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Abstract – The random stress processes recorded on the mechanical structures of rotating machines have
non-Gaussian structure. These processes are logically composed of a deterministic periodic process, centred
on the harmonics of the rotor rotation frequency, on which is routinely superposed a Gaussian zero-mean
random process. This article first presents the mathematical principles of extreme value models, adapted
to their specific nature. The proposed probabilistic models are then compared with each other in order
to examine their degree of similarity and conservatism. On the basis of Gumbel’s theory, adopted as an
asymptotic approach to extreme values, a statistical model of extreme values of sine plus noise composite
random processes is proposed and discussed.
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1 Introduction

The random stress processes recorded on the mechan-
ical structures of rotating machines are non-Gaussian
in structure [1], and consequently necessitate the use of
probabilistic dimensioning approaches, adapted to their
specific nature. The non-Gaussian nature of the vibra-
tion environments produced by a large number of carriers
in the civil and military sectors on embedded equipment
is also due to high-level rotating processes (engines in the
case of motor vehicles [2–4] and/or tracks in the case of
tracked vehicles [5–7] and/or rotors and propellers in the
case of helicopters [8] or propeller-driven aircraft [9]).

These technical considerations mean that structures
at extreme stresses can no longer be dimensioned on
the basis of conventional probabilistic theories, devel-
oped historically in the context of stationary, ergodic and
Gaussian processes, and widely incorporated into FE (Fi-
nite Element) design tools [10]. On the basis of previous
work on the dimensioning of mechanical structures sub-
jected to the vibratory excitations produced by tracked
vehicles [11], an analytical and numerical approach to the
local maximum values induced by this type of sine plus
noise composite process is proposed. This local statisti-
cal approach is then used to examine the statistics of the
overall maxima of such processes, which by nature have
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a great impact on the dimensioning of mechanical struc-
tures when the fundamental modes of such structures are
locked on one of the rotational harmonics of the rotating
machine under study.

First, the mathematical principles of the extreme
value models, adapted to the non-Gaussian probabilis-
tic nature of this type of sine plus noise composite pro-
cess, are set out. The proposed probabilistic models are
then compared with each other in order to examine their
degree of similarity and conservatism. On the basis of
Gumbel’s theory, adopted as an asymptotic approach to
extreme values, a statistical model of extreme values of
sine plus noise composite random processes is proposed
and discussed.

2 Local maxima probability density

The dimensioning of mechanical structures at extreme
stresses subjected to a random excitation process has
been discussed extensively by many authors in the case
of Gaussian random processes, whether narrow band or
wide band [12,13].

In contrast, few authors have taken an interest in the
case of composite random processes consisting of a peri-
odic random process superposed on a wide-band Gaussian
random process. Given the substantial complexity of the
problem, here it is proposed to deliberately limit the study
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Nomenclature

Symbol Description Unit

x(t, ξ) Narrow-band sine plus random noise composite random
stress process

N.m−2

t time s

ξ Random variable

s(t, ξ) Sinusoidal random stress process with a mean value
equal zero

N.m−2

S Sinusoidal amplitude of the random process s(t, ξ) N.m−2

f1 Sinusoidal frequency of the random process s(t, ξ) Hz

ϕ0(ξ) Random phase of the random precess s(t, ξ) rad

b(t, ξ) Narrow-band Gaussian random stress process with a
mean value equal zero

N.m−2

f0 Mean frequency of the narrow-band random process
b(t, ξ)

Hz

Pb(b) p.d.f (probability density function) of narrow-band
Gaussian random stress process b(t, ξ)

N−1.m2

a2
0 square of the Sine to Noise ratio rms (root mean square)

values associated with the random stress process x(t, ξ)

I0(x) Modified Bessel function of the first kind, of dimension-
less argument x

Zx(t, ξ) Envelope of the narrow-band sine plus random noise
composite random stress process x(t, ξ)

N.m−2

φx(t, ξ) Phase of the narrow-band sine plus random noise com-
posite random stress process x(t, ξ)

rad

Zx(ξ) r.v (random variable) associated with the envelope ran-
dom process Zx(t, ξ)

N.m−2

PZx(z) p.d.f of the local maxima of narrow-band Sine plus
Noise composite random process x(t, ξ)

