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Abstract

This study proposes fractional models to describe the linear viscoelastic behavior of polymethyl methacrylate over a wide range of frequencies and temperatures. The objective of this work is to investigate the efficiency of the fractional model in the identification of the viscoelasticity of the polymer. The experimental data were obtained based on the dynamic mechanical analysis over a limited frequency range at different temperatures. The time–temperature superposition principle was utilized to extend the experimental data across an expanded frequency range. The validity range of this approach was confirmed through the Cole–Cole plot. A master curve for polymethyl methacrylate at a reference temperature was constructed by shifting the dynamic mechanical analysis curves acquired at different temperatures along the frequency axis. The horizontal shift factors were efficiently fitted using the Williams–Landel–Ferry equation. The experimental data, which failed to affirm the time–temperature superposition principle, were precisely characterized using the fractional element model. The master curve was accurately characterized by employing the fractional Zener model. A good agreement between the numerical models and experimental data was achieved. The efficiency of these models was validated by error estimation. The superiority of the fractional models was substantiated through comparative analysis with the integer models. The fractional model was confirmed to be accurate for the prediction of the viscoelastic behavior of polymethyl methacrylate. The Williams–Landel–Ferry equation can be incorporated into the fractional models to address the temperature-dependent viscoelastic properties of the material.
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1 Introduction
Thermoplastic polymers, such as polymethyl methacrylate (PMMA), are widely employed in mechanical engineering due to their low density, processability, and excellent mechanical properties [1]. Compared with metals, these materials exhibit distinct viscoelastic characteristics in their mechanical response. Viscoelasticity can be characterized by a complex modulus, which consists of a storage modulus, representing the elastic energy storage, and a loss modulus, reflecting the energy dissipation [2]. The temperature and frequency significantly influence their physical and mechanical properties [3]. It is necessary to propose an effective constitutive behavior law to accurately describe the inherent viscoelastic properties. The resulting models play a critical role in the vibration analysis of viscoelastic structures [4–7].
Mahieux and Reifsnider [8] attributed the evolution of the polymer mechanical properties with temperature to the microscopic failure of secondary bonds, where the probability of bond breakage can be represented by Weibull statistics. They established a robust model based on this statistical approach to describe the storage modulus from the glassy to rubbery state. Richeton et al. [9] extended this model to consider the effect of frequency on the storage modulus. The unified model was demonstrated to accurately describe the storage modulus with frequency over a vast temperature range. Matadi Boumbimba et al. [10] continued to improve this model for predicting the storage modulus of amorphous polymers to polymer/organoclay nanocomposites. These studies confirmed the frequency dependence of the mechanical properties of the thermoplastic polymers. The current research focuses on characterizing the viscoelastic behavior over a wide frequency range and establishing a comprehensive characterization of both storage and loss moduli.
Over the past decades, classical integer and fractional models have been constructed to characterize the viscoelastic behavior of materials. These models are essentially phenomenological to describe the macroscopic stress-strain relationships through differential equations [11]. As shown in Figure 1, integer models consist of springs and dashpots connected in series or parallel [12]. The spring serves as the elastic component in accordance with Hooke’s law, whereas the dashpot embodies the viscous element conforming to Newton’s law [13,14]. Integer models usually require a large number of viscoelastic elements to achieve high accuracy in characterizing complex viscoelastic responses [15]. This requirement greatly increases the inaccuracy of parameter identification and the difficulty of clarifying the physical meaning of the model. The spring-pot with a fractional derivative has been developed in viscoelastic modeling as a generalization of the spring and dashpot. The fractional order of the viscoelastic element is adjustable within the range of (0, 1), allowing a continuous transition between purely elastic and purely viscous behaviors. Su et al. [16] verified this physical meaning of the fractional order by establishing the equivalent viscoelasticity between the fractional and integer models. Fractional models are derived by substituting the dashpot in integer models with a spring-pot [17].
In recent years, fractional models have become a powerful tool for the study of the viscoelastic behavior of polymers. Sun et al. [18] compared the performance of fractional Maxwell, Zener, and Burgers models with their corresponding integer models. The fractional models more accurately described the creep behavior of polymers. Hernández-Jiménez et al. [19] utilized the fractional Maxwell model to investigate the stress relaxation behavior of PMMA and conducted a comparative analysis with the conventional integer Maxwell model. The fractional Maxwell model provided a superior fit to the stress and strain response curves of PMMA. Cai et al. [17] proposed both integer and fractional models to characterize the creep behavior of PMMA. The fractional model required fewer parameters compared with the integer model. Ikeda et al. [20] accurately described the creep response of PMMA at different temperatures by employing a three-element fractional differential viscoelastic model with fewer parameters. The capability of fractional models to efficiently characterize the viscoelastic properties of PMMA has been demonstrated. These studies on PMMA demonstrate the advantages of fractional models in the time domain. The application of fractional models within the frequency domain remains underdeveloped.
Frequency-domain analysis enables a comprehensive understanding of the viscoelastic characteristics of polymers through the integration of dynamic mechanical analysis (DMA) and the time–temperature superposition principle (TTSP). DMA simultaneously measures the storage and loss moduli of materials over a limited frequency and temperature range [21]. TTSP assumes that the effects of temperature and frequency scale on viscoelastic properties are equivalent [22]. This principle is utilized to broaden the frequency spectrum by shifting DMA curves obtained at various temperatures along the frequency axis [23]. Mazurchevici et al. [24] employed DMA to investigate the viscoelastic properties of polymers at different temperatures in the frequency domain. The storage and loss moduli of the polymers were successfully obtained, which reflected the elastic and viscous properties of the material, respectively. Ionita et al. [25] combined DMA with TTSP to investigate the viscoelastic properties of polyurethane on a wide range of frequencies. The master curves of moduli were generated at a reference temperature, which extended over several decades of frequency beyond the experimental limits. The shift factors were accurately characterized using the temperature-dependent Williams–Landel–Ferry (WLF) equation. Mahieux and Reifsnider [8] emphasized that TTSP was used as an important extension to explore the temperature-dependent properties of thermoplastic polymers. Richeton et al. [9] and Matadi Boumbimba et al. [10] integrated the WLF equation into their temperature-dependent model to describe the frequency dependency. The WLF equation is an efficient tool for establishing frequency–temperature equivalence. The present work accurately characterizes the viscoelastic behavior of PMMA based on the experimental data and employs the WLF model based on TTSP to construct master curves over a wide frequency range. Li and Xiao [26] constructed a master curve of a polymer using DMA data combined with the TTSP and employed the fractional Zener model to accurately describe its evolution. Pawlak and Denisiewicz [27] demonstrated that the same model could successfully fit the storage modulus of polyurethane across a broad frequency domain. A thorough investigation into the frequency-dependent viscoelastic model of PMMA is necessary. The advantages of the fractional model need to be clarified compared to the integer models in the frequency domain.
In this study, fractional models are proposed to characterize the linear viscoelastic behavior of PMMA. Its applicability over a wide range of frequencies and temperatures is investigated using DMA experimental data with TTSP. A comparative analysis is conducted to evaluate the advantages of these models over the integer models. The paper is structured as follows : Section 2 presents the experimental method, the integer and fractional viscoelastic models, the TTSP, and the procedure for parameter identification. Section 3 presents the results and discussion. Section 4 provides the concluding remarks.
	[image: Thumbnail: Fig. 1 Refer to the following caption and surrounding text.]	Fig. 1 Schematic of viscoelastic constitutive elements.



