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Abstract – Impact and friction vibration absorbers are introduced in mechanical systems to attenuate
their vibrations with dissipating the vibratory energy through respectively collision or friction between
both bodies. However, the contact between both bodies for both cases deserves to be investigated closely.
This work aims firstly to study the effect of the collision modeling on the impact absorber efficiency. The
impact is modeled under several forms: linear, semi-linear, and nonlinear; accordingly to elastic and viscous
behaviors. The modeling, then the formulation, then the resolution of the problem are conducted for each
case. The forced responses of the system are obtained, and a comparison is made to conclude on the
absorber performance. This work aims secondly to examine the effect of friction modeling on the friction
absorber efficiency. Two modeling approaches are considered: macroscopic and microscopic; accordingly to
physical and tribological behaviors. The problem modeling is elaborated, followed by a formulation, then
a resolution, to determine the forced responses of the system for different friction models. A comparison is
made later to conclude on the friction absorber performance.
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1 Introduction

The vibration attenuation of a mechanical system
equipped with an impact absorber is due to the collisions
between both bodies which cause energy dissipation [1].
The impacts are modeled using springs and dampers [2].
The contact between both bodies is to be investigated
closely [3]. The most common impact models are based
on stiffness and damping linearity and nonlinearity [4].

The most convenient collision modeling relies on the
fact that the interaction forces act continuously during
the impact. Therefore, the study can be done with only
including the contact forces in the motion equations dur-
ing the collision to reach a fair description of the system
actual behavior [5, 6].

Three impact models are considered: Linear, semi-
linear, and nonlinear. The linear model is defined using
a linear stiffness and a linear viscous damping, the lin-
ear stiffness becomes nonlinear for the semi-linear model
(Hertz), and the linear viscous damping becomes non-
linear for the nonlinear model (Hunt-Crossley). For each
impact model, using the continuous approach, an analytic
study is conducted to determine the motion equations, it
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is followed by a numeric resolution to obtain the forced re-
sponses of the system equipped with the impact absorber.
A comparison of the different impact models is made later
to conclude on the impact absorber performance.

On the other hand, the vibration attenuation of a me-
chanical system equipped with a friction absorber is due
to the friction between both bodies which causes energy
dissipation [7]. Although that mass absorbers are widely
used to reduce vibration levels [8], several studies showed
that friction absorbers are more effective [9], but the con-
tact between both bodies is to be investigated closely.

The recent modeling of friction proves the phe-
nomenon complexity, some experimental observations
show that friction changes with time [10]. The change
is due to the surface quality, the material deformation,
the temperature variation, the lubrication quality, and
the accumulation of wear debris [11, 12].

Two modeling approaches are considered: macro-
scopic (physical) and microscopic (tribological). The
macroscopic modeling is examined using kinetic friction
(Coulomb), then kinetic and static frictions (Stribeck).
The microscopic modeling is investigated using elastic
contact (Dahl), then elastic and viscous contact (LuGre).
For each friction model, an analytic study is elaborated
to determine the motion equations, it is followed by a
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Fig. 1. System and Absorber, Linear collision.

numeric resolution to obtain the forced responses of the
system equipped with the friction absorber. A comparison
of the different friction models is made later to conclude
on the friction absorber performance.

2 Impact Absorber

2.1 Linear Modeling

The mechanical system is of mass M , it is equipped
with an impact absorber of mass m. During its vibration,
the system collides with the absorber to cause vibratory
energy dissipation. When the absorber mass hits the sys-
tem mass, that is when the relative displacement of the
absorber mass is less than the clearance width (d) for the
left impact or superior to the clearance width for the right
impact, an impulsion force appears within the contact of
both masses. For linear modeling, the impact is materi-
alized by a linear spring (k1) for the elastic deformation,
and a linear viscous damper (c1) for the energy dissipa-
tion. The system equipped with the absorber in forced vi-
bration and with linear collision is presented in Figure 1.
k and c denote respectively the stiffness and damping of
the system, while F refers to the excitation force of mod-
ulus F0 and of pulsation ω. x1 and x2 denote respectively
the displacements of the system and the absorber masses.

The contact force is thus defined as:

Fc = c1ẏ+k1y; y is the masses relative displacement
(y = x2 − x1).