N−1.m2

P asymp
Zx

(z) Asymptotic p.d.f of the local maxima of narrow-band
Sine plus Noise composite random process x(t, ξ)

N−1.m2

PRay(z; σ) Rayleigh distribution for the z variable and σ parame-
ter

N−1.m2

h(a2
0, a) Multiplicative function of the Rayleigh distribution re-

lating to the p.d.f of the local maxima of narrow-band
Sine plus Noise composite random process x(t, ξ)

a Dimensionless argument of the multiplicative function
h(a2

0, a)

η(ξ) Dimensionless random variable (r.v) associated with
the Zx(ξ) random variable

Pη(η) p.d.f of the dimensionless local maxima of narrow-band
Sine plus Noise composite random process x(t, ξ)

P asymp
η (η) Asymptotic p.d.f of the dimensionless local maxima of

narrow-band Sine plus Noise composite random process
x(t, ξ)

z0 Fixed threshold for the envelope random process
Zx(t, ξ)

N.m−2

β Dimensionless fixed threshold for the envelope random
process Zx(t, ξ)

PZx(z) c.F.r. of the randam uavaible Zx(y)

Q1 (α, β) First-order Marcum function for the β argument and
α parameter

k! Factorial function of the k value
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Γ (x) Gamma function of the x argument

γ1(a, x) Complementary gamma function of the x argument and
a parameter

γ(a, x) Incomplete gamma function of the x argument and a
parameter

In(x) nth-order modified Bessel function of the first kind for
the x argument

φ(x) c.f.r (cumulative function repartition) of the standard
normal distribution

Qasymp
1 (α, β) Asymptotic first-order Marcum function for the large

β argument and α parameter

erf(x) Error function of the x argument

erfc(x) Complementary error function of the x argument

T Load time of the composite random stress process
x(t, ξ)

s

n Mean number of load cycles associated with the com-
posite random process x(t, ξ)

Z̄L
max Local maximum stress of composite random process

x(t, ξ) which arrive on average once over the given load
time T

N.m−2

β̄ Dimensionless threshold for the envelope random pro-
cess Zx(t, ξ) associated with the risk of exceeding equal
(1/n)

β̄asymp Dimensionless threshold for the envelope random pro-
cess Zx(t, ξ) associated with the risk of exceeding equal
(1/n) when the number n of cycles is high

be(t, ξ) Narrow-band Gaussian random stress process which is
centred on mean frequency of composite random pro-
cess x(t, ξ), at iso-energy

N.m−2

σe Rms (root mean square) value of the random process
be(t, ξ)

N.m−2

ẐL
max Local maximum stress of narrow-band Gaussian ran-

dom process be(t, ξ) which arrive on average once over
the given load time T

N.m−2

δ Accepted risk of exceeding in development or validation
phase

Z̄G
max (δ) Overall maximum stress with defined risk δ of the com-

posite random process x(t, ξ) for the load time T
N.m−2

Acronym

F.E Finite Elements

SNR Signal-to-Noise Random

r.p Random process

r.a Random variable

p.d.f probability density function

c.f.r cumulative function repartition

PSD Power Spectral Density

S+R Sine plus Random

C S+R Composite Sine plus Random Model

GR IE Gaussian Random model, at iso-energy (equivalent rms
value)

(C S+R)/(GR IE) Composite Sine plus Random model divided by
Random model, at iso-energy
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(C S+R)/(S+R) Composite Sine plus Random model divided by
empirical model of summing of the individual
maximum stresses (S+R)

δ-C S+R Composite Sine plus Random model with a fixed risk
δ (overall maximum approach)

(δ-C S+R)/(C S+R) Composite Sine plus Random model with a fixed risk
δ divided by Composite Sine plus Random model

d.o.f Degree of freedom

EVT Extreme Value Theory

to the case of narrow-band sine plus noise composite ran-
dom processes, consisting of a sinusoidal stress s (t, ξ)
superposed on a narrow-band random stress b (t, ξ) and
locked on a mean frequency f0 close to the sinusoidal
frequency f1 of the rotating process considered. Conse-
quently, the random process of sinusoidal stress s (t, ξ) is
considered to be of amplitude S, frequency f1 and ran-
dom phase ϕ0(ξ), uniformly distributed between 0 and
2π.