2 Materials and methods
The thermoplastic polymer PMMA was chosen for analysis in this study. DMA and TTSP were utilized to experimentally characterize the viscoelastic behavior of PMMA. Fractional viscoelastic constitutive models were subsequently proposed to describe the viscoelastic properties and were compared with conventional integer models.
2.1 Experimental setup of DMA
PMMA was fabricated into cylindrical specimens with a diameter of 4 mm and a length of 12 mm, as shown in Figure 2. Specimen preparation was critical to ensure the accuracy of the experimental tests. The non-parallel surfaces resulted in uneven fixture contact and affected measurement results. The upper and lower surfaces of the PMMA specimens were individually polished using precision grinding equipment to ensure flatness. The prepared specimens demonstrated smooth and parallel end faces through measurement. They were required to be precisely aligned with the central axis of a fixture to ensure accurate measurements.
DMA tests were conducted according to the ASTM D5024-15 standard in compression mode to characterize the viscoelastic response of PMMA [28]. Figure 3 shows the experimental setup employed for DMA tests. The RSA-G2 compression fixture, equipped with upper and lower circular plates each having a diameter of 8 mm, is utilized to secure the specimen. The linear motor applies sinusoidal loads of up to 500 N or displacements ranging from ±0.0005 to ±6.5 mm to the specimen with high precision. The displacement sensor offers a resolution of 1 nm, facilitating precise control and measurement of both small and large deformations. The force sensor possesses a resolution of 0.006 N and is capable of measuring forces within the range of 0.2 to 500 N. The operating frequency can be adjusted from 0.01 to 100 Hz. The forced convection oven is used for thermal control over a temperature range of −150 to 600  °C. The DMA tests are controlled using WinTest software on a personal computer. The specimen geometry and the displacement amplitude are predefined in the software. The PCI electronics box performs signal conditioning, amplification, and conversion of the sensor outputs to acquire high-precision data. The viscoelastic parameters are computed based on the predefined parameters and the measured response, and they are collected in the Trio software.
Table 1 lists the experimental parameters used in the DMA tests. Strain amplitude sweep tests were first conducted at higher temperatures, ranging from 110 to 160 °C, to ensure that PMMA remained within the linear viscoelastic region. The strain amplitude was gradually increased from 0.01% to 0.8%, while the frequency was maintained at 10 Hz. Multifrequency temperature sweep tests were performed at a strain amplitude within the linear viscoelastic region. The frequency was varied logarithmically from 10 to 100 Hz across 16 frequency points. The temperature was increased from 20 to 160 °C with an interval of 5 °C. The heating rate was 10 °C/min. A soak time of 4 min was applied to ensure that the specimen reached the desired test temperature. The DMA test results truly reflected the intrinsic properties of PMMA because the viscoelastic response of PMMA was independent of the magnitude of deformation [29,30].
	[image: Thumbnail: Fig. 2 Refer to the following caption and surrounding text.]	Fig. 2 Configurations of PMMA specimen.