The motion equations in forced vibration during the con-
tact between both masses are therefore:⎧⎪⎪⎨

⎪⎪⎩
M

d2x1

dt2
+ c

dx1

dt
+ kx1 = c1

dy

dt
+ k1y + F (t)

m
d2x2

d2
+ c1

dy

dt
+ k1y = 0

or: ⎧⎪⎪⎨
⎪⎪⎩

M
d2x1

dt2
+ c

dx1

dt
+ kx1 = c1

dy

dt
+ k1y + F (t)

m
d2(x1 + y)

dt2
+ c1

dy

dt
+ k1y = 0

Table 1. System-Absorber parameters, Linear collision.

Parameters Values
M 1 kg
m 0.4 kg
k 103 N.m−1

k1 400 N.m−1

c 0.1 Ns.m−1

c1 20 Ns.m−1

F0 2 N
ω 47.4 rad.s−1

Fig. 2. System displacement, Linear collision.

The System-Absorber used parameters in linear collision
are given in Table 1.

Figure 2 shows the obtained displacement of the sys-
tem mass during the contact. The system is equipped with
the absorber and the collision is linear.

The linear modeling presents three weaknesses [4]:

a. The impact force is discontinuous. In a realistic model,
the two forces, elastic and viscous, start from zero and
proceed progressively.

b. When the two masses split off, the masses relative ve-
locity becomes negative, thus a negative force main-
taining the two masses together appears.

c. The equivalent restitution coefficient does not depend
on the impact velocity.

2.2 Semi-Linear Modeling

The collision is semi-linear, the contact between the
system and the absorber masses is defined by a nonlinear
stiffness and a linear viscous damping. The Hertz theory
is used.

The system equipped with the absorber in forced
vibration and with semi-linear collision is presented in
Figure 3.

The contact force is thus defined as:

Fc = kHzy
3/2; y is the masses relative displacement

and kHz is the Hertz contact stiffness.
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Fig. 3. System and Absorber, Semi-linear collision.

Some hypotheses are necessary to validate the contact
force expression [6]:

a. The contact surface is small relatively to the masses
geometries.

b. The collision occurs without friction.
c. The material is isotropic, elastic, and linear.
d. The contact time is enough long to establish a quasi-

static state.

The contact stiffness is defined as:

kHz =
4
3π

√
a

(1 − ν2
1 )

/
πE1 + (1 − ν2

2)
/
πE2

where, a is the radius of the circle defining the contact
surface:

a = 3

√
3NR

4E∗ with
1

E∗ =
1 − ν2

1

E1
+

1 − ν2
2

E2

E1, E2, ν1 et ν2 are respectively the Young moduli and
the Poisson coefficients of the system and the absorber
masses; N is the pressure force, normal to the contact,
and R is the radius of the Hertz sphere.

The motion equations in forced vibration during the
contact between both masses are therefore:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
M

d2x1

dt2
+ c

dx1

dt
+ kx1 = c1

dy

dt
+ kHzy

3/2 + F (t)

m
d2x2

dt2
+ c1

dy

dt
+ kHzy

3/2 = 0

or: ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

M
d2x1

dt2
+ c

dx1

dt
+ kx1 = c1

dy

dt
+ kHzy

3/2 + F (t)

m
d2(x1 + y)

dt2
+ c1

dy

dt
+ kHzy

3/2 = 0

The Hertz stiffness is to be determined wisely. Indeed,
knowing the linear stiffness, it is possible to obtain the
equivalent Hetz stiffness with equalizing the linear contact

Table 2. System-Absorber parameters, Semi-linear collision.

Parameters Values
M 1 kg
m 0.4 kg
k 103 N.m−1

kHz 3260 N.m−3/2

c 0.1 Ns.m−1

c1 20 Ns.m−1

F0 2 N
ω 47.4 rad.s−1

Fig. 4. System displacement, Semi-linear collision.

time and the Hertz contact time, defined respectively as
follows:

TLinear =
2πmM√

m + M
√

4mMk1 − c2
1(m + M)

THertz =
2.9432
ẏ0.2
0

(
5

4K∗KHz

)2/5

with :

⎧⎨
⎩

K∗ = m+M
mM

ẏ0 = ẏ(0)

The System-Absorber used parameters in semi-linear col-
lision are given in Table 2.

Figure 4 shows the obtained displacement of the sys-
tem mass during the contact. The system is equipped with
the absorber and the collision is semi-linear.

The semi-linear modeling presents three weak-
nesses [5]:

a. It is only valid for elastic deformation
b. It does not cover nonlinear energy dissipation
c. It is only valid for low collision velocities

2.3 Nonlinear Modeling

The linear viscous damping does not reflect accurately
the impact energy dissipation. Therefore, Hunt and Cross-
ley developed a contact model adding to Hertz elastic
force a nonlinear damping force defined using a contact
penetration.