s (t, ξ) = S sin (2πf1t + ϕ0 (ξ)) (1)
In addition, for analytical simplification reasons, the
narrow-band random process b (t, ξ) is supposed to be
Gaussian, with mean value equal to zero and variance
equal to σ2, whose law of density of probability is given
by the following expression, namely:

Pb(b) =
1

σ
√

2π
exp

(
− b2

2σ2

)
(2)

For successful dimensioning of structures subjected to this
type of narrow-band sine plus noise composite random
stress process x (t, ξ), the probability density function of
the local maxima of such a stress process should first be
established. To accomplish this, we show that it is then
possible to use the analytical expression of the envelope
Zx (t, ξ) process and to use the analytical expression of
the phase φx (t, ξ) process of this narrow-band process
x (t, ξ), centred on f0 ≈ f1 Therefore, we obtain:

x (t, ξ) = Zx (t, ξ) sin (2πf0t + φx (t, ξ)) = s (t, ξ)+b (t, ξ)

(3)
From these technical considerations it becomes clear that
the analytical model of the envelope of the narrow-band
random process considered is accessible using the theory
of analytical signals and thus of complex envelopes [14],
through the Hilbert transform. This principle was applied
by the author in 1992 to establish the expression for the
probability density of the local maxima of narrow-band
sine plus noise composite random processes [15].

2.1 Rice’s analytical model

The analytical model of this local maxima probability
density is defined as [15]:

PZx(z)=
z

σ2
exp

(
− z2

2σ2

)
exp

(−a2
0

)
I0

(
zS

σ2

)
for z � 0

(4)

– where σ2 is the variance of the narrow-band random
stress process b (t, ξ), whose the mean frequency is f0

and the mean value is zero.
– and S is the amplitude of the sinusoidal random pro-

cess s (t, ξ), whose the frequency is f1 and the mean
value is zero.

The dimensionless coefficient a2
0 represents the sever-

ity of the sine plus noise composite process x (t, ξ) =
s (t, ξ)+b (t, ξ), as it is the square of the signal-to-noise ra-
tio rms values (named also SNR:Signal-to-Noise Random,
in anglo-saxon technical literature).

a2
0 =

S2

2σ2
(5)

This local maxima probability density PZx(z), shown in
Figure 1 below, is thus the product of two simple analyt-
ical functions:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
PRay(z; σ) =

z

σ2
exp

(
− z2

2σ2

)
and h(a2

0, a) = exp
(−a2

0

)
I0 (a)

with a = zS/σ2 and a2
0 = S2/2σ2

(6)

And where I0 (a) is the modified Bessel function of the
first kind, of dimensionless argument a = zS/σ2, which is
a symmetrical function as shown in Figure 2 below.

The probability density PRay(z; σ)is the Rayleigh dis-
tribution relating to the case of narrow-band pure random
processes and h(a2

0, a) is the multiplicative function of the
Rayleigh distribution relating to the probability density
of the extrema of the sine plus noise narrow-band com-
posite random processes. This probability density PZx(z),
defined by expression (4), is also referred to in the litera-
ture as the Rice function, after its originator. This proba-
bility function was defined during his work on radio com-
munication [16], and is a generalisation of the Rayleigh
function used to describe the behaviour of a radio signal
propagating along several paths before being received by
a radar antenna.

2.2 Dimensionless expression of the Rice function

In order to better define the behaviour of the Rice
function, it is useful to present the function in its di-
mensionless form, by normalising the random amplitude
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Fig. 1. Normalised Rice function (dimensionless function),
Pη(η).

Fig. 2. Zero-order modified Bessel function of the first kind,
I0 (x).

Zx (ξ) of the envelope Zx (t, ξ) with respect to the rms
value σ of the gaussian noise b (t, ξ) alone.

The dimensionless random variable is then defined by
expression (7) below:

η (ξ) = Zx (ξ) /σ (7)

Rice’s dimensionless expression can then be written in the
following form:

Pη(η)=

{
σPZx(z) with z = ση

η exp
(
− η2

2

)
exp

(−a2
0

)
I0

(
η
√

2a2
0

) for η � 0

(8)
At this stage it is important to note that the entire Rice
distribution shifts to the right (towards high normalised
maxima values) as the dimensionless coefficient a2

0 of the
process increases (case of a sinusoidal random process of
increasing rms value for a Gaussian random process of
constant variance).

