shunt and TMD, is used
to compare the vibration attenuation performance under
uncertainty. Only the mass of the piezoelectric ceramic
and the oscillating mass of the TMD are considered as
additional masses.

2 Mathematical models

This section outlines the derivation of the complex fre-
quency response function of an Euler-Bernoulli beam
with piezoelectric patch transducers and RL-shunt as well
as of an beam with TMD. Energy variation with Hamil-

ton’s principle is used to derive and Ritz formulation is
used to discretize and solve the equation of motion. Lin-
ear time-invariant state space formulations of the beam
with resonant shunt and of the beam with TMD are de-
rived and transformed into frequency domain to calculate
the frequency response function.

2.1 Beam with piezoelectric patch transducers

Figure 1 shows the clamped beam with piezoelectric
transducers and shunt design with length lb of the beam,
bending stiffness EIb, density ρb, thickness hb and width
ab. The length of one piezoelectric transducer is lp, with
thickness hp and width ap. The piezoelectric material
properties are represented by the piezoelectric constant
d31,“3” indicating the direction of the electric field in z-
direction, and “1” indicating the direction of mechanical
strain in the piezoelectric transducer in x-direction. βS

r,33

is the relative permittivity at constant strain. The bend-
ing stiffness of one symmetric transducer couple, one on
the top and one on the bottom of the beam, is given by
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Fig. 1. Model of clamped beam with piezoelectric transducers and shunt design.

EIp. The properties of the resistive inductive shunt are
the resistance R and the inductance L. For an one dimen-
sional Euler-Bernoulli beam, w(x, t) is the transversal dis-
placement in z-direction. The current flowing in the shunt
is the first time derivative of the electrical charge q̇(t) and
the voltage at the piezoelectric electrodes is v(t). A dis-
crete harmonic force F (t) = F̂ cos(Ωt − φ) with the am-
plitude F̂ , the excitation angular frequency Ω and phase
shift φ is exciting the beam at location xF.

Four piezoelectric transducers attached to the beam
next to the clamps give good vibration attenuation results
for the first eigenmode [8] (see Fig. 1).

The equation of motion for a conservative system may
be derived using Hamilton’s principle due to energy vari-
ation. A generalized form of Hamilton’s principle for an
electromechanical system∫ t2

t1

[δ (T − U +Wel) + δW ] dt = 0 (1)

is given in reference [9] with the kinetic energy T , poten-
tial energy U and the electrical energy Wel of the beam
with piezoelectric patch transducers when excited by the
external workW . Using Ritz formulation, the lateral dis-
placement w(x, t) of the beam with piezoelectric patch
transducers can be approximated by a summation of K
trial functions ψk(x) with k = 1, . . . ,K and an associated
generalized coordinate rk(t) [10, 11]:

w(x, t) ≈
K∑

k=1

ψk(x) rk(t) = Ψ�(x) r(t). (2)

The trial function ψk(x) must satisfy the geometric
boundary conditions of the beam w(0, t) = w(lb, t) = 0
and w′(0, t) = w′(lb, t) = 0 and must be differentiable
at least to the second space-derivative. In Equation (2),
Ψ(x) is the (K × 1) vector of trial functions and r(t) is
the (K × 1) vector of the generalized coordinates. Taking
into account the mechanical and electrical properties, an
actuating equation Equation (3a) and a sensing equation
Equation (3b) according to [9] lead to

(Mb + Mp) r̈(t) + Dṙ(t) + (Kb + Kp) r(t)
− Θv(t) = BFF (t) (3a)

and

Θ�r(t) + Cpv(t) = q(t). (3b)

Both equations Equations (3a) and (3b) describe the dy-
namic behavior of the beam with attached transducers as
a coupled electromechanical system.

In Equation (3a), ṙ(t) and r̈(t) are the first and the
second time derivative of the generalized coordinate r(t).
Mb, Mp, Kb and Kp are the (K ×K) generalized mass
and the (K × K) stiffness matrices of the beam and
the piezoelectric patch transducers. D is the (K × K)
Rayleigh damping matrix

D = δ1 (Mb + Mp) + δ2 (Kb + Kp) (4)

of the beam with coupled piezoelectric patch transducers
assuming proportional damping. The factors δ1 and δ2
are chosen to obtain the assumed damping of 0.5% for
the first two eigenmodes.

The electrical part in Equation (3a) is represented by
the electrical voltage v(t) at the transducers electrodes
and the (K × 1) electromechanical coupling vector Θ.
The vector elements Θk with k = 1, . . . ,K of the coupling
vector are

Θk =
∫ lb

0

2Epd31ap
hb + hp

2
ψ′′

k (x)ΔH dx (5)

with

ΔH = H (x) −H (x− lp) +H (x− lb + lp)−H (x− lb) .

ΔH is the Heaviside step function. The energy converted
by the transducer is considered to be proportional to its
strain in x-direction due to bending only. For an Euler-
Bernoulli beam, the bending strain εx is

εx(x) = −zw(x)′′. (6)

The elements of the (K×K) beam and piezoelectric patch
mass matrices are

Mb,k,l =
∫ lb

0

ηbψk(x)ψl(x) dx

and Mp,k,l =
∫ lb

0

ηpψk(x)ψl(x)ΔH dx (7)
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with k = 1, . . . ,K and l = 1, . . . , L for K = L, the masses
per length of the beam ηb = ρbhbab and the transducer
patch couple ηp = 2ρphpap. BF is the (K × 1) forcing
vector

BF = [ψk(xF), . . . , ψK(xF)]� . (8)

The elements of the (K ×K) beam stiffness matrix are

Kb,k,l =
∫ lb

0

EIbψ
′′
k (x)ψ′′

l (x) dx. (9)

The elements of the (K ×K) piezoelectric patch stiffness
matrix are

Kp,k,l =
∫ lb

0

EIpψ
′′
k (x)ψ′′

l (x)ΔH dx (10)

with the bending stiffness

EIp = 2Ep

[
I∗p +

(
hb

2
+
hp

2

)2

hpap

]
(11)

of one symmetric transducer couple. In Equation (11) I∗p
is the area moment of inertia of one rectangular patch
transducer related to its center of area.