	[image: Thumbnail: Fig. 3 Refer to the following caption and surrounding text.]	Fig. 3 ElectroForce 3200 Series III test instruments.



Table 1 
Parameter setting for DMA tests on PMMA.

2.2 Frequency and temperature dependent viscoelastic models
Integer and fractional viscoelastic models were employed to describe the viscoelastic behavior of PMMA. Figure 4 illustrates three fundamental integer viscoelastic models: the Maxwell model, consisting of a spring and a dashpot in series; the Kelvin–Voigt model, consisting of a spring and a dashpot in parallel; and the Zener model, which combines the Maxwell model with a spring in parallel [4]. The parameters E1 and E2 are the elastic moduli of the parallel and series springs in the Zener model. Integer models use the combination of springs and dashpots to describe the viscoelastic behavior of materials.
When these models are employed to examine the dynamic viscoelastic behavior of materials within the frequency domain, the corresponding constitutive equations are expressed as follows [31]:
[image: Mathematical equation](1)
[image: Mathematical equation](2)
[image: Mathematical equation](3)
where E* = E′ + iE″ is the complex modulus, E′ = Re(E*) is storage modulus, and E″ = Im(E*) is loss modulus. ω = 2πf is angular frequency and f is frequency.
Fractional models are developed by extending integer models with fractional elements to accurately characterize complex viscoelastic behaviors [32]. Figure 5 presents the schematic of the fractional element model and the fractional Zener model obtained by replacing the dashpot with a spring pot in the conventional Zener model [33].
The fractional element model, known as the spring-pot, represents a generalization of both the spring and dashpot. It enables the viscoelastic behavior of materials to be characterized by a single constitutive element. The elastic modulus and viscosity of the spring pot are redefined as Eα and ηα, respectively, to differentiate them from the elastic modulus of the spring and the viscosity of the dashpot. The constitutive equation of the fractional element model in the frequency domain is given by [17]:
[image: Mathematical equation](4)
where τα = ηα/Eα is relaxation time. The fractional order α (0 < α < 1) governs the transition between purely elastic and purely viscous behaviors. The fractional Zener model is formulated as [33]:
[image: Mathematical equation](5)
when α = 1, the model turns into the conventional Zener model.
The dependence of the viscoelastic properties on frequency can be characterized by the above constitutive models. The magnitude of the complex modulus is calculated by [33]:
[image: Mathematical equation](6)
The complex modulus is coupled with the shift factor according to TTSP in the following form [34]:
[image: Mathematical equation](7)
where [image: Mathematical equation] is the modulus at the reference temperature Tr, ωr = αTω is an expanded angular frequency, and αT is the horizontal shift factor at temperature T. The shift factor takes into account the temperature dependence, calculated using the WLF equation [35]:
[image: Mathematical equation](8)
where C1 and C2 are material parameters.
	[image: Thumbnail: Fig. 4 Refer to the following caption and surrounding text.]	Fig. 4 Representation of the integer viscoelastic models: (a) Maxwell model; (b) Kelvin–Voigt model; (c) Zener model.