It can be seen that the zero-order modified Bessel
function of the first kind is an even function, of value
one for a zero argument value. The latter increases

continuously on a positive support, for which the ana-
lytical expression is:

I0(x) =
1
π

π∫
θ=0

exp(x cos θ)dθ for x ∈ � (9)

2.3 Asymptotic expression of the Rice function

In order to successfully study the dimensioning of
structures at the extreme stresses induced by these
narrow-band sine plus noise composite random processes,
the analytical expressions of the asymptotic functions of
the local maxima must be defined. It is effectively very
useful to have analytical knowledge of the mathematical
form of the distribution tail of the random stress process
local maxima, in order to define a posteriori the form
of the probability density function (p.d.f) of the highest
maximum generated by the sine plus noise composite pro-
cess considered over its entire load time T . Consequently,
in order to obtain the normalised asymptotic expression
of the Rice function, it is possible to use the asymptotic
expression [17] of the zero-order modified Bessel function
of the first kind, whose the analytical expression is defined
by:

I0(x) −−−−−→
x→+∞

exp(x)√
2πx

×
[
1 +

1
8x

(
1 +

9
2(8x)

(
1 +

25
3(8x)

(1 + . . .)
))]

(10)

Inserting expression (10) in expression (8) of the nor-
malised probability density of the Rice function, the
normalised asymptotic expression of the Rice function,
P asymp

η (η), can then be established:

Pη(η) −−−−−−−−→
n�(2a2

0)−1/2

1√
2π

η1/2

(2a2
0)1/4

× exp

(
−
[
η − (2a2

0)
1/2
]2

2

)
= pasymp

η (η) (11)

It can be seen that this dimensionless asymptotic function
is an exponential decay function and depends only on
the dimensionless coefficient a2

0, defined in Equation (5)
above.

3 Local maxima distribution function

Following the determination of the probability den-
sity function (p.d.f) of the local maxima of the composite
stress random process, it is now essential to be able to
obtain the expression for the local maxima distribution
function, in order to access the probability of exceeding
a given threshold z0 = βσ (see Fig. 3) by the envelope
Zx (t, ξ) of the composite process considered x (t, ξ).
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Fig. 3. Probability of exceeding a given threshold, z0 = βσ.

Fig. 4. First-order Marcum function, Q1 (α, β).

Based on Figure 4 below and on the definition of the
cumulative function repartition PZx(z0) of the random
variable Zx(ξ) defined by expression (12) below, it can be
shown that this cumulative function repartition (c.f.r) is
written using Q1 (α, β) defined by expression (13) below.

PZ(z0) = Pr ob [Zx (t, ξ) � z0]

=

⎧⎪⎪⎨
⎪⎪⎩

∫ z0

u=−∞ PZx (u) du = 1 − ∫ +∞
u=z0

PZx (u) du

Pr ob [η (ξ) � β = z0/σ] = 1 − Q1 (α, β)

with α =
√

2a2
0

(12)

With for analytic expression of the first-order Marcum
function:

Q1 (α, β) =

+∞∫
v=β

v exp
[
−
(

v2 + α2

2

)]
I0 (αv)dv

et α =
√

2a2
0 (13)

At this stage, it is important to note that, for a given
risk of exceeding the threshold, the normalised threshold
level β is higher the greater the value of the dimensionless
coefficient a2

0 of the sine plus noise random process.

3.1 Series expressions of the first-order Marcum
function

The first-order Marcum function Q1 (α, β) is by def-
inition between 0 and 1 and decreases continuously, as
shown in Figure 4 above. It is expressed in the form of an
unbounded integral (13), which can be put in the form of
convergent infinite series [15, 18] as below:

Q1 (α, β) = exp
[
−
(

α2

2

)]+∞∑
k=0

(
α2
/
2
)k

2k (k!)2
γ1

(
k+1, β2/2

)
after [15] (14)

The general term of the infinite series (14) of the first-
order Marcum function includes two characteristic func-
tions well known to mathematicians:

– factorial function k! which is expressed on the basis of
the gamma function Γ (k + 1), as follows:

k! = Γ (k + 1) for k = 0, 1, 2, . . . after [19] (15)

– complementary gamma function γ1 (a, x) which is ex-
pressed on the basis of the gamma function Γ (a) and
the incomplete gamma function γ (a, x), as follows:

γ1 (a, x) = Γ (a)−γ (a, x) =

+∞∫
t=x

ta−1 exp (−t)dt for a>0

with

γ (a, x) =

x∫
t=0

ta−1 exp (−t)dt after [19] (16)

Also, it is possible to define a convergent infinite serie, as
follows:

Q1 (α, β) = 1 − exp
[
−
(

α2 + β2

2

)] +∞∑
n=1

(
β

α

)n

In (αβ)

after [18] (17)

The general term of the infinite series (17) of the first-
order Marcum function includes the nth-order modified
Bessel function of the first kind, defined as follows:

In(x) =
1
π

π∫
θ=0

cos(nθ) exp(x cos θ)dθ for x ∈ � (18)

To manage the calculation error on the numerical values
of the first-order Marcum function [20], these convergent
series formulations (14) and (17) are used in program-
ming, in the scientific tools developed by the author for
fatigue design of structures mounted on rotating machines
(for example engine equipment and equipment on tracked
vehicles [11]).
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3.2 Asymptotic expression of the first-order Marcum
function

With the aim of being able to use a fast calculation
method employing elementary mathematical functions to
evaluate the extreme stresses generated by a sine plus
noise composite process, a simple analytical form of the
asymptotic expression of Q1 (α, β) is now needed. Us-
ing the asymptotic expression of the zero-order modi-
fied Bessel function of the first kind (10), inserted into
the integral expression (13), the asymptotic expression
Qasymp

1 (α, β) of the first-order Marcum function can be
defined as follow:

Q1 (α, β) −−−−−→
β→+∞

Qasymp
1 (α, β)

=

+∞∫
v=β

√
ν

α

1√
2π

exp

[
− (v − α)2

2

]
dv (19)

Then, on the basis of the theoretical work of Nuttall [21],
it is possible to write:

Qasymp
1 (α, β) =

√
β

α
Φ (α − β) (20)

where Φ(x) is the distribution function of the standard
normal distribution. Consequently, it can be seen that
the first asymptotic expression Qasymp

1 (α, β) of the first-
order Marcum function is proportional to the distribution
function of the standard normal distribution, which is an
elementary mathematical function, expressed by:

Φ(x) =
1√
2π

x∫
u=−∞

exp
(
−u2

2

)
du =

1
2

[
1 + erf

(
x√
2

)]

(21)
Knowing that error function erf(x) is an integral func-
tion related to the complementary error function erfc(x)
expressed as follows:

erf (x) =
2√
π

x∫
t=−∞

exp
(−t2

)
dt = 1 − erfc(x) (22)

And,

erfc (x) =
2√
π

+∞∫
t=x

exp
(−t2

)
dt = 2Φ(−x) (23)

From these technical considerations, the second asymp-
totic function of the first-order Marcum function can
also be written using the complementary error function
(Nuttall-Colin):

Qasymp
1 (α, β) =

1
2

√
β

α
erfc (β − α) (24)

Fig. 5. Normalised local maxima β̄
(
a2
0, n
)

= Z̄L
max/σ.

4 Design of structures such that the local
stress maximum occurs on average once
over the load time T of the process

By definition, the local maximum stress Z̄L
max of the

composite random process x (t, ξ) likely to occur on aver-
age once over the given load time T of the random process
x (t, ξ), whose the mean frequency is equal to f0 ≈ f1, is
given by the expression:

Z̄L
max = σβ̄

(
a2
0, n
)

with α =
√

2a2
0 and n = f1T fixed

(25)
The value β̄

(
a2
0, n
)
, associated with the local maximum

stress of the composite process for any number n of load
cycles, then corresponds to the root of the characteristic
function g (α, β, n) defined by:

g (α, β, n) = Q1 (α, β) − (1/n) with α =
√

2a2
0 (26)

For the pure gaussian random process (a2
0 = 0), it is pos-

sible to write the following expression, in using the ex-
pressions (13) and (26):

β̄
(
a2
0 = 0, n

)
=
√

2 ln(n) for n � 1 (27)

The following trivial relationship is also obtained:

β̄
(
a2
0, n = 1

)
= 0 (∀a2

0 � 0) (28)

The expressions can thus be used to plot the graph of the
normalised local maxima of a sine plus noise composite
random process, as shown in Figure 5.