The system equipped with the absorber in forced
vibration and with nonlinear collision is presented in
Figure 5.
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Fig. 5. System and Absorber, Nonlinear collision

The Hunt-Crossly contact force is defined as:

Fc = kHzy
3/2 + c1y

3/2ẏ

where:
y is the masses relative displacement.
ẏ is the masses relative velocity (penetration velocity).
kHz is the Hertz contact stiffness.
c1 is the Hunt-Crosseley damping coefficient.

The motion equations in forced vibration during the
contact between both masses are therefore:⎧⎪⎪⎨
⎪⎪⎩

M
d2x1

dt2
+ c

dx1

dt
+ kx1 = kHzy

3/2 + c1y
3/2 dy

dt
+ F (t)

m
d2x2

dt2
+ kHzy

3/2 + c1y
3/2 dy

dt
= 0

or:⎧⎪⎪⎨
⎪⎪⎩

M
d2x1

dt2
+ c

dx1

dt
+ kx1 = kHzy

3/2 + c1y
3/2 dy

dt
+ F (t)

m
d2(x1 + y)

dt2
+ kHzy

3/2 + c1y
3/2 dy

dt
= 0

The Hunt-Crossley damping is to be determined wisely.
It is function of the Hertz stiffness, the restitution coeffi-
cient (e), and the masses relative velocity. It is defined as
follows:

c1 =
3kHz(1 − e2)

4ẏ

The System-Absorber used parameters in nonlinear colli-
sion are given in Table 3.

Figure 6 shows the obtained displacement of the sys-
tem mass during the contact. The system is equipped with
the absorber and the collision is nonlinear.

2.4 Comparison

The collision linear model is not too accurate. How-
ever, it is often used due to its simplicity. It takes into
account linearly and respectively the elastic deformation
and the energy dissipation, but does not cover plastic
deformation.

Table 3. System-Absorber parameters, Nonlinear collision.

Parameters Values
M 1 kg
m 0.4 kg
k 103 N.m−1

kHz 3260 N.m−3/2

c 0.1 Ns.m−1

c1 469.5 Ns.m−3/2

F0 2 N
ω 47.4 rad.s−1

Fig. 6. System displacement, Nonlinear collision.

The collision semi-linear model is more accurate. It
takes into account the nonlinearity of the elastic defor-
mation, but does not cover plastic deformation and non-
linear energy dissipation, and is only valid for low collision
velocities. Besides, it presents the same disadvantages of
Hertz contact: the contact surface is small relatively to
the masses, the contact surface is perfectly smooth, the
material is isotropic, elastic, and linear, and the contact
time is enough long. Therefore, the semi-linear model is
to be used cautiously, especially when the material has
high elastic deformation.

The collision nonlinear model is further accurate. It is
based on the Hunt-Crossley contact which adds nonlinear
damping to the Hertz contact. It takes into account non-
linearly and respectively the elastic deformation and the
energy dissipation. Besides, the damping depends on the
deformation, which means that the contact surface may
vary during the collision. In addition, the contact force
does not present any discontinuity, it stars from zero and
ends at zero.

The obtained system vibrations for the linear and
semi-linear collisions are similar, while the system vibra-
tion for the nonlinear collision is close to the previous
responses but is more attenuated, Figure 7.
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Fig. 7. System displacement, All collision models.

 

Fnl

F 

Fig. 8. System and Absorber.

3 Friction absorber

3.1 System and absorber

The mechanical system is of mass m1, of stiffness k1,
and of damping constant c1, the stiffness is linear and the
damping is viscous. The friction absorber is of mass m2,
of stiffness k2, and of damping constant c2, the stiffness
is linear and the damping is viscous. Friction between the
two bodies is added, it is described by the force Fnl (non-
linear), and may be materialized using different models.
The system equipped with the absorber in forced vibra-
tion is presented in Figure 8, F refers to the excitation
force of modulus F0 and of pulsation ω, x1 and x2 denote
respectively the displacements of the system and the ab-
sorber masses.

The motion equations in forced vibration taking into
account friction are as follows:

Ẍ +(2ξ2ω2 (1 + μ) + 2ξ1ω1) Ẋ +
(
(1 + μ)ω2

2 + ω2
1

)
X2

1x

+ 2ξ1ω1ẋ + ω =
F

m1
− Fnlrẍ − 2ξ2ω2Ẋ − ω2

2X =
Fnl

m2

Fig. 9. Coulomb force.

where: X = x1 − x2; x = x2; F = F0 sinωt; ω1 =
√

k1
m1

;

ω2 =
√

k2
m2

; ξ1 = c1
2m1ω1

; ξ2 = c2
2m2ω2

; μ = m2
m1

; and

r = 1
m1

+ 1
m2

The friction force depends on the relative velocity sign.
The diversity of friction models leads to investigate fric-
tion modeling. Two modeling approaches and four de-
scriptive models are examined.