	[image: Thumbnail: Fig. 5 Refer to the following caption and surrounding text.]	Fig. 5 Representation of the fractional models: (a) fractional element model and (b) fractional Zener model.



2.3 Parameter identification of viscoelastic models based on experimental data
The parameters in the constitutive models should be determined accurately by using the experimental data. The parameter identification procedure can be formulated as a constrained optimization problem, in which the objective is to minimize the error between the model predictions and the experimentally measured DMA data. The problem can be formulated as:
[image: Mathematical equation](9)
where Θ is the parameter vector, Θmin and Θmax are the parameter boundaries, m is the total number of parameters, S(Θ) is an objective function. The objective function is defined as the sum of the mean square relative errors in storage modulus and loss modulus to ensure that both the energy storage and dissipation are captured. The expression is:
[image: Mathematical equation](10)
where E′mode and E″mode represent the predicted storage modulus and loss modulus, respectively. E′exp and E″exp are the corresponding experimental data. For the temperature range where the TTSP is applicable, fi represents the reduced frequencies of the master curve. Nf corresponds to the 16 frequency points per isotherm multiplied by the number of temperatures used for the master curve construction. A uniform weighting is assigned to each data point within the objective function. When TTSP is not applicable, fi refers to the original test frequencies (10 to 100 Hz) with Nf. These test frequencies are equidistantly distributed on a logarithmic scale, which ensures a uniform weighting across the entire frequency range.
The objective function balances the impact of the magnitudes of storage modulus and loss modulus by normalization with relative error. The resulting optimization problem is solved by using a nonlinear least-squares algorithm, implemented in MATLAB. The parameters to be identified include E,E1,E2,η,Eα,τα,α. The fractional order α is constrained to the interval (0,1). All other physical parameters are restricted to the positive real domain.
3 Results and discussion
3.1 DMA tests
Figure 6 shows the evolution of complex modulus as a function of strain amplitude of PMMA under different temperatures. The complex modulus remains constant up to a strain amplitude of 0.8% for all the tested temperatures, indicating that PMMA remains in the linear viscoelastic region. At elevated temperatures (130 to 160 °C), the small fluctuations in the complex modulus are observed at low strain amplitudes. This phenomenon arises from the softening of PMMA at high temperatures. At low strain amplitudes, the applied forces are very small. The sensors are not sufficiently sensitive to accurately detect the corresponding forces and displacements. The frequency sweep test was performed under a strain amplitude of 0.5% to avoid inaccurate measurements.
The Cole–Cole plot describes the frequency-dependent dynamic viscoelastic moduli by graphing the loss modulus E″ versus the storage modulus E′ [36], which is used to verify the applicability of TTSP. Figure 7 presents the Cole–Cole plot of the frequency sweep tests. The experimental data do not merge into a single smooth curve at lower temperatures, demonstrating that PMMA exhibits thermorheological complexity due to multiple relaxation processes. This limits the straightforward application of TTSP across entire temperature and frequency ranges [37]. At temperatures above 115 °C, the data points exhibit a relatively smooth and continuous distribution. This phenomenon indicates that the relaxation process of PMMA conforms to a single time scale in this temperature range [38]. TTSP is validated and can be used to construct the master curve. In contrast, the curves between 20 and 110 °C appear irregular and sometimes discontinuous. The relaxation behavior of the material involves multiple time scales. The master curve is not constructed at lower temperatures because the frequency range of 10 to 100 Hz is insufficient to satisfy TTSP. The viscoelastic properties of PMMA below 115 °C should be characterized individually at each temperature. The following sections present a detailed characterization of the DMA results below 115 °C and the master curve at 115 °C. Both the storage and loss moduli are incorporated into the fitting procedure. The results are presented in terms of the complex modulus, which combines both the storage and loss components.
	[image: Thumbnail: Fig. 6 Refer to the following caption and surrounding text.]	Fig. 6 DMA strain sweep test results of PMMA.



	[image: Thumbnail: Fig. 7 Refer to the following caption and surrounding text.]	Fig. 7 Cole–Cole plot of PMMA obtained from DMA frequency sweep test results.



