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Abstract – The transient dynamics of evacuated and fluid-filled circular elastic shells, submerged in an
infinite fluid medium and subjected to an external weak shock wave, is considered in this paper. This
circular shell/acoustic medium interaction problem has already been tackled with simplified thin shell
models, based on the Love-Kirchhoff hypotheses for the structural dynamics. In this case, the resulting
radiated pressure field displays some discrepancies related to the A0/S0 waves when compared to the
experimental data available in the literature for the evacuated case. These drawbacks are overcome here by
the use of an isotropic elastic model for the structural dynamics and an inviscid acoustic flow for the fluid
dynamics, in a two-dimensional framework. The approach is based on the methods of Laplace transform in
time, Fourier series expansions and separation of variables in space. For the fluid-filled case, the transient
thick shell-weak shock wave interaction problem is explored and the radiated acoustic field described.

Key words: Circular shell / elasticity / acoustic / wave propagation / underwater explosion / fluid-
structure interaction

Résumé – Un modèle élasto-dynamique pour l’étude de la dynamique de coques immergées
assujetties à une onde de choc de faible intensité. La dynamique transitoire de coques circulaires
vides ou contenant un fluide, immergées dans un milieu fluide infini et assujetties à une onde de choc
de faible intensité, est considérée ici. Ce problème d’interaction a déjà été traité dans la littérature à
l’aide de modèles de coques minces basés sur les hypothèses de Kirchhoff-Love. Dans ce cas, le champ de
pression rayonné par la coque présente des différences significatives par rapport aux données expérimentales
disponibles dans la littérature pour une coque vide. Ces lacunes sont éliminées ici par l’utilisation d’un
modèle élastique, résolu semi-analytiquement. L’approche est basée sur les méthodes de transformations
de Laplace en temps, expansions en série de Fourier et séparations des variables en espace. Dans le cas
d’une coque remplie de fluide, le problème d’interaction transitoire est exploré et le champ rayonné est
décrit.

Mots clés : Coque circulaire / élasticité / acoustique / propagation d’ondes / explosion sous-marine /
interaction fluide-structure

1 Introduction

Underwater shock analysis is of paramount impor-
tance in various industries for which the need to de-
sign structures towards the effects of underwater explo-
sion is required, for instance in offshore engineering and
of course in naval shipbuilding. As far as this latter is
concerned, the underwater shock analysis is one of the
main requirements in design or even pre-design stud-
ies of surface ships and submarines: it necessitates both

a Corresponding author: cedric.leblond@univ-lr.fr

global (explosion/ship-hull/free-surface interactions) and
local (effects of the hydrodynamic shock at various loca-
tion within the ship) analyses, which are to be conducted
throughout the design process of the ship and its equip-
ments.

Underwater explosions [1] and their effects on im-
mersed structures involve rather complex multi-physic
(from chemical modelling of the explosive to coupled
fluid-structure interactions between the weak shock wave
and immersed structures, ship hull in particular) and
multi-scale (global and local fluid-structure interactions)
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Nomenclature