3.2 Macroscopic modeling

The friction macroscopic modeling is physical, it sup-
poses an equivalent friction force acting within the con-
tacting surfaces.

The Coulomb force takes into account kinetic friction,
it is defined as (Fig. 9):

Fnl = ucNsign
(
Ẋ

)
uc is the Coulomb kinetic friction coefficient, while N is
the normal force within the contacting surfaces.

The Stribeck force takes into account static friction in
addition to kinetic friction, it is defined as (Fig. 10):

Fnl = N

(
uc + (us − uc) e

−
(

Ẋ
vs

)2)
sign

(
Ẋ

)

us is the Coulomb static friction coefficient, while vs is
the Stribeck velocity.

The system vibratory behavior using Coulomb and
Stribeck friction forces is investigated. The problem pa-
rameters are presented in Table 4, the system and the
absorber are considered undamped.

Figures 11 shows the obtained displacement of the sys-
tem mass for Coulomb friction, while Figure 12 shows the
obtained displacement of the system mass for Stribeck
friction, considering the excitation force.

For both frictions, the phenomenon stick-slip occurs.
When the excitation force is weak, the absorber does not
present any motion, the system and the absorber are re-
duced to one system. Besides, the responses of the system
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Fig. 10. Stribeck force.

Table 4. System-Absorber parameters, macroscopic friction.

Parameters Values
m1 1 kg
k1 104 N.m−1

m2 1 kg
k2 104 N.m−1

uc 0.5
us 0.6
vs 104 m.s−1

Fig. 11. System displacement-Coulomb.

equipped with the absorber are similar for both frictions,
but the system vibration is more attenuated for Stribeck.

The shifting from the stick state to the slip state de-
mands an enough strong excitation force to put the ab-
sorber into motion, thus to create an absorber acceler-
ation force (Fa) superior to the absorber friction force
(Fnl). The absorber acceleration force is defined as:

Fa = m2Ẍ

Figure 13 shows the evolution of the absorber accelera-
tion and friction forces ratio for Coulomb and Stribeck

Fig. 12. System displacement-Stribec.

Fig. 13. Forces ratio, Coulomb-Stribeck.

frictions, whereas Figure 14 presents the evolution of the
absorber displacement for both frictions.

Three peculiar zones are present: jammed absorber
(Fa inferior to Fnl), partially gliding absorber (Fa slightly
superior to Fnl), and totally gliding absorber (Fa neatly
superior to Fnl). The Stribeck model presents a less rapid
takeoff relatively to the Coulomb model, but the two mod-
els are similar regarding the absorber displacement.

3.3 Microscopic modeling

The friction microscopic modeling is tribological, it
supposes a thorough knowledge of the two contacting
surfaces.

Dahl considers the junction points between the con-
tacting surfaces as equivalent to an elastic linkage which
breaks under tangential loading, he refers to the stress-
strain chart of materials. The Dahl force is defined as
(Fig. 15): {

Fnl = σ0z

ż = Ẋ − σ0|Ẋ|
Fc

z
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Fig. 14. Absorber displacement, Coulomb-Stribeck.

Fig. 15. Dahl force.

z is the contact junction deflexion, while σ0 is the contact
junction stiffness, and Fc is the Coulomb kinetic force.

LuGre added the contact junction damping, the
Sribeck effect, and the lubrication effect. The LuGre force
is defined as (Fig. 16):

Fnl = σ0z + σ1ż + σ2v

where: ż = Ẋ − σ0|Ẋ|
g(Ẋ) z; g

(
Ẋ

)
= Fc + (Fs − Fc) e

−
(

Ẋ
vs

)2

;

and v = Ẋ
σ0, σ1, and σ2 denote respectively the contact junction

stiffness, the contact junction damping, and the lubrica-
tion damping

The system vibratory behavior using Dahl and LuGre
friction forces is investigated. The problem parameters
are presented in Table 5, the system and the absorber
are considered undamped and the lubrication damping is
omitted.

Figure 17 shows the obtained displacement of the sys-
tem mass for Dahl friction, while Figure 18 shows the

Fig. 16. LuGre force.