The value of β̄ thus represents the normalised local
maximum stress, which corresponds in fact to the thresh-
old of the local maxima of the composite stress process
considered, and the risk of exceeding this threshold is
equal to the reciprocal of the mean number of load cycles
n = f1T . The function β̄

(
a2
0, n
)

for different dimension-
less values of a2

0 as a function of n ∈ [1.3E + 04 cycles] is
shown in Figure 5.

Having previously established the asymptotic func-
tion of the first-order Marcum function in Section 3.2,
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Table 1. Comparison between β̄
(
a2
0, n
)

and β̄asymp

(
a2
0, n
)

obtained by the Nuttall-Colin asymptotic approach.

Dimensionless
1 2 4 6 8 10

coefficient a02

n values Beta Beta Asymp Beta Beta Asymp Beta Beta Asymp Beta Beta Asymp Beta Beta Asymp Beta Beta Asymp

1.00E+02 3.97 3.93 4.52 4.47 5.31 5.27 5.93 5.89 6.46 6.41 6.92 6.88

1.00E+03 4.70 4.68 5.25 5.23 6.05 6.03 6.67 6.65 7.20 7.18 7.67 7.64

1.00E+04 5.31 5.30 5.87 5.85 6.67 6.65 7.29 7.28 7.82 7.80 8.28 8.27

1.00E+05 5.34 5.83 6.40 6.39 7.21 7.20 7.83 7.82 8.36 8.83 8.82 8.81

1.00E+06 6.32 6.32 6.88 7.69 8.13 7.68 8.31 8.31 8.84 8.83 9.31 9.30

1.00E+07 6.76 6.78 7.32 7.36 8.13 8.13 8.76 8.77 9.28 9.30 9.75 9.75

the asymptotic characteristic function gasymp (α, β, n) can
also be used to obtain the numerical values of the nor-
malised local maximum stress β̄asymp, when the number n
of cycles is high. Using the Nuttall-Colin asymptotic ex-
pression (24), the comparison in Table 1 can be made
between the values β̄ and β̄asymp for values of a2

0 ∈ [1, 10]
and n ∈ [1E + 02, 1E + 07].

It shows that the values obtained are very similar and
that the errors generated are less than 1%, giving credi-
bility to the asymptotic calculation of β̄asymp, which re-
quires a much shorter calculation time than that needed
to estimate β̄. This asymptotic method will be used for
the tailoring tests in composite environments, for exam-
ple, as in such cases the number n of load cycles is always
high and β̄asymp is calculated for each degree of freedom
considered (ranging from 1000 to 2000 d.o.f) by vibra-
tion environment situation to be characterised in terms
of extreme stresses.

Companies involved in the dimensioning of mechani-
cal structures of rotating machines generally apply con-
ventional processing techniques, using the power spectral
density (PSD) concept and assuming normal distributions
of the stochastic processes studied, even though they are
not appropriate given the statistical nature of the com-
posite processes. To identify the design errors that can be
made in the mechanical strength of structures when us-
ing a stochastic approach that is not appropriate for the
statistical nature of the physical stress processes occur-
ring in rotating machines, in what follows a comparison
is proposed between the stochastic approach developed
previously (Z̄L

max) and the approach using Gaussian pro-
cesses (ẐL

max), applying constant rms values in these two
probabilistic approaches. When all calculations are com-
pleted, Figure 6 and the expressions (29) and (30) below
are obtained, with regard to this model of comparison (of
design at extreme values) between the Sine plus Random
Composite approach (C S+R) and the iso-energy gaus-
sian random approach, (GR IE) in expression (29):

C S+R
GR IE

=
Z̄L

max

ẐL
max

=
β̄
(
a2
0, n
)

(1 + a2
0)
√

2 ln (n)
� 1

(∀ a2
0 and ∀ n > 1) (29)

Fig. 6. Composite model normalised with respect to the
Gaussian noise model, at iso-energy.

And logically, inserting (27) in (29), the following is
obtained:

Z̄L
max

/
ẐL

max −−−→
a2
0=0

1 (for gaussian random process)

for any value of n (30)

At this stage, it is important to note that a Gaussian
random approach such as PSD is always more conserva-
tive than the sine plus random composite approach in
terms of local maximum stress, however severe the com-
posite random stress process (narrow-band process) ap-
plied. This justifies the use of probabilistic structure di-
mensioning models, appropriate for the statistics of the
excitation processes, with a view to minimum necessary
dimensioning, enabling the design to be optimised.

5 Design of structures in terms of the overall
stress maximum with defined risk δ of
exceeding the threshold (controlled-risk
dimensioning)

By definition, Z̄G
max (δ) at imposed risk δ, associated

with the composite process x (t, ξ), corresponds to the
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Table 2. Coefficient [− ln [− ln (1 − δ)]] for δ = 1% and δ =
0.1%.

Risk Delta − ln(− ln(1 − Delta))
0.01 4.6
0.001 6.9

highest maximum stress of the composite process gen-
erated over the load time T . This stress is associated
with a risk δ defined by the designer, according to the
level of criticality of the product. In general, the design-
ers define a risk of exceeding the threshold δ of 1% in
the case of ‘standard’ structures and 0.1% in the case
of ‘secured’ structures. As the probability density func-
tion of the composite random process local maxima is
described asymptotically by an exponential decrease, it
can be shown that the distribution function of the high-
est maxima Yn (ξ) = MAX

k=1 to n
[z (tk, ξ)] over the duration T

of the composite random process tends to a Gumbel func-
tion [22]:

FYn (y) −−−−→
high n

exp [− exp (−αn (y − yn))]

where

yn =σβ̄asymp with αn =nP asymp
Zx

(yn)=
n

σ
P asymp

η

(
β̄asymp

)
(31)

where αn is the value of the maximum nth-order extreme
intensity of the local maximum Zx(ξ), and where yn is
the maximum nth-order characteristic value of Zx(ξ). The
following expressions are obtained for αn and yn:

yn = Z̄L
max = σβ̄ where β̄ =

Z̄L
max

σ

and

αn =
n

σ

√
β̄

2πα
exp

[
−
(
β̄ − α

)2
2

]

where

α =
√

2a2
0 and n = f1T (32)

At this stage, it can be seen that it is now possible to
determine the design value Z̄G

max (δ) to which the designer
has to design the structure, for a risk δ that the designer
defines according to the level of reliability required by the
customer, as follow [23]:

Z̄G
max (δ) = yn − ln [− ln (1 − δ)]

αn
(33)

For the case of ‘standard’ structures and for the case
of ‘secured’ structures, the dimensionless coefficients
[− ln [− ln (1 − δ)]] appearing in expression (33) of the
overall maximum at imposed risk δ are given in Table 2.

The comparative approach between the secured design
approach with regard to the local maximum

(
Z̄L

max

)
and

Fig. 7. Model with risk δ of 1%.

Fig. 8. Model with risk δ of 0.1%.

the overall maximum approach
[
Z̄G

max (δ)
]

with a defined
risk δ is then described by the basic expression (34) below
(in terms of Gumbel’s asymptotic approximation), and by
Figures 7 and 8, associated with a risk δ of 1% and 0.1%,
respectively, of exceeding the threshold. At this stage, it is
possible to compare composite Sine plus Random model
at fixed risk δ (δ-C S+R) with the Composite Sine plus
Random Model (C S+R), which corresponds to overall
maxima approach divided by local maxima approach for
a Composite Sine plus Random process.

δ-C S + R

C S + R
=

Z̄G
max (δ)
Z̄L

max

= 1 − ln [− ln (1 − δ)]
σβ̄αn

> 1

∀ n = f1T and a2
0 = α2/2 (34)

Note: This ratio depends on a2
0, n and δ (fixed at 1% or

0.1%)
Figures 7 and 8 above show clearly that the over-

all maxima approach with defined risk δ of exceeding
the threshold leads logically to securing of the design of
the structures subjected to random stress processes com-
pared with a dimensioning approach using the local max-
imum stresses, used routinely by designers in dynamic
dimensioning.
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This work shows that the overall maxima approach
with defined risk δ of exceeding the threshold leads
logically to securing of the design of structures subjected
to random stress processes compared with a dimension-
ing approach using the local maximum stresses, used rou-
tinely by designers in dynamic dimensioning.

In the case of sine plus random composite processes, it
can be seen that the higher the value of the dimensionless
coefficient a2

0, the lower the level of conservatism of the
overall maxima approach for a given risk δ and number
of cycles n.

Lastly, it is also shown that, for a stress random pro-
cess generated by a rotating machine, the lower the stip-
ulated risk δ, the higher the severity of the overall ap-
proach. And this conclusion constitutes an logical and
very relevant result in a security context of design.

6 Empirical design model of structures
subjected to sine plus noise composite
random process

In practice, industrial firms concerned by dynamic di-
mensioning of structures subjected to sine plus noise com-
posite processes are led to extract the sinusoidal nature
from the composite process by adapting Kalman filter-
ing techniques [24]. Extraction of the periodic character
of the process in the time domain by Kalman filtering is
a way of characterising the random nature of the com-
posite process correctly, by subtracting the extracted si-
nusoidal process from the composite process considered.
On the basis of this extraction, designers are led to esti-
mate the extreme stresses generated by each of these two
individual processes treated separately, using determin-
istic time-based methods for the sinusoidal process and
spectral methods for the random process [25].

Given the lack of availability of computer codes ca-
pable of handling the complex nature of such sine plus
noise composite processes, the conservative dimensioning
attitude then consists in summing the extreme stresses of
these two individual processes, characterised as described
above, in order to dimension their structures for the ex-
treme stresses. With a view to describing the conservative
character of this empirical dimensioning method, based
on the summing of the individual effects, it appeared of
interest to demonstrate the usefulness of having dimen-
sioning models taking account of the non-Gaussian nature
of the composite processes.

Consequently, in what follows the relationship is es-
tablished between the local maximum stress (Z̄L

max) of
the sine plus noise composite process (C S+R) and the
summing of the individual stresses (S+R) associated with
the sinusoidal (S) and narrow-band Gaussian random
(σ
√

2 ln(f1)) processes according to (27). The empirical
model of dimensioning to the individual extreme stresses
(S+R) normalised with respect to the sine plus noise com-
posite model (C S+R) leads to the following analytical

Fig. 9. Composite model (C S + R) normalised with respect
to the empirical model of summing of the individual maximum
stresses (S + R).

relationship:

C S+R
S+R

=
Z̄L

max

S + σ
√

2 ln(n)
=

β(a2
0, n)[√

2a2
0 +

√
2 ln(n)

] (35)

The results given in Figure 9 above show that use of the
empirical model of summing the individual effects leads to
over-estimation of the local extreme stress of the sine plus
composite process, however severe the composite process
in terms of load time T and dimensionless ratio a2

0.
Consequently the empirical approach of summing the

effects is observed to be a conservative approach, with a
limited severity increase of 20%, which enables its con-
tinuing use in the design of tracked running gear com-
ponents, for example, at Nexter Company (Land defence
systems French integrator).

7 Conclusion

Modelling of random load processes in terms of im-
posed displacement and/or imposed force is necessary for
optimum dimensioning of all the equipment of industrial
products subjected to high load levels. In terms of di-
mensioning to extreme stresses, many of the models used
are based on the theory of Gaussian random processes,
applying conventional spectral approaches now incorpo-
rated into all finite element program codes (FE codes).

However, in the case of complex processes, such as the
ones described in this paper, encountered in the rotating
machinery sector, the sine plus noise composite nature
requires more sophisticated calculation approaches that
are not widespread in the specialist literature. In fact, al-
though the probabilistic nature of local extreme stresses
can be supported positively by the probabilistic model
of S.O Rice, the models developed by the author show
the need to enrich it through an overall asymptotic ap-
proach, applying the extreme value theory (EVT). These
approaches of dimensioning to overall maximum stresses
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are all the more important in that they provide design-
ers with an effective dimensioning model, able to manage
equipment dimensioning criticality by specifying a risk of
exceeding limits, as explained in Section 5.
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aux valeurs extrêmes de processus stochastiques station-
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nement mécanique, Juin 1991, Symposium ASTE 91

18-page 11


	Introduction
	Local maxima probability density
	Nomenclature
	Rice's analytical model
	Dimensionless expression of the Rice function

	Asymptotic expression of the Rice function
	Local maxima distribution function
	Series expressions of the first-order Marcum function
	Asymptotic expression of the first-order Marcum function

	Design of structures such that the local stress maximum occurs on average once over the load time T of the process
	Design of structures in terms of the overall stress maximum with defined risk  of exceeding the threshold (controlled-risk dimensioning)
	Empirical design model of structures  subjected to sine plus noise composite  random process
	Conclusion
	References