an(s) = {An(s), Bn(s), Cn(s),Dn(s)}T unknown column vector

cl longitudinal wave velocity in the shell

ct transversal wave velocity in the shell

fn(s) given column vector

h thickness of the shell

In modified Bessel functions of order n of the first kind

Jn Bessel functions of order n of the first kind

Kn modified Bessel functions of order n of the second kind

M = ρf/ρs density ratio

Mn(s) 4 × 4 matrices built from the line vectors Ŝn
rr and Ŝn

rθ

pdif diffraction pressure

pn
dif Fourier coefficients of the diffraction pressure

pext external fluid pressure

pinc incident pressure

pn
inc Fourier coefficients of the incident pressure

pint internal fluid pressure

pn
int Fourier coefficients of the internal fluid pressure

P̂n
int line vectors linking p̂n

int to an

prad radiation pressure

pn
rad Fourier coefficients of the radiation pressure

P̂n
rad line vectors linking p̂n

rad to an

r radial coordinate of the shell

R radial coordinate of the incident fields

ri inner dimensionless shell radius

Rs external radius of the shell

s Laplace variable

Ŝn
rr line vectors linking σ̂n

rr to an

Ŝn
rθ line vectors linking σ̂n

rθ to an

t time variable

U = {Ur, Uθ}T vector displacement into the shell

Ur radial displacement into the shell

Un
r Fourier coefficients of the radial displacement into the shell

Uθ angular displacement into the shell

Un
θ Fourier coefficients of the angular displacement into the shell

vinc incident velocity field

vn
inc Fourier coefficients of the incident velocity field

Yn Bessel functions of order n of the second kind

θ angular coordinate

ρf fluid density

ρs shell density

Ωl = cf/cl velocity ratio

Ωt = cf/ct velocity ratio

φ, ψ scalar potentials

φn, ψn Fourier coefficients of the scalar potentials

σrr, σrθ stresses in the shell

σn
rr, σ

n
rθ Fourier coefficients of the stresses

Ξ̂e
n complex external transfer function

Ξ̂i
n complex internal transfer function
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DCNS shock trial on Lafayette-class Frigates and DCNS
numerical model of Lafayette-class Frigate

Fig. 1. From full scale shock trial... to numerical simulation.

problems [2]. A full-scale and full-physic modelling of the
explosion and ship response is therefore not accessible to
the engineer so far, even if such problems tend to be nowa-
days modelled using whole ship analysis approaches [3,4],
see Figure 1.

Many Navies and shipbuilders throughout the world
have conducted a series of experiments since the Second
World War (from small scale/simple structures to full
scale/real structures UNDEX testing [5], see for instance
Fig. 1) in order to understand the physics at stake and
to gather the test results in databases, which are used for
naval ships specifications.

As numerical simulations are expanding in various
engineering domains, among which shipbuilding [6], full
scale numerical modelling of more and more complex
geometries (from ship-like [7, 8] to real [4, 9, 10] ship
structures, see Fig. 1) can be performed using dedicated
numerical codes, named “hydrocodes” [11–13], whose de-
velopment is the result of numerous physical and numer-
ical modelling of underwater shock/immersed structure
interactions, see for instance Refs. [14–18]. In order to
be numerically efficient for industrial applications, fluid-
structure interaction is described in these codes through
asymptotic theories [19, 20], such as the so-called “Dou-
bly Asymptotic Approximation” (DAA, see for instance
Refs. [21,22]). This approach provides a description of FSI
which is physically accurate in the low and high frequency
ranges.

On the one hand, full scale shock experiments pro-
vide “exact” measurements of fluid-structure interaction
phenomenon on real and complex structures, but are very
costly from the practical point of view; on the other hand,
full scale shock simulations provide “simplified” descrip-
tions of fluid-structure interaction phenomenon on virtual
complex structures, but are very costly from the numeri-
cal point of view. From the engineering standpoint, there
still exists a need for intermediate approaches, e.g. for
“exact” solutions on “simplified” models of fluid-structure
interaction in shock wave/immersed structure problems.

The purpose of the present paper is precisely to in-
vestigate such an intermediate approach: as a matter of
fact, building a simplified model allows the engineer on
the one hand to understand the physics of fluid-structure

coupling in shock wave/immersed structure interactions
and on the other hand to derive some input data for shock
analysis in pre-design studies.

The transient dynamics of evacuated and fluid-filled
circular elastic shells, submerged in an infinite fluid
medium and subjected to an external weak shock wave, is
considered here. This geometrically simple fluid-structure
problem can be representative of several important appli-
cations, from underwater pipelines to submarines, which
makes its study of definite practical interest. In addition
to its industrial applications, this set-up is of academic
concern since it illustrates in a closed form the complex
coupling between the acoustic phenomena in the fluid
and the elastic phenomena in the structure, including the
shock transparency of the shell, the reflection and focus-
ing of the internal acoustic wave and the radiation into
the fluid of elastic waves propagating in the shell.