In Equation (3b), the capacitance of the piezoelectric
patch transducers Cp in parallel is given by

Cp = 4
aplpβ0β

S
r,33

hp
(12)

with the vacuum permittivity β0.

2.2 Beam with piezoelectric transducers and RL shunt

An inductive resistive shunt is connected to the beam
with piezoelectric patch transducers. Figure 1 shows the
shunt connected to the piezoelectric patch transducers.
From the second Kirchhoff’s law, the voltage from R and
L is obtained

v(t) = −L q̈(t) − R q̇(t). (13)

Substituting the voltage v(t) in Equations (3a) and (13)
by Equation (3b), the equations of motion of the
beam with piezoelectric patch transducers and RL-shunt
become

Mr̈(t) + Dṙ(t) + KOCr(t) − C−1
p Θq(t) = BFF (t)

(14a)

with KOC = Kb + Kp + C−1
p ΘΘ�, M = Mb + Mp

and Lq̈(t) +Rq̇(t) + C−1
p q(t) − C−1

p Θ�r(t) = 0 (14b)

Equation (14a) describes the beam with coupled piezo-
electric patch transducers and charge driven electrodes
and Equation (14b) describes the resonantly shunted
transducers. KOC is the open circuit stiffness with the
piezoelectric electrodes open circuited.

2.2.1 State space model

With the equation of motion of the coupled electrome-
chanical system Equations (3a) and (3b), a state space
model will be introduced. The state space model is trans-
ferred into frequency domain to calculate the frequency
response function of the beam with patch transducers
and with resonant shunt. Therefore, Equations (14a)
and (14b) are transferred into first order differential equa-
tions to obtain a linear time-invariant state space model
formulation. The complete model of the shunted (sh) elec-
tromechanical system according to [9] can be written as

ẋsh = Ashxsh + Bshush

ysh = Cshxsh +Dshush (15)

with the [(2K + 2) × (2K + 2)] system matrix

Ash =

⎡⎢⎢⎢⎢⎣
0K×K IK×K 0K×1 0K×1

−M−1KOC −M−1D −M−1ΘC−1
p 0K×1

01×K 01×K 0 1

−Θ�(CpL)−1 01×K −(CpL)−1 −RL−1

⎤⎥⎥⎥⎥⎦
(16)

and the [(2K + 2) × 1] input matrix

Bsh =

⎡⎢⎢⎢⎢⎣
0K×1

M−1BF

0

0

⎤⎥⎥⎥⎥⎦ (17)

Csh is the [1 × (2K + 2)] output vector and Dsh the
feedthrough constant:

Csh =
[
Ψ(xF)� 01×K 0 0

]
, Dsh = 0 (18)

All state variables are contained in the [(2K+2)×1] state
vector xsh. The input ush is the force F (t) and the output
ysh is the beam displacement at w(xF, t).

xsh =

⎡⎢⎢⎢⎢⎣
r(t)

ṙ(t)

q(t)

q̇(t)

⎤⎥⎥⎥⎥⎦ , ush = F (t), ysh = w(xF, t) (19)

To obtain the displacement w(xF, t), a transformation
from generalized coordinates r(t) to physical coordinates
x(t) is performed with the vector of trial functions Ψ(xF).
Using the particular integral approach the complex trans-
fer function of the beam with patch transducers and
with resonant shunt for the beam displacement amplitude
ŵ(xF = lb/2) in frequency domain results in

Hsh(Ω) =
ŵ(xF, Ω)

F̂
= Csh(jΩI−Ash)−1Bsh+Dsh (20)
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with its amplitude and phase response |Hsh(Ω)| and
ϕsh(Ω) = arg{Hsh(Ω)}. With the excitation angular fre-
quency Ω and the phase shift φ

F (t) = F̂ e j(Ωt− φ), q(t) = q̂ e j(Ωt− φ)

and r(t) = r̂ e j(Ωt− φ). (21)

In Equation (20), the phase shift φ is assumed to be zero.
Although |H (Ω)| and ϕ(Ω) are functions of Ω, in all fol-
lowing figures the amplitude and phase response are plot-
ted as functions of frequency f in Hz using the conversion
Ω = 2πf . The amplitude responses are normalized to the
static compliance of the beam.

2.2.2 Optimal tuning parameters

To attenuate the resonance amplitude of the vibrating
host structure, the resonant shunt needs to be tuned ac-
cording to the first resonance angular eigenfrequency ωb

of the host structure with piezoelectric patch transducers.
Therefore, the optimal value for the inductance L will be
calculated. To achieve a maximum broad band damping,
the optimal value for the resistance R will be obtained.
The optimal values for L and R may be chosen according
to [12]. This approach uses the transfer function criterion
and minimizes the amplitude response in the attenuated
frequency range. The optimal inductance Lopt and the
optimal resistance Ropt are

Lopt =
λopt

Cp (ωOC)2
with λopt =

1
1 +K2

31

(22)

and

Ropt =
2Dopt

Cp ωOC
with Dopt =

√
1

2/K2
31 + 4 + 2K2

31

(23)
In Equation (22), λopt is the tuning parameter and ωOC

is the first open circuit angular eigenfrequency. The ac-
tual angular eigenfrequency of the tuned electrical shunt
is ωel = 1/

