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Abstract – This paper discusses the characteristics of time-frequency estimators to be used in the iden-
tification of systems with localized non-linearities. The common idea underlying this research is that, for
certain classes of structural response signals, the availability of a limited number of experimental data can
be partially obviated by taking into account the “localisation” in time of the frequency components of
the signals. Time-frequency techniques for structural identification are reported that extend the definition
of instantaneous time-frequency estimators and Gabor instantaneous estimators were extracted from non-
stationary vibration signals. In order to foresee their validity on the basis of measured data, methods were
applied to seismic responses obtained from numerical tests conducted on steel frames. The results obtained
made it possible to evaluate the characteristics of time-frequency identification techniques as well as their
efficiency when applied to non-linear structures.

Key words: Non-linear identification / Volterra series / framed structures / steel structures / instanta-
neous frequency / time-frequency analysis

Résumé – Identification instantanée de non-linéarités locales dans les portiques
métalliques. Cet article s’intéresse aux propriétés des estimateurs temps-fréquence utilisés dans
l’identification de systèmes mécaniques avec des non-linéarités localisées. L’idée de base est que pour
certaines classes de réponses des structures, on peut suppléer au nombre limité de données expérimentales
en prenant en compte la localisation en temps et en fréquence du signal analysé. Des techniques temps-
fréquence qui étendent la notion d’estimateurs instantanés temps-fréquence au cas de comportement non
linéaire des structures ont été développées à des fins d’identification de paramètres. L’analyse en gaborettes
est appliquée dans le cas de réponses sous excitation non stationnaire. Afin d’étudier leur performance et
de définir leur domaine de validité, les méthodes d’identification proposées ont été appliquées aux cas de
réponses de portiques métalliques sous excitations sismiques, calculées par des modèles numériques. Les
résultats obtenus permettent de préciser les caractéristiques intrinsèques des méthodes d’identification en
temps-fréquence et d’évaluer leur efficacité dans l’identification non-linéaire des structures.

Mots clés : Identification non-linéaire / série de Volterra / structures portiques / structures métalliques /
fréquence instantanée / analyse temps-fréquence

1 Introduction

In applications requiring the identification of special
features of the dynamic response or a reliable evaluation
of safety conditions, the assumption of linear behaviour
might be insufficient. In structural steel frameworks, for
instance, a potential source of non-linearity is located in
beam-column connections and in basic elements forming
integrated parts of the steel frame [1, 2]. In multi-story
buildings, a non-linear behaviour may also be induced by
the interaction with non-structural elements, such as infill
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panels that participate in resisting dynamically induced
loads [3].

All the mentioned phenomena call for the use of spe-
cific signal processing tools to extract reliable information
about non-linear effects. This is particularly true in some
specific structural engineering applications, such as pas-
sive and active control or diagnostics, where models are
required to capture and reproduce even weak non-linear
features in the dynamic response.

Several identification techniques for linear systems re-
quire the input to be known or stationary and are based
on fitting a frequency response function H1 [4]. When

Article published by EDP Sciences

http://www.mecanique-industries.org
http://dx.doi.org/10.1051/meca/2010022
http://www.edpsciences.org
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Nomenclature

[C] damping matrix

Dj (n∗, m) value of the STFT at discrete time instant n∗Δt and at frequency

mΔf of the measured system response at the jth d.o.f.

DV,j (n∗, m) value of the STFT at discrete time instant n∗Δt and at frequency

mΔf of the Volterra series expansion at the jth d.o.f.

D(j) (t, f) Short-Time Fourier Transform of system output at location j

D
(j)
n (t, f) Short-Time Fourier Transform of the nth Volterra term

{F}nl vector of internal non-linear forces

{F}nl, x vector of the x-components of the non-linear forces

{F}nl, y vector of the y-components of the non-linear forces

Fob(n∗, p) objective function

gn

[{x}1 , {x}2 , . . . , {x}n−1

]
functional depending on the form of non-linearity

h
(j:aa...aa)
n (t1, . . . , tn) direct higher-order impulse response function

h
(j:aa...ab...bb)
n (τ1, . . . , τn) cross higher-order impulse response function

[K] stiffness matrix

[M ] mass matrix

k3x, k3y cubic stiffness coefficients corresponding to the first interstory drift

respectively for x and y directions

{M}nl, O vector collecting the moments of the internal non-linear forces

with respect the origin of the axes

N number of storys of the building

nm number of points where the system vibration has been measured

{p} vector of modal coordinates

{p}red response vector of the reduced modal model

p vector of the unknown dynamic properties of the system

pnl vector