While the circular shell/acoustic medium interaction
problem has already been tackled in the frequency domain
with a full elastic model [23,24], the purely transient case
has only been achieved with simplified thin shell mod-
els based on the Love-Kirchhoff hypotheses for the struc-
tural dynamics, see references [25–29] for an evacuated
shell and references [15,16,30] for a fluid-filled one. With
this structural model, the resulting radiated pressure field
displays some discrepancies related to the A0/S0 waves
when compared to the experimental data available in the
literature [31–33]. Since the thin shell models are known
to be restricted to the low frequency domain (the wave-
lengths in the structure and in the fluid must be larger
than the shell thickness), and a weak shock wave may
contain some high frequency components, the discrepan-
cies should be overcome by the use of a full elastic model.
This is done here in a two-dimensional framework. The
approach is semi-analytical and based on the methods of
Laplace transform in time, Fourier series expansions and
separation of variables in space.

2 Shell dynamics

Let us consider a two-dimensional elastic shell of con-
stant thickness h, external radius Rs, density ρs and lon-
gitudinal and transversal waves velocities cl and ct, re-
spectively. It is submerged in an infinite fluid medium of
density ρf and subjected to a weak incident acoustic exci-
tation. It can also be filled by an internal fluid of the same
density as the external one. The displacements of the shell
are assumed sufficiently small compared to both its radius
and thickness, so that the boundary conditions can be ap-
plied on the shell boundaries at rest. A schematic of the
problem is shown in Figure 2. In the following, the vari-
ables are written in a dimensionless form: the lengths are
normalized by Rs, the time by Rs/cf with cf being the
sound speed in the fluid, and the pressure by ρfc

2
f .

The displacements U into the shell are expressed in
the two-dimensional theory of elasticity by the scalar po-
tentials φ and ψ such that

U = ∇φ+ ∇× (ψez) (1)
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Fig. 2. Submerged two-dimensional circular cylindrical shell
subjected to an incident acoustic excitation.

The displacement potentials satisfy the dimensionless
wave equations in the Laplace domain:

∇2φ̂− s2Ω2
l φ̂ = 0

∇2ψ̂ − s2Ω2
t ψ̂ = 0 (2)

where the hats denote the Laplace transforms of the
corresponding quantities and s is the Laplace variable.
Ωl and Ωt are respectively given by Ωl = cf/cl and
Ωt = cf/ct. Since the circular shell is assumed elastic,
the constraints are linearly linked to the displacements
U = {Ur, Uθ}T by the Hooke law (here in a dimension-
less form):

σ̂rr =
1

MΩ2
l

∂Ûr

∂r
+

1
M
(

1
Ω2

l

− 2
Ω2

t

)(
Ûr

r
+

1
r

∂Ûθ

∂θ

)

σ̂rθ =
1

MΩ2
t

(
1
r

∂Ûr

∂θ
− Ûθ

r
+
∂Ûθ

∂r

)
(3)

with M = ρf/ρs the density ratio. The dimensionless
boundary conditions are given by

σ̂rr(1, θ, s) = −p̂ext(1, θ, s)

σ̂rr(ri, θ, s) = p̂int(ri, θ, s)

σ̂rθ(1, θ, s) = 0 (4)

σ̂rθ(ri, θ, s) = 0

where ri = 1 − h/Rs is the inner dimensionless shell ra-
dius, pext the external fluid pressure and pint the internal
one. In order to solve this elastic shell-acoustic fields inter-
action problem, the quantities σ̂rr and σ̂rθ in the bound-
ary conditions have first to be expressed in terms of the
potentials displacements φ and ψ.