√
Cp L. In Equation (23), Dopt is the optimal

damping. In Equations (22) and (23), K31 is the general-
ized electromechanical coupling coefficient. It character-
izes the energy exchanged between the mechanical and
the electrical domains. The coupling coefficient K31 is in-
fluenced by the piezoelectric material properties, patch
transducer dimensions and location on the beam. A high
coupling coefficient will lead to high vibration attenua-
tion. K31 for the first angular eigenfrequency may be ob-
tained from the first open circuit angular eigenfrequency
ωOC and the first short circuit angular eigenfrequency ωSC

according to

K31 =

√
(ωOC)2 − (ωSC)2

(ωSC)2
(24)

Assuming only minor damping, damped angular eigenfre-
quencies may be neglected. Thus the short circuit and the

open circuit angular eigenfrequencies are obtained solving
the eigenvalue problem of the undamped system

det
[
(Kb + Kp) − (ωSC)2 M

]
= 0 and

det
[
KOC − (ωOC)2 M

]
= 0 (25)

Figure 2a illustrates the amplitude response |Hsh(Ω)| =
|HRLopt

| and phase response ϕsh(Ω) = ϕRLopt , (see
Eq. (20)). The optimal shunt tuning (solid line) attenu-
ates –22.52dB compared to the amplitude response |HOC|
with open circuit (dashed line). Furthermore, Figure 2a
shows the response function |Hb| of the beam without at-
tached piezoelectric transducers, its mathematical deriva-
tion has been neglected in this paper. Due to the trans-
ducers the structure stiffness increases and the first eigen-
frequencies fOC,1 and fSC,1 are higher than the original
first eigenfrequency fb,1 = 66.2 Hz of the beam. At fb,1

the reduction of the amplitude response is –24.38dB com-
pared to the resonance amplitude |Hb| of the beam.

With regard to experimental applications, usually L
needs to be in the range of several Henry. This is realized
with electrical networks containing operational amplifiers,
resistances and a capacitance, also know as gyrators. The
circuit simulates the impedance of an inductance by in-
verting the impedance of the capacitance C4. Figure 2b
shows a realization of such a circuit. Simplified, the circuit
shows the same characteristic like an ideal inductor [13],
with the value

L =
R1R3R5C4

R2
(26)

The required values for L are realized with R2 = R3 =
1 kOhm, R5 = 20 kOhm, C4 = 1μF and R1 for adjust-
ing L.

2.3 Beam with tuned mass damper TMD

To obtain the best vibration attenuation for the first
eigenmode, the TMD is placed at xT = lb/2 (see Fig. 3).

The TMD is modeled as one degree of freedom sys-
tem with mass mT and its displacement zT(t) that is
connected to the beam with a linear damper and a lin-
ear spring. The damping coefficient is bT and the spring’s
stiffness is kT. Equation (27) shows the equation of mo-
tion for the TMD.

mTz̈T(t) = bT (ẇ(xF, t) − żT(t)) + kT (w(xF, t)
−zT(t)) = FT(t) (27)

where FT(t) is the resulting force of the TMD acting on
the beam and on the mass mT. With Mb and Kb from
Equations (7) and (9) the equation of motion for the beam
only is given by

Mbr̈(t) + Dbṙ(t) + Kbr(t) = BF(F (t) − FT(t))
with Db = γ1Mb + γ2Kb. (28)
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Fig. 2. (a) Amplitude and phase response |HOC| and ϕOC of the beam with open circuit electrodes, |HRLopt
| and ϕRLopt of the

beam with optimal resonant shunt with lp = 40mm, Cp = 151.8 nF, hp = 0.4 mm, Ropt = 3.7 kOhm and Lopt = 29.1 H, |Hb|
and ϕb of the beam only, (b) circuit synthetic inductance.

Fig. 3. Beam with tuned mass damper.

2.3.1 State space model

Equations (27) and (28) are transferred into first order
differential equations to obtain a state space model for-
mulation. The complete model of the coupled mechanical
systems (TMD) can be written as

ẋTMD = ATMDxTMD + BTMDuTMD

yTMD = CTMDxTMD +DTMDuTMD (29)

with the [(2K + 2) × (2K + 2)] system matrix

See equation (30) next page.

and the [(2K + 2) × 1] input matrix

BTMD =

⎡⎢⎢⎢⎢⎣
0K×1

M−1
b BF

0

0

⎤⎥⎥⎥⎥⎦ . (31)

All state variables are contained in the [(2K+2)×1] state
vector xTMD. The input uTMD is the force F (t) and the
output yTMD is the beam displacement at w(xF, t).

xTMD =

⎡⎢⎢⎢⎢⎣
r(t)

ṙ(t)

q(t)

q̇(t)

⎤⎥⎥⎥⎥⎦ , uTMD = F (t), yTMD = w(xF, t)

(32)
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ATMD =

⎡⎢⎢⎢⎢⎢⎣
0K×K IK×K 0K×1 0K×1

−M−1
b (Kb − Ψ(xT)�BFkT) −M−1

b (Db − Ψ(xT)�BFbT) kTΨ(xT)� bTΨ(xT)�

01×K 01×K 0 1

kTm
−1
T Ψ(xT)� bTm

−1
T Ψ(xT)� −kTm

−1
T −bTm−1

T

⎤⎥⎥⎥⎥⎥⎦ (30)

To obtain the displacement w(xF, t), a transformation
from generalized coordinates r(t) to physical coordinates
x(t) is performed with the vector of trial functions Ψ(xF).
Using the particular integral approach the complex trans-
fer function of the beam with TMD for the beam dis-
placement amplitude ŵ(xF=lb/2) in frequency domain
results in

HTMD(Ω) =
ŵ(xF)

F̂

= CTMD(jΩI − ATMD)−1BTMD +DTMD

(33)

with its amplitude and phase response |HTMD(Ω)| and
ϕTMD(Ω) = arg{HTMD(Ω)}.