Table 5. System-Absorber parameters, microscopic friction.

Parameters Values
m1 1 kg
k1 104 N.m−1

m2 1 kg
k2 104 N.m−1

uc 0.5
us 0.6
vs 104 m.s−1

σ0 104 N.m−1

σ1 102 Ns.m−1

obtained displacement of the system mass for LuGre fric-
tion, considering the excitation force.

For both models, the phenomenon stick-slip happens.
When the excitation force is weak, the absorber does not
present any motion, thus the system and the absorber
become one system. Besides, the responses of the system
equipped with the absorber are similar for both frictions,
but the system vibration is more attenuated for LuGre.

Figure 19 shows the evolution of the absorber accelera-
tion and friction forces ratio for Dahl and LuGre frictions,
whereas Figure 20 presents the evolution of the absorber
displacement for both frictions.

Three distinctive zones are present: jammed absorber
(Fa inferior to Fnl), partially gliding absorber (Fa slightly
superior to Fnl), and totally gliding absorber (Fa neatly
superior to Fnl). The LuGre model is less uniform than
the Dahl model, although that the evolution of the ab-
sorber displacement is similar for both models.

3.4 Comparison

The friction macroscopic modeling supposes an equiv-
alent friction force acting within the contacting sur-
faces. Two descriptive models are retained: Coulomb and
Stribeck. The Coulomb model takes into account ki-
netic friction but does not consider static friction. The
Stribeck model takes into account static friction in addi-
tion to kinetic friction. The macroscopic modeling does
not consider contacting surfaces stiffness and damping.
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Fig. 17. System displacement-Dahl.

Fig. 18. System displacement-LuGre.

Fig. 19. Forces ratio, Dahl-LuGre.

Fig. 20. Absorber displacement, Dahl-LuGre.

The Coulomb model is not too accurate, however it is
often used due to its simplicity.

The friction microscopic modeling supposes a thor-
ough knowledge of the contacting surfaces. Two descrip-
tive models are retained: Dahl and Lugre. Dahl is based
on the Coulomb model and takes into account contacting
surfaces stiffness, but does not consider contacting sur-
faces damping. The LuGre model is based on the Stribeck
model and takes into account the damping in addition to
the stiffness of the contacting surfaces. The microscopic
modeling considers both physical and tribological aspects
of the contacting surfaces.

The results show that the Coulomb and Stribeck mod-
els are similar, although that the system vibration is more
attenuated for Stribeck, apparently due to the increase of
the friction force. Besides, the Dahl and LuGre models
are also similar, but the system vibration is more attenu-
ated for LuGre, apparently due to the presence of surfaces
damping. However, the microscopic models present higher
system vibrations comparatively to macroscopic models,
apparently due to the considered surfaces stiffness.

4 Conclusion

Impact and friction vibration absorbers are introduced
in mechanical systems to attenuate their vibrations with
dissipating the vibratory energy through respectively col-
lision or friction between both bodies. However, the con-
tact between both bodies for both cases deserves to be
investigated closely.

Regarding the impact absorber, three impact models
are considered: Linear, semi-linear, and nonlinear. The
linear model is defined using a linear stiffness and a lin-
ear viscous damping. the linear stiffness becomes non-
linear for the semi-linear model (Hertz), and the lin-
ear viscous damping becomes nonlinear for the nonlinear
model (Hunt-Crossley). For each impact model, an ana-
lytic study is conducted to determine the motion equa-
tions, it is followed by a numeric resolution to obtain the
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forced responses of the system equipped with the impact
absorber. A comparison of the different impact models
is made later to conclude on the impact absorber per-
formance. The results show that the impact models are
similar although the accuracy difference, but the nonlin-
ear model presents better vibration attenuation.

Regarding the friction absorber, two modeling ap-
proaches are considered: macroscopic and microscopic.
The macroscopic modeling is examined using kinetic
friction (Coulomb), then kinetic and static frictions
(Stribeck). The microscopic modeling is investigated us-
ing elastic contact (Dahl), then elastic and viscous con-
tact (LuGre). For each friction model, an analytic study
is elaborated to determine the motion equations, it is fol-
lowed by a numeric resolution to obtain the forced re-
sponses of the system equipped with the friction absorber.
A comparison of the different friction models is made later
to conclude on the friction absorber performance. The re-
sults show that the friction models are similar, but the
microscopic models present lower vibration attenuation.

The contact between the mechanical system and the
vibration absorber is to be considered cautiously, for both
absorbers, to master any possible problems in practice.
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