To achieve this goal, it can be useful to perform the
following Fourier series expansions:

φ̂(r, θ, s) =
∞∑

n=0

φ̂n(r, s) cos(nθ) (5)

ψ̂(r, θ, s) =
∞∑

n=1

ψ̂n(r, s) sin(nθ) (6)

Ûr(r, θ, s) =
∞∑

n=0

Ûn
r (r, s) cos(nθ) (7)

Ûθ(r, θ, s) =
∞∑

n=1

Ûn
θ (r, s) sin(nθ) (8)

Mσ̂rr(r, θ, s) =
∞∑

n=0

σ̂n
rr(r, s) cos(nθ) (9)

Mσ̂rθ(r, θ, s) =
∞∑

n=1

σ̂n
rθ(r, s) sin(nθ) (10)

for r ∈ [ri, 1]. By solving the wave equations (2), with the
method of separation of variables, the potentials compo-
nents in equations (5, 6) can be written

φ̂n(r, s) = An(s)Jn(iΩlsr) +Bn(s)Yn(iΩlsr)

ψ̂n(r, s) = Cn(s)Jn(iΩtsr) +Dn(s)Yn(iΩtsr) (11)

where Jn and Yn denote the Bessel functions of order n of
the first and second kind respectively [34]. The factorsAn,
Bn, Cn and Dn are the unknown coefficients which have
to be determined with the boundary conditions on the
cylindrical shell. It is convenient for the following to group
the unknown factors in the column vector an such as

an(s) = {An(s), Bn(s), Cn(s), Dn(s)}T (12)

Then the substitution of the Fourier series expansions for
the potentials and displacements fields (5–8), into equa-
tions (1) and the use of equation (11) yield the displace-
ments coefficients as functions of the problem unknowns:

Ûn
r (r, s) =

1
r

[nJn(kl) − klJn+1(kl)]An(s)

+
1
r

[nYn(kl) − klYn+1(kl)]Bn(s)

+
n

r
Jn(kt) Cn(s) +

n

r
Yn(kt)Dn(s) (13)

Ûn
θ (r, s) = −n

r
Jn(kl) An(s) − n

r
Yn(kl)Bn(s)

− 1
r

[nJn(kt) − ktJn+1(kt)]Cn(s)

− 1
r

[nYn(kt) − ktYn+1(kt)]Dn(s) (14)

where the coefficients kl et kt are given by kl = iΩlsr
and kt = iΩtsr. In order to write the quantities σrr and
σrθ in terms of the problem unknowns, the Fourier series
expansions (7–10) are then substituted into the Hooke
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law (3), and the above relations for the displacements
coefficients are used, which yield:

σ̂n
rr(r, s) = Ŝn

rr(r, s) an(s)

σ̂n
rθ(r, s) = Ŝn

rθ(r, s) an(s) (15)

where the quantities Ŝn
rr and Ŝn

rθ are line vectors whose co-
efficients are explicitly given in Appendix. The left-hand
side terms of the boundary conditions (4) are now fully
determined. In order to solve the fluid-structure interac-
tion problem, the pressure on the internal and external
boundaries of the shell are still to be expressed as func-
tions of the problem unknowns.

3 Fluid dynamics

We assume that the shell is submerged into (and filled
with) linearly compressible, irrotational and inviscid fluid.
The internal and external dimensionless fluid pressures,
respectively pint and pext, are therefore governed by the
wave equations in the Laplace domain:

∇2p̂int − s2p̂int = 0 (16)

∇2p̂ext − s2p̂ext = 0 (17)

By virtue of the acoustic problem linearity, the external
pressure field pext is classically divided into three compo-
nents: the incident pressure pinc, the diffraction pressure
pdif and the external radiation pressure prad,

pext = pinc + pdif + prad (18)

The incident pressure pinc is a given data, described in
Appendix for a weak shock wave. The diffraction pressure
pdif is introduced in order to balance the normal com-
ponent of the given incident wave velocity on the body
surface, vinc ·er. The last component prad, represents the
pressure radiated by the deformations of the submerged
body. Hence pdif and prad satisfy the wave equations, with
the following boundary conditions in the Laplace domain:

∂p̂dif

∂r

∣∣∣∣
r=1

= s v̂inc|r=1 · er, lim
r→∞ p̂dif = 0 (19)

∂p̂rad

∂r

∣∣∣∣
r=1

= −s2Ûr(1, θ, s), lim
r→∞ p̂rad = 0 (20)

As for the internal pressure, pint, it is only induced by the
deformations of the shell internal boundary and therefore
satisfies the following boundary conditions:

∂p̂int

∂r

∣∣∣∣
r=ri

= s2Ûr(ri, θ, s), | p̂int|r=0| <∞ (21)

Due to the circular geometry of the shell, the pres-
sure fields and the normal component of the incident

wave velocity can be decomposed into the Fourier series
expansions:

p̂inc(1, θ, s) =
∞∑

n=0

p̂n
inc(s) cos(nθ) (22)

p̂dif (r, θ, s) =
∞∑

n=0

p̂n
dif (r, s) cos(nθ) for r ≥ 1 (23)

p̂rad(r, θ, s) =
∞∑

n=0

p̂n
rad(r, s) cos(nθ) for r ≥ 1 (24)

p̂int(r, θ, s) =
∞∑

n=0

p̂n
int(r, s) cos(nθ) for r ≤ ri (25)

v̂inc(1, θ, s) · er =
∞∑

n=0

v̂n
inc(s) cos(nθ) (26)

By solving the wave equations for the diffracted, radiated
and internal pressure fields with the method of separa-
tion of variables, and by introducing the Fourier series
expansions (7, 23–26) into the boundary conditions (19–
21), the Fourier components of the pressure fields can be
expressed as functions of the given quantities and shell
displacements:

p̂n
dif (r, s) = −Ξ̂e

n(r, s) sv̂n
inc(s) (27)

p̂n
rad(r, s) = Ξ̂e

n(r, s) s2Ûn
r (1, s) (28)

p̂n
int(r, s) = −Ξ̂i

n(r, s) s2Ûn
r (ri, s) (29)

where the complex transfer functions are given by

Ξ̂e
n(r, s) =

Kn(rs)
sKn+1(s) − nKn(s)

for r ≥ 1

Ξ̂i
n(r, s) =

In(rs)
sIn+1(s) + nIn(s)

for r ≤ ri (30)

with In and Kn the modified Bessel functions of order
n of the first and second kind respectively [34]. Then the
substitution of the displacements coefficients (13, 14) into
equations (28, 29) yields the radiated and internal pres-
sure fields components in terms of the problem unknowns:

p̂n
rad(r, s) = P̂n

rad(r, s) an(s)

p̂n
int(r, s) = P̂n

int(r, s) an(s) (31)

where the quantities P̂n
rad and P̂n

int are line vectors whose
coefficients are given in Appendix.

4 Resolution of the fluid-structure interaction
problem

The left and right-hand sides of the boundary con-
ditions (4) are now fully determined. The substitution
of the Fourier series expansions (9, 10, 22–25) and rela-
tions (15, 27, 31) into these boundary conditions yields a



280 C. Leblond et al.: Mécanique & Industries 10, 275–284 (2009)

linear algebraic system of size 4×4 for each Fourier mode,
involving the problem unknowns and the given data only:

Mn(s) an(s) = fn(s) (32)

with the matrix Mn(s) built from the line vectors (35, 36)
such as

Mn(s) =

⎡
⎢⎢⎢⎢⎢⎣

Ŝn
rr(1, s)

Ŝn
rr(ri, s)

Ŝn
rθ(1, s)

Ŝn
rθ(ri, s)

⎤
⎥⎥⎥⎥⎥⎦+ M

⎡
⎢⎢⎢⎢⎣

P̂n
rad(1, s)

−P̂n
int(ri, s)

0

0

⎤
⎥⎥⎥⎥⎦ (33)

The given column vector fn(s) represents the incident and
diffracted pressure fields on the shell:

fn(s) = −M{p̂n
inc(s) − Ξ̂e

n(1, s) sv̂n
inc(s), 0, 0, 0}T (34)

The solution is straightforward: it consists of simple ma-
trix inversions, an(s) = Mn

−1(s)fn(s), for each point of
the Laplace variable and Fourier mode, evaluation of the
Fourier coefficients of the quantities, numerical inversions
of the Laplace transforms [35] and Fourier series summa-
tions.