2.4 Optimal tuning parameters

Comparable to the resonant shunt, the TMD needs to
be tuned to the vibrating structure. Therefore bT and kT

are chosen according to [14] as

kT,opt = mTω
2
T with ωT =

ω b,1

1 + μT
and μT =

mT

mosc

(34)
and

bT,opt = 2ζopt

√
kTmT with ζopt =

√
1
2

μT

1 + μT
(35)

In Equation (34), μT is the ratio of mT and the oscillat-
ing mass mosc of the beam. The oscillating mass mosc is
obtained by equalizing the kinetic energy of a one degree
of freedom oscillator and the beam in the mounting point
of the TMD. The mass is calculated to be 0.12 kg with

mosc =
∫ lb

0

ηbΦ
2(x) dx (36)

where Φ(x) is the normalized first modeshape of the beam.
Figure 4 shows the amplitude and phase response

|HTMD(f)| = |HTMD| and ϕTMD(f) = ϕTMD, see Equa-
tion (33) and the frequency response |Hb| of the beam
only. The optimal TMD tuning (solid line) attenuates –
25.3 dB compared to the amplitude response of the beam
(dashed line). The attenuation at fb,1 is –25.65dB.

3 Uncertainty quantification

In this paper, the vibration attenuation capability
with respect to the used additional masses on the beam
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Fig. 4. Amplitude and phase response |HTMD| and ϕTMD

of the beam with optimal TMD with μT = 0.07 , kT =
1.3 kN.m−1, bT = 1.22 Ns.m−1, |Hb| and ϕ b of the beam only.

for a TMD and a resonant shunt are compared and effects
due to parametric uncertainty are presented. Uncertainty
in vibration attenuation arising from uncertain parame-
ters in resonant shunt and TMD is discussed in a simple
but consistent and transparent way. A general approach
to describe and evaluate uncertainty in load carrying sys-
tems is presented in reference [15–17]. This approach uses
a matrix to assign uncertainty categories to all relevant
system properties for a certain state at a certain time, e. g.
in the design or operating process. According to [16], geo-
metrical, material, electrical, economical and other prop-
erties are of interest. Table 1 shows the relevant properties
for the beam clamped at both ends with resonant shunt or
TMD after completing the definition phase in the design
process at the point of time tdef subjected to parametric
uncertainty.

Uncertainty for each property may be divided into
three categories:

3.1 Stochastic uncertainty

Stochastic uncertainty is given if a non-deterministic
value of an arbitrary property is approximated
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Table 1. Matrix after completing the definition phase for vibration attenuation.

Point in time: tdef Uncertainty
Property Variable Unit Stochastic Estimated Unknown
Geometry Length beam lb mm – – 400

Width beam ab mm – – 50
Thickness beam hb mm – – 2

Length piezo lp mm – – lp,0

Width piezo ap mm – – 50
Thickness piezo hp mm – – hp,0

Material Density steel ρb kg.m−3 – – 7838
Young’s modulus steel Eb GPa – – 208

Density piezo ρp kg.m−3 – – 7800
Young’s modulus piezo Ep GPa – – 62.9

Dielectric constant βS
r,33 – – – 857

Piezoelectric coeff. d31 mV−1 – d31,0 ± 0.1d31,0 –1.74 × 10−10

Mechanical Mass TMD mT kg – mT,0 ± 0.1mT,0 mT,0

Damping coeff. TMD bT N.s.m−1 – bT,opt,0 ± 0.3 bT,opt,0 bT,opt,0

Stiffness TMD kT N.m−1 – kT,opt,0 ± 0.15 kT,opt,0 kT,opt,0

Electrical Inductance shunt L H – Lopt,0 ± 0.1Lopt,0 Lopt,0

Resistance shunt R Ohm – Ropt,0 ± 0.1Ropt,0 Ropt,0

Resistance gyrator Ri Ohm – Ri,0 ± 0.1Ri,0 Ri,0

Capacitance piezo Cp F – Cp,0 ± 0.2Cp,0 Cp,0

Capacitance gyrator C4 F —- C4,0 ± 0.05C4,0 C4,0

Economical not specified – – – – –
Other not specified – – – – –

probabilistically, e.g. from a sufficient number of
statistically independent experiments or field data.
Hence, distribution functions are known or can be
calculated and the parameter variation can be described
with mean value μ and standard deviation σ. In this
paper, no stochastic uncertainty is taken into account.

3.2 Estimated uncertainty

Estimated uncertainty is given if a non-deterministic
value of an arbitrary property symbolized by is ap-
proximated from experience or literature. For each value,
a lower limit − and an upper limit + can be specified,
so = [ − ; +].

For the considered TMD and as an example, estimated
uncertainty mT = [m−

T ; m+
T ] for the mass mT with a

lower limit m−
T = mT,0 − 0.1mT,0 and an upper limit

m+
T = mT,0 + 0.1mT,0, with the tolerance of ±10% es-

timated by the authors. Lower and upper limits of other
parameters are calculated accordingly. The stiffness kT is
estimated by the authors to vary up to a maximum of
±15%. Damping bT of a TMD may vary up to the maxi-
mum of ±30% [18].