3.2 Characterization of DMA results below 115  °C
Figure 8 presents the experimental data for PMMA at 20 °C in logarithmic coordinates and the predictions from the integer and fractional viscoelastic models across the tested frequency range. The complex modulus of PMMA exhibits a linear increase as a function of frequency, adhering to a power-law relationship. The fractional element model (spring-pot: dashed blue line) provides good agreement with the experimental data, while the integer Maxwell model (solid red line) and the Kelvin–Voigt model (dashed red line) fail to capture the experimental response. The comparative analysis illustrates the superiority of the fractional models over the integer models in accurately describing power-law behavior. The fractional element is subsequently employed to characterize the viscoelastic properties within the temperature range of 30 to 110 °C.
Figure 9 presents the fitting results between the experimental data and the fractional element model at different temperatures. Across all temperatures, the complex modulus of PMMA exhibits a power-law increase with frequency to different degrees. A clear decrease in the complex modulus with temperature is observed, reflecting the temperature-dependent softening associated with the transition toward the rubbery regime. The fractional viscoelastic element effectively describes both the frequency and temperature dependencies of PMMA through its fractional parameters, as summarized in Table 2. The fractional order increases with temperature, indicating that the viscoelastic response becomes more sensitive to frequency at higher temperatures. This temperature-dependent trend of the fractional order is consistent with the physical interpretation proposed by Su et al. in [16]. The material gradually transitions from a predominantly elastic glassy state to a more viscoelastic behavior. The high accuracy of the model is demonstrated by the correlation coefficient of approximately 1. The incorporation of fractional derivatives enhances the adaptability of viscoelastic models in characterizing different degrees of power-law behavior.
	[image: Thumbnail: Fig. 8 Refer to the following caption and surrounding text.]	Fig. 8 Comparison of experimental data and model predictions at 20°C below 115°C.



	[image: Thumbnail: Fig. 9 Refer to the following caption and surrounding text.]	Fig. 9 Temperature dependence of the complex modulus fitted by the fractional element model.



Table 2 
Fractional order α and correlation coefficient (R2) of PMMA at various temperatures.

3.3 Characterization of the master curve at 115 °C
The master curve of PMMA was constructed by TTSP with the reference temperature 115 °C, as shown in Figure 10. The complex modulus decreases with temperature. The master curve at 115 °C is obtained by horizontally shifting the experimental curves of other temperatures based on TTSP. The evolution of the shift factors is accurately described by the temperature-dependent WLF equation, with fitting parameters C1 = 8.1942, C2 = 49.6454. The fitting efficiency is evaluated using the coefficient of determination (R2 = 0.99999) and the standardized root mean square error (standardized RMSE = 0.00100), indicating excellent agreement between the experimental shift factors and the WLF model. The complex modulus exhibits a nonlinear increase from 10 to 103 MPa with frequency. The Maxwell, Kelvin–Voigt, and fractional element models are not suitable for representing the master curve based on their evolution shown in Figure 9. The integer and fractional Zener models are proposed to better characterize the complex viscoelastic behavior.
Figure 11 presents the prediction of the complex modulus of PMMA over a wide frequency range using the integer and fractional Zener models. In Figure 11a, the integer Zener model with different parameter sets is employed to simulate the master curve of the complex modulus. The selection of these parameter sets is based on the intrinsic asymptotic behavior of the integer Zener model. The integer model consists of two springs and one dashpot, corresponding to the parameters E1, E2, and η. E1 and E2 primarily determine two plateaus of the complex modulus at low and high frequencies, while η governs the viscoelastic response in the intermediate frequency range. E1 and E2 are directly identified from the experimental data of PMMA at the lowest and highest frequencies. The parameter η is varied independently over several orders of magnitude to assess the capability of the integer Zener model in describing the frequency-dependent behavior of PMMA. The three parameter sets used are [803 3.8 20], [803 3.8 200], and [803 3.8 2000]. Significant deviations between the experimental data and model predictions suggest that the integer model struggles to accurately capture the viscoelastic behavior of PMMA. The transition frequency is dependent on η, but the slope of the complex modulus in the transition region remains fixed and much steeper than the master curve. The degree of frequency-dependence of complex modulus does not change with model parameters. In contrast, Figure 11b demonstrates that the fractional Zener model provides an excellent fit to the experimental data, with a coefficient of determination of 0.99844 and a mean relative error of 0.0032. The model parameters are as follows: E1 = 850.8106 MPa, E2 = 2.9824 MPa, Eα = 12.5107 MPa, τα = 5.645 s, and α = 0.6519. The frequency-dependent viscoelastic behavior of the fractional model can be adjusted by selecting a fractional order, highlighting the flexibility of fractional models.
The viscoelastic behavior of PMMA at temperatures below 115 °C is accurately characterized using the fractional element model. The viscoelastic behavior of PMMA at temperatures exceeding 115 °C is successfully described using the fractional Zener model integrated with the temperature-dependent WLF equation. The frequency-domain expressions of these fractional models are derived from their time-domain constitutive equations through the Fourier transform. The identified model parameters retain their physical meaning in both time and frequency domains. The corresponding time-domain response (such as creep compliance and relaxation modulus) can be derived via inverse transform. The theoretical equivalence between the time and frequency domains has been well established in literature. Su et al. [39] transformed creep and relaxation data of amorphous polymers from the time domain to obtain the dynamic viscoelastic properties in the frequency domain. The identified fractional model was shown to accurately describe the viscoelastic behavior in both domains. The cross-domain predictive capability of the identified fractional models employed in the present work is validated. The fractional models are capable of predicting the material behavior in the time domain.
	[image: Thumbnail: Fig. 10 Refer to the following caption and surrounding text.]	Fig. 10 (a) Master curve of complex modulus at reference temperature of 115°C. (b) The shift factors at other temperatures to generate master curve.