5 Results

The method is illustrated by computing the shell re-
sponse to a weak underwater explosion, which corre-
sponds to the detonation of 1 kg of TNT located at
a dimensionless stand-off of S = 2. The derivation of
the induced incident pressure and velocity fields required
for the fluid-structure interaction problem, respectively
p̂inc(1, θ, s) and v̂inc(1, θ, s) ·er, is described in Appendix.
In the following, 120 terms are kept in the Fourier series
expansions. It is shown in reference [29] that this num-
ber provides converged solutions for the shell displace-
ments and radiated pressure, but is not sufficient for the
diffracted one, for which even 300 terms result in notice-
able local errors.

5.1 Illustrations without internal fluid

The resulting pressure field in the fluid domain is il-
lustrated in Figure 3a for a shell of thickness h/Rs = 0.03
(with material parameters ρs = 7800 kg.m−3, cl =
5800 m.s−1, ct = 3100 m.s−1, ρf = 1000 kg.m−3 and
cf = 1470 m.s−1). The pressure field derived with a thin
shell model [28] is shown in Figure 3b.

The incident (I) and diffracted (D) waves are obvi-
ously the same since they are independent of the shell
dynamics. Some discrepancies arise for the shell-induced
waves, i.e. the pseudo-Rayleigh wave (A0) and the Lamb
wave (S0). With the elastic shell model, these two waves
are well distinguished and agree with experimental data
provided by Derbesse et al. [33]. As for the pressure field

(a)

(b)

Fig. 3. Pressure fields in the fluid domain for h/Rs = 0.03
obtained (a) with the elastic model for the shell dynamics,
(b) with the thin shell model based on the Love-Kirchhoff
hypotheses [28].

obtained with the thin shell model, the streaky pattern in-
duced by the symmetric A0 can be recognized just ahead
the incident wave, but the S0 and A0 waves cannot in
this case be identified. While the S0 wave seems to be
well represented by the thin shell model, the discrepan-
cies arise from the A0 one: its group velocity is correct,
but the phase velocity of its high frequency components is
strongly overestimated. The weaknesses of the thin shell
model in this case can be explained by computing the
power spectrum of the incident pressure; it can be inferred
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from it that more than 10% of the incident wave energy is
outside the validity domain of the thin shell model (which
is 2πf/cf ≤ 1 with f the frequencies contained in the in-
cident wave).

5.2 Illustrations with an internal fluid

The snapshots of the internal and external radiated
pressure fields obtained with the elastic model (with the
same parameters as those used in the previous paragraph)
are now displayed in Figures 4 and 5. An internal shock
wave is seen to propagate through the internal fluid, which
illustrates the shock transparency of the elastic shell, a
phenomenon already described in the case of a thin shell
model [15]. Head waves into the external and internal fluid
domains induced by the radiation of elastic waves propa-
gating in the shell can also be seen. As for the evacuated
case, S0 and A0 can be easily identified, particularly in
Figure 4b. The S0 waves are induced by the outward mo-
tion of the shell surface, resulting in a positive pressure
in the external fluid domain and a negative pressure in
the internal one. The anti-symmetrical nature of the A0

waves is also evident just ahead the incident shock wave
in Figures 4b, 4c, since a negative (respectively positive)
pressure in the external pressure can be associated to a
positive (respectively negative) pressure in the internal
one. Another phenomenon can be identified in Figures 4c
and 5a, 5b: the A0 wave seems to divide itself into two
parts. The first one just ahead the incident shock wave re-
mains anti-symmetrical, and the other one with a higher
group velocity seems to be induced by the propagation of
a symmetrical wave in the shell. It is well-known in the
harmonic regime [36] that a new wave, called A-wave, can
arise from the fluid loading on the shell. This may be this
wave which is observed here. This point deserves more
attention and will be the subject of a future work.