As for the resonant shunt, the maximum deviation of
the piezoelectric coefficient d31 varies up to ±10% based
on [19]. The capacitance Cp is affected by the transducer’s
geometry and the bonding to the beam. In general, only
the relative permittivity at constant strain βS

r,33 and at
constant stress βT

r,33, i.e. mechanically blocked or free, are
given by the manufacturer. However, a piezoelectric trans-
ducer bonded to a host structure is not represented cor-
rectly by neither of these constants. Uncertainty result-

ing form material, bonding and geometry are condensed
in the estimated uncertainty Cp. The capacitance Cp of
piezoelectric transducer may vary up to ±20% (manufac-
turer: Physik Instrument – PI). The capacitance C4 used
in the gyrator circuit in Figure 2b may vary up to the
maximum of ±5%, and a resistance R may vary up to the
maximum of ±10%, (manufacturer: WIMA, Multicomp).
The maximum deviation of inductance L is ±10% calcu-
lated with Equation (26) according to [20].

3.3 Unknown uncertainty

Unknown uncertainty is given if no declaration regard-
ing any uncertainty is made and, in terms of parametric
uncertainty, the parameter is considered to be determin-
istic. In that case, one assumed single value 0 of an ar-
bitrary property symbolized by is specified and equiv-
alence = 0 is given. For the resonant shunt and TMD
approach, Figures 1 and 3, all geometrical parameters,
such as the length lb and lp of the beam and the trans-
ducer, the width ab and ap of the beam and the trans-
ducer as well as the thickness hb and hp of the beam and
transducer are considered to be deterministic. Further-
more, no uncertainty in the material parameters density
ρb and ρp as well as Young’s modulus Eb and Ep is taken
into consideration.

4 Numerical simulation of vibration
attenuation

In this section, the effects of estimated parameter un-
certainty on the vibration attenuation performance of the
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Table 2. Estimated uncertainty for resonant shunt and TMD.

Case resonant shunt Case TMD

A1 Cp = [C−
p ; C+

p ] B1 kT = [k−T ; k+
T ]

A2 d31 = [d−31; d
+
31] B2 mT = [m−

T ; m+
T ]

A3 L = [L−; L+] B3 bT = [b−T ; b+T ]

A4 R = [R−; R+] B4
[(k+

T , m
−
T , b

+
T);

(k−T , m
+
T , b

−
T)]

A5
[(C+

p , d
−
31, L

+, R+);
– –

(C−
p , d

−
31, L

−, R+)]

clamped beam with resonant shunt and TMD are out-
lined. For the resonant shunt frequency response functions
Hsh(f), (see Eq. (20)), are calculated for the five cases A1
to A5 (Tab. 2). In case of the TMD, frequency response
functions HTMD(f) (see Eq. (33)), are calculated for the
four cases B1 to B4.

In case A1, only the capacitanceCp of the piezoelectric
transducers is subject to assumed estimated uncertainty
with Cp = [C−

p ; C+
p ] = [Cp,0 − 0.2Cp,0; Cp,0 + 0.2Cp,0].

For all other properties in Table 1, unknown uncertainty
is assumed. In case B1, only the stiffness kT = [k−T ; k+

T ] =
[kT,opt,0 − 0.15 kT,opt,0; kT,opt,0 + 0.15 kT,opt,0] is subject
to assumed estimated uncertainty. In similar ways, cases
A2 to A4 for the resonant shunt and cases B2 to B3 for
the TMD take into account estimated uncertainty only
for the simple properties d31, L and R for the resonant
shunt and mT and bT for the TMD separately. Cases A5
and B4 examine the influence of estimated uncertainty
in Cp, d31, L and R for the resonant shunt and in kT,
mT and bT for the TMD simultaneously. The results are
presented in Sections 4.1 and 4.2.

In Section 4.3 the vibration attenuation performance
of resonantly shunted transducers for different dimensions
and TMD for different masses mT,0 are compared. By
varying the transducer length lp,0 and thickness hp,0, dif-
ferent masses of piezoelectric ceramic mp,0 are given, as
seen in Figure 1. The masses mp,0 and mT,0 are con-
sidered as additional masses with respect to the beam’s
mass mosc. Frequency response functions Hsh(f) and
HTMD(f) according to Equation (20) and Equation (33)
are calculated for different additional masses. Further-
more, Hsh(f) and HTMD(f) are calculated for different
additional masses for cases A5 and B4. The vibration at-
tenuation performance of both approaches is compared
by the amplitude response |Hsh(fb,1)| and |HTMD(fb,1)|
at the beam’s first eigenfrequency fb,1 and the maximum
amplitude response |Hsh|max and |HTMD|max within the
range of the first eigenfrequency fOC,1 with open circuit
and fb,1, respectively.

4.1 Vibration attenuation with resonant shunt

The vibration attenuation under the influence of es-
timated uncertainty is described in cases A1 to A5, Ta-
ble 2. According to Table 1, unknown uncertainty is as-
sumed exemplary for a resonant shunt with lp,0 = 40 mm,

Cp,0 = 151.8 nF, hp,0 = 0.4 mm, L0 = Lopt = 29.1 H and
R0 = Ropt = 3.7 kOhm. For all cases A1 to A5, the am-
plitude and phase responses for varying Cp, d31, L and
R are compared to amplitude and phase responses for
Cp,0, d31,0, L0 and R0. For simplification, the amplitude
and phase response in Equation (20) are |Hsh(f)| = |Hsh|
and ϕsh(f) = ϕsh.