	[image: Thumbnail: Fig. 11 Refer to the following caption and surrounding text.]	Fig. 11 Description of the master curve of PMMA: (a) integer Zener model and (b) fractional Zener model.



4 Conclusion
The study successfully characterized the linear viscoelastic behavior of PMMA over a wide range of frequencies using a fractional Zener model. The DMA strain amplitude sweep determines a strain amplitude of 0.5% within the linear viscoelastic region at all tested temperatures. The dynamic moduli of PMMA are obtained from the DMA frequency sweep tests across the temperature range of 20 to 160 °C. Below 115 °C, PMMA does not conform to the TTSP because of the discontinuity in the Cole–Cole plot. The fractional element model shows excellent ability in describing the frequency- and temperature-dependent power-law behavior of PMMA compared to the integer Kelvin–Voigt and Maxwell models. At temperatures equal to or exceeding 115 °C, the TTSP can be effectively employed to analyze the material, as demonstrated by the Cole–Cole plot. A master curve across a wider frequency range is constructed using shift factors at a reference temperature of 115 °C. The master curve is accurately described by the fractional Zener model. The fractional order of the fractional model allows for a more flexible transformation of the frequency dependence of viscoelastic materials than the conventional integer Zener model. The temperature dependence of PMMA from 115 to 160 °C could be described by the WLF equation. This temperature dependence can be integrated with a viscoelastic model to describe both the frequency- and temperature-dependent viscoelastic behavior. Time-domain mechanical tests (such as creep and stress relaxation experiments) are planned to further experimentally validate the cross-domain consistency and the long-term predictive capability of the identified fractional models.
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	Strain amplitude sweep test



	Strain range 
	0.01% to 0.8%



	Temperature range
	100 to 160°C with interval 5°C



	Frequency
	10 Hz



	




	Multifrequency temperature sweep test



	




	Frequency range
	10 to 100 Hz in logarithmic scale with 16 points



	Temperature range
	20 to 160°C with interval 5°C



	Strain amplitude
	Within linear viscoelastic region
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        Representation of the integer viscoelastic models: (a) Maxwell model; (b) Kelvin–Voigt model; (c) Zener model.

      

    

  
    
      Fig. 5 

      
        [image: Fig. 5 Refer to the following caption and surrounding text.]
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        Comparison of experimental data and model predictions at 20°C below 115°C.
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        Temperature dependence of the complex modulus fitted by the fractional element model.
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      Fractional order α and correlation coefficient (R2) of PMMA at various temperatures.

      
        


	Temperature (°C)
	Fractional order α
	Correlation coefficient (R2)





	20
	0.04550
	0.99678



	30
	0.05123
	0.99864



	40
	0.05678
	0.99944



	50
	0.05944
	0.99894



	60
	0.058087
	0.99364



	70
	0.076414
	0.99929



	80
	0.079074
	0.99932



	90
	0.082556
	0.99417



	100
	0.115014
	0.99896



	110
	0.223485
	0.99843





      

    

  
    
      Fig. 10 

      
        [image: Fig. 10 Refer to the following caption and surrounding text.]
      

      
        (a) Master curve of complex modulus at reference temperature of 115°C. (b) The shift factors at other temperatures to generate master curve.
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        Description of the master curve of PMMA: (a) integer Zener model and (b) fractional Zener model.
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