6 Conclusion

A semi-analytical method to solve the circular elastic
submerged shell/weak shock wave interaction problem is
proposed. The shell may be evacuated or fluid-filled. For
the evacuated case, it is shown that the previously re-
ported drawbacks related to the A0/S0 waves are elimi-
nated and the new approach results in much more realistic
images of the radiated acoustic field when compared to
experiments. For the fluid-filled case, the transient thick
shell-weak shock wave interaction problem is explored and
the radiated acoustic field is described. The analysis of the
stresses in the shell will be the subject of a future work.
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(a) t = 0.2

(b) t = 0.7

(c) t = 1.2

Fig. 4. Snapshots of the radiated pressure fields in the ex-
ternal and internal fluid domains obtained with the elastic
model for the fluid-filled shell with h/Rs = 0.03, for t = 0.2
to t = 1.2.
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(a) t = 1.6

(b) t = 2.1

(c) t = 2.6

Fig. 5. Snapshots of the radiated pressure fields in the ex-
ternal and internal fluid domains obtained with the elastic
model for the fluid-filled shell with h/Rs = 0.03, for t = 1.6
to t = 2.6.

Appendix

A. Expressions of the quantities Ŝn
rr, Ŝn

rθ, P̂n
rad and P̂n

int

The quantities Ŝn
rr and Ŝn

rθ appearing in equation (15)
are line vectors whose coefficients Ŝn

rr,i and Ŝn
rθ,i, for i =

1 · · · 4, are explicitly given by

Ŝn
rr,1(r, s) =

2
Ω2

t r
2

[n(n− 1)Jn(kl) + klJn+1(kl)]

− k2
l

Ω2
l r

2
Jn(kl)

Ŝn
rr,2(r, s) =

2
Ω2

t r
2

[n(n− 1)Yn(kl) + klYn+1(kl)]

− k2
l

Ω2
l r

2
Yn(kl)

Ŝn
rr,3(r, s) =

2n
Ω2

t r
2

[(n− 1)Jn(kt) − ktJn+1(kt)]

Ŝn
rr,4(r, s) =

2n
Ω2

t r
2

[(n− 1)Yn(kt) − ktYn+1(kt)] (35)

Ŝn
rθ,1(r, s) = − 2n

Ω2
t r

2
[(n− 1)Jn(kl) − klJn+1(kl)]

Ŝn
rθ,2(r, s) = − 2n

Ω2
t r

2
[(n− 1)Yn(kl) − klYn+1(kl)]

Ŝn
rθ,3(r, s) = − 1

Ω2
t r

2

[(
2n(n− 1) − k2

t

)
Jn(kt)

+2ktJn+1(kt)]

Ŝn
rθ,4(r, s) = − 1

Ω2
t r

2

[(
2n(n− 1) − k2

t

)
Yn(kt)

+2ktYn+1(kt)]

As for the quantities P̂n
rad and P̂n

int in equation (31), they
are also line vectors, whose coefficients P̂n

rad,i and P̂n
int,i,

for i = 1 · · · 4, can be written

P̂n
rad,1(r, s) = [nJn(kl) − klJn+1(kl)] s2Ξ̂e

n(r, s)

P̂n
rad,2(r, s) = [nYn(kl) − klYn+1(kl)] s2Ξ̂e

n(r, s)

P̂n
rad,3(r, s) = nJn(kt) s2Ξ̂e

n(r, s)

P̂n
rad,4(r, s) = nYn(kt) s2Ξ̂e

n(r, s)

P̂n
int,1(r, s)=−1

ri
[nJn(kl)−klJn+1(kl)] s2Ξ̂i

n(r, s) (36)