Case A1

Figure 5a shows the amplitude |Hsh| and phase ϕsh re-
sponse for Cp = [C−

p ; C+
p ] = [121.44 nF; 182.16 nF] com-

pared to Cp,0 = 151.8 nF if uncertainty is unknown. The
capacitance Cp may have three effects on the vibration
attenuation performance. First, it affects the amount of
charge induced in the transducers electrodes for a given
deformation. Second, it affects the effective structural
stiffness and, thus, the open circuit resonance frequen-
cies. Third, it affects the resonance frequency of the shunt
circuit and, hence, the tuning of the resonant shunt.

C+
p decreases the first structural resonance frequency

and C−
p increases the resonance frequency according to:

fOC,C+
p

= 0.997fOC,0 and fOC,C−
p

= 1.004fOC,0. The tun-

ing frequency of the shunt changes to f el,C+
p = 0.91fel,0

and f
el,C−

p
= 1.12fel,0. Hence, Cp mainly results in de-

tuning of the resonant shunt increasing the maximum
amplitude. Regarding the phase response, C−

p shifts the
frequency where the phases crosses −90◦ to a lower fre-
quency. For C−

p the crossing frequency increases.

Case A2

Figure 5b shows the amplitude |Hsh| and phase ϕsh

response for estimated uncertainty d31 = [d−31; d
+
31] =

[1.56×10−10m.V−1; 1.91×10−10 m.V−1] compared to
d31,0 = −1.74× 10−10 m.V−1s if uncertainty is unknown.
The higher the piezoelectric coefficient d31, the higher the
amount of mechanical energy converted to electrical en-
ergy is. Compared to the capacitance Cp, it does not de-
tune the shunt, but affecst the open circuit frequencies
fOC due to stiffness change in KOC according to Equa-
tions (5) and (14a). Figure 5b shows an increase of am-
plitudes for d−31 and a decrease for d+

31, the change in the
first resonance frequency fOC,d31

is negligible. There is no
distinct phase shift in the resonance frequency either.

Case A3

Figure 6a shows the amplitude |Hsh| and phase ϕsh

response for L = [L−; L+] = [26.19 H; 32.01 H] compared
to L0 = 29.1 H if uncertainty is unknown. The tuning
frequency of the shunt changes to fel,L+ = 0.97fel,0 and
fel,L− = 1.07fel,0. Compared to the effect of an uncertain
capacitance Cp the shunt inductance L effects the tun-
ing frequency of the shunt less due to a smaller assumed
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Fig. 5. Amplitude and phase response |Hsh| and ϕsh of the beam with resonant shunt, (a) case A1: Cp = [121.44 nF; 182.16 nF]
and Cp,0 = 151.8 nF, (b) case A2: d31 = [1.56×10−10 m.V−1; 1.91×10−10 m.V−1] and d31,0 = −1.74 × 10−10 m.V−1.

estimated uncertainty of ±10%. Regarding the phase re-
sponse, L− has a minor influence on the −90◦ cross-
ing frequency than L+. L+ increases the −90◦ crossing
frequency.

Case A4

Figure 6b shows the amplitude |Hsh| and phase ϕsh

response for R = [R−; R+] = [3.33 kOhm; 4.07 kOhm]
compared to R0 = 3.7 kOhm if uncertainty is unknown.
The amplitudes increase for R+. For R− the amplitudes
mainly decreases between the maximum amplitudes of
|Hsh|. The resistance R does not change the tuning fre-
quency of the shunt, hence, R has comparable little in-
fluence on the attenuation performance and the phase
response.

Case A5

Figure 7 shows the amplitude |Hsh| and phase ϕsh

response for C+
p , d

−
31, L

+, R+ and C−
p , d

−
31, L

−, R+ as
well as for Cp,0, d31,0, L0, R0. The combinations are cho-
sen according to the effects of estimated uncertainty
on the vibration attenuation as described in Figures 5
and 6. The investigated combinations both lead to in-
creasing vibration amplitudes. Considering only upper
and lower limits is justified since the maximal amplitude
in the attenuated frequency range increases or decreases

monotonically for deviations from the nominal and op-
timal parameters within the intervals of estimated un-
certainty. The combination C−

p , d
−
31, L

−, R+ leads to a
shift of the tuning frequency f+

el = 1.15fel,0. The combi-
nation C+

p , d
−
31, L

+, R+ changes the tuning frequency of
the shunt to f−

el = 0.84fel,0. The detuning to f−
el shifts

the −90◦ crossing frequency in the phase response to a
higher frequency, whereas the detuning f+

el has minor in-
fluence on the phase response. Comparing the maximum
amplitude with Figure 5a one can see, the increase of
the maximum amplitude is dominated by C+

p . The com-
bination C+

p , d
−
31, L

+, R+ represents the worst with the
maximal vibration amplitude in the attenuated frequency
range.

The worst case combination C+
p , d

−
31, L

+, R+ changes
the tuning frequency of the shunt to f−

el = 0.84fel,0, re-
sulting in the maximum detuning and amplitude. The
detuning to f−

el shifts the −90◦ crossing frequency in the
phase response to a higher frequency, whereas the detun-
ing f+

el has minor influence on the phase response. Com-
paring the maximum amplitude with Figure 5a one can
see, the increase of the maximum amplitude is dominated
by C+

p .

4.2 Vibration attenuation with TMD

The vibration attenuation under the influence of esti-
mated uncertainty is described in cases B1 to B4, Table 2.
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Fig. 6. Amplitude and phase response |Hsh| and ϕsh of the beam with resonant shunt, (a) case A3: L = [26.19 H; 32.01 H] and
L0 = 29.1 H, (b) case A4: R = [3.33 kΩ; 4.07 kΩ] and R0 = 3.7 kΩ.
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Fig. 7. Amplitude and phase response |Hsh| and ϕsh of the
beam with resonant shunt for case A5 and Cp,0, d31,0, L0, R0.

According to Table 1 unknown uncertainty is assumed ex-
emplary for a TMD with μT,0 = 0.07 , mT,0 = 0.0087 kg,
kT,0 = kT,opt = 1.31 kN/m and bT,0 = bT,opt =
1.22 Ns/m. For all cases B1 to B4, the amplitude and
phase responses for varying kT, mT and bT are com-
pared to amplitude and phase responses for kT,0, mT,0

and bT,0. For simplification, the amplitude and phase re-

sponse of Equation (33) are |HTMD(f)| = |HTMD| and
ϕTMD(f) = ϕTMD.

Case B1

Figure 8a shows the amplitude |HTMD| and phase
ϕTMD response for estimated uncertainty kT = [k−T ;
k+
T ] = [1.18 kN.m−1; 1.44 kN.m−1] compared to kT,0 =

1.31 kN.m−1 if uncertainty is unknown. According to the
first electromechanical analogy [21], the stiffness influ-
ences the attenuation system like the inverse of the trans-
ducers capacitance. For k+

T the tuning frequency of the
TMD increases and for k−T the tuning frequency decreases
according to: fT,k+

T
= 1.07fT,0 and fT,k−

T
= 0.92fT,0. The

detuning increases the maximum amplitude and shifts the
phase at the −90◦ crossing frequency. For k+

T the shift is
more distinct.

Case B2

Figure 8b shows the amplitude |HTMD| and phase
ϕTMD response for estimated uncertainty mT =
[m−

T ; m+
T ] = [0.0078 kg; 0.0096 kg] compared to mT,0 =

0.0087 kg if uncertainty is unknown. The mass of a
TMD effects the attenuated frequency range. With higher
masses, the remaining vibration amplitudes decreases.
Besides, the mass is affecting the tuning frequency of the
TMD according to Equation (34). Hence, m+

T will de-
crease the tuning frequency to fT,m+

T
= 0.948fT,0 and m−

T

increases it to fT,m+
T

= 1.054fT,0. Regarding the phase
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Fig. 8. Amplitude and phase response |HTMD| and ϕTMD of the beam with TMD, (a) case B1: kT = [1.18 kN/m; 1.44 kN/m]
and kT,0 = 1.31 kN/m, (b) case B2: mT = [0.0078 kg; 0.0096 kg] and mT,0 = 0.0087 kg.

response, m−
T and m+

T lead to a similar shift of the −90◦
crossing frequency.

Case B3

Figure 9a shows the amplitude |HTMD| and phase
ϕTMD response for estimated uncertainty bT =
[b−T ; b+T ] = [0.84 Ns.m−1; 1.58 Ns.m−1] compared to
bT,0 = 1.22 Ns.m−1 if uncertainty is unknown. For b+T
the maximum amplitude increases, while b−T decreases the
amplitude only between the two maxima of |HTMD|. Al-
though for b−T the amplitude response is more affected
than for b+T, the influence of b−T is less significant, since
the maximum amplitude hardly changes, see Figure 9a.
In general, bT affects the maximum amplitude in the
attenuated frequency range without shifting the tuning
frequency significantly. With damping b+T, the phase re-
sponse approaches the shape of a single resonance. For
damping b−T , the phase response shows increasing phase
shifts below the tuning frequency and decreasing phase
shifts above the tuning frequency.

Case B4

Figure 9b shows the amplitude |HTMD| and phase
ϕTMD response for k+

T , m
−
T , b

+
T and k−T , m

+
T , b

−
T as well

as for kT,0, mT,0, bT,0. For k+
T , m

−
T , b

+
T the tuning fre-

quency of the TMD change to f+
T = 1.13 fT,0 leading to

a maximum peak in the amplitude response below the
host structure’s eigenfrequency fb,1. For k−T , m+

T and b−T ,
the tuning frequency of the TMD is f−

T = 0.88fT,0 re-
sulting in a comparable peak in the amplitude response,
but above the beam’s eigenfrequency f1,b. Regarding the
phase response, for f−

T the −90◦ crossing frequency in-
creases, whereas for f+

T the crossing frequency decreases.
The combination k−T , m

+
T , b

−
T represents the worst case.

As for the resonant shunt in case A5, considering only
the upper and lower limits of uncertain parameters for
determining the worst case is justified.

4.3 Comparison of maximum amplitudes
and amplitudes at fb,1 for resonant shunt
and TMD

Figure 10 shows the maximum absolute amplitude re-
sponses |Hsh|max for the beam with resonant shunt and
|HTMD|max for TMD according to Figure 5 to 9 for all
examined cases A1 to A5 and B1 to B4. |Hsh|max and
|HTMD|max are presented for additional masses mp,0 and
mT,0 varying from 0.0031kg to 0.074kg or μT and μp

varying from 0.025 to 0.6, respectively. μp and μT are
the normalized masses, (see Eq. (34)). All maximum
amplitude responses for the beam with resonant shunt
and varying μp are shown in light gray. The light gray
area is bounded by the maximum amplitude responses
|Hsh|max (solid line) when unknown uncertainty is as-
sumed for Cp,0, d31,0, L0, R0 and the maximum amplitude
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Fig. 9. Amplitude and phase response |HTMD| and ϕTMD of the beam with TMD, (a) case B3: bT = [0.84 Ns/m, ; 1.58 Ns/m]
and bT,0 = 1.22 Ns/m, (b) case B4 and kT,0, mT,0, bT,0.
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Fig. 10. Maximum amplitude responses of beam with resonant shunt |Hsh|max and TMD |HTMD|max due to unknown uncer-
tainty (solid lines), maximum amplitude responses of beam with resonant shunt |Hsh|max and TMD |HTMD|max due to estimated
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responses |Hsh|max (dashed line), for the worst case A5
with C+

p , d
−
31, L

+, R+. All maximum amplitude responses
for the beam with TMD and varying μT are shown in dark
gray. The dark gray area is bounded by the maximum am-
plitude responses |HTMD|max (solid line) when unknown
uncertainty is assumed for kT,0, mT,0 and bT,0 and the
maximum amplitude responses |HTMD|max (dashed line),
for worst case B4 with k−T , m

+
T , b

−
T .

Both approaches, resonant shunt and TMD, show
asymptotic decreasing amplitudes with increasing
additional masses. The electromechanical coupling co-
efficient K31 (see Eq. (24)), and ,thus, the maximum
amplitude response |Hsh|max will change for different
lp and hp and different mass ratios μp of piezoelectric
transducers, respectively. For each thickness hp one
length lp exists with the coupling coefficient K31 to be
maximal and |Hsh|max to be minimal that is shown only
in Figure 10.

Resonant shunt and TMD (solid lines) achieve maxi-
mum amplitudes less than 20% of the beam’s maximum
amplitude. However, the TMD achieves a higher vibra-
tion attenuation than the resonant shunt with the same
additional masses. Usually [22], μT is recommended to
be less than 20%. For μT ≤ 0.2, the maximum ampli-
tudes |HTMD|max are significantly smaller than the max-
imum amplitudes |Hsh|max. The maximum deviation of
the resonant shunt is 2.5/0.83 |Hsh|max ≈ 3 |Hsh|max at
μp = 0.025 and 0.26/0.16 |Hsh|max ≈ 1.6 |Hsh|max at
μp = 0.6 in case of unknown uncertainty. For the TMD
it is 1.2/0.4 |HTMD|max = 3 |HTMD|max at μT = 0.025
and 0.14/0.1 |HTMD|max = 1.4 |HTMD|max at μT = 0.6
in case of unknown uncertainty. The absolute deviations
are smaller for the TMD but the relative deviations are
comparable. However, vibration attenuation with TMD is
less sensitive to the assumed estimated uncertainty. With

increasing additional masses, i.e. the attenuation capabil-
ity of resonant shunt and TMD increase, the uncertainty
for both approaches decrease. With higher μp and μT the
broad band attenuation increases and, thus, both systems
get less sensitive to deviating tuning frequencies.

Figure 11 shows the amplitude responses |Hsh(fb,1)|
for resonantly shunted transducers and |HTMD(fb,1)| for
the TMD at the beam’s first eigenfrequency fb,1. Dashed
lines show cases A5 with C−

p , d
−
31, L

−, R+ and cases B4
with k−T , m

+
T , b

−
T . Compared to Figure 10, the amplitude

attenuation (solid line) for the TMD does hardly change,
whereas the amplitude attenuation for the resonant shunt
(solid line) increases. This is due to the tuning method
presented in Section 2.2, which does not lead to complete
equalized amplitudes in the attenuated frequency range.
Since the structure’s stiffness and mass change with at-
tached piezoelectric transducers the mechanical eigenfre-
quency fSC,1 increases (see Eq. (25)). Thus, the attenu-
ated frequency range will also shift leading to an addi-
tional amplitude attenuation. The maximum deviation of
the resonant shunt is 1.41/0.62 |Hsh|max ≈ 2.3 |Hsh|max

at μp = 0.025 in case of unknown uncertainty. For the
TMD 0.62/0.39 |HTMD|max ≈ 1.6 |HTMD|max at μT =
0.025 in case of unknown uncertainty. |Hsh(fb,1)| and
|HTMD(fb,1)| are similar from μT = μp = 0.3. This is
still above the recommended maximum μT = 0.2. Fur-
thermore, the deviations in |Hsh(fb,1)| and |HTMD(fb,1)|
due to estimated uncertainty are smaller compared to the
ones from Figure 10. As observed in Figures 7 and 9b, the
maximum amplitude responses occur right and left of the
tuning frequency, thus, the amplitude responses at fb,1

are less effected by a detuned attenuation systems. This
effect is more distinctive for the resonant shunt since it is
supported by the shift of fSC,1 and |Hsh(fb,1)| gets less
influenced by uncertain parameters.
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5 Conclusion

The effect of parametric estimated uncertainty on vi-
bration attenuation of a beam clamped at both ends with
(a) resonantly shunted piezoelectric transducer and (b)
tunes mass damper TMD is investigated separately. It is
shown, that both approaches, resonant shunt and TMD,
achieve remaining amplitudes less than 20% of the beam’s
amplitude. A TMD achieves higher vibration attenuation
than a resonant shunt with the same mass that has to
be attached additionally on the beam, either as mass of
piezoelectric material for shunt damping or as seismic
mass for the TMD. Furthermore, vibration attenuation
using TMD is less sensitive to the assumed estimated un-
certainty. With increasing additional masses and, hence,
increasing attenuation performance, both systems get
less sensitive to detuning due to uncertainty. Comparing
the amplitudes at the first beam eigenfrequency, uncer-
tainty decreases. Attaching piezoelectric transducers to
the beam, increases the resonance frequency. This leads
to further reduction of the amplitude response of the res-
onant shunt at the beam’s eigenfrequency and the ampli-
tude at the beam’s first eigenfrequency gets less affected
by estimated uncertainty. Further examinations will in-
vestigate resonant shunt damping with negative capac-
itance regarding parametric uncertainty and additional
masses.
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