P̂n
int,2(r, s) = − 1

ri
[nYn(kl) − klYn+1(kl)] s2Ξ̂i

n(r, s)

P̂n
int,3(r, s) = − n

ri
Jn(kt) s2Ξ̂i

n(r, s)

P̂n
int,4(r, s) = − n

ri
Yn(kt) s2Ξ̂i

n(r, s)

B. The incident weak shock wave

In order to solve the fluid-structure interaction prob-
lem, the incident pressure and velocity fields, respectively
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p̂inc(1, θ, s) and v̂inc(1, θ, s)·er, induced by a weak under-
water explosion have to be expressed. For this purpose,
the similitude relation for the far-field shock-wave pres-
sure profile provided by Price [37] is used. It consists of
a hyper-acoustic pulse which, as in reference [38], is as-
sumed to propagate in the far-field at the linear acoustic
speed of sound:

Pinc(R, t) = Pc

[ac

R

]1+A

F

([ac

R

]B τ

Tc

)
H(τ) (37)

τ = t− (R−S)/cf , Tc =
ac

νc

with R the distance from the explosive charge of radius
ac and S the stand-off, as illustrated in Figure 2. H de-
notes the Heaviside step function and F a known func-
tion given by F (t) = 0.8251e−1.338t+0.1749e−0.1805t valid
for t ≤ 7. The constants depend on the explosive and
take the following values for the TNT: Pc = 1.67 GPa,
νc = 1010 m.s−1, A = 0.18 and B = 0.185. The inci-
dent velocity field associate with the pressure profile of
this spherical shock wave is deduced through acoustic re-
lations as in reference [38]:

Vinc(R, t) =
{
Pinc(R, t)
ρfcf

+
1+A
ρfR

∫ τ

0

Pinc(R, ξ) dξ

(38)

+
1
Tc

B

ρfR

[ac

R

]B ∫ τ

0

ξ Ṗinc(R, ξ) dξ
}
eR

Finally, the incident pressure and velocity fields required
for the fluid-structure interaction problem, respectively
p̂inc(1, θ, s) and v̂inc(1, θ, s) · er, are obtained by nor-
malizing the relations (37, 38) and expressing them on
the shell surface such as pinc(1, θ, t) = Pinc(R(θ), t) and
vinc(1, θ, t) = Vinc(R(θ), t), with R(θ) the location of the
shell external boundary,

R(θ) =
√

(S + 1)2 − 2(S + 1) cos θ + 1 (39)

and S the dimensionless stand-off. After a few manipula-
tions, their analytical expressions in the Laplace domain
take the following forms [39]:

p̂inc(1, θ, s) = P (θ)C(θ, s)e−β(θ)s

v̂inc(1, θ, s) · er = p̂inc(1, θ, s) eR · er (40)

+
[
V (θ)D(θ, s) +

P (θ)B
R(θ)

E(θ, s)
]

× e−β(θ)s eR · er

with the newly introduced quantities given by

P (θ) =
Pc

ρfc2f

[
ac

RsR(θ)

]1+A

V (θ) =
PcTc

ρfcfRs

1+A−B
R(θ)

[
ac

RsR(θ)

]1+A−B

C(θ, s) =
0.8251

s+1.338α(θ)
+

0.1749
s+0.1805α(θ)

(41)

D(θ, s) =
1.5856
s

− 0.6167
s+1.338α(θ)

− 0.9690
s+0.1805α(θ)

E(θ, s) =
0.8251

[s+1.338α(θ)]2
+

0.1749
[s+0.1805α(θ)]2

α(θ) =
Rs

Tccf

[
ac

RsR(θ)

]B

, β(θ) = R(θ) − S

The quantities p̂n
inc(s) and v̂n

inc(s) required in the com-
putation of the column vector fn(s), equation (34), are
directly obtained from numerical Fourier transforms of
the relations (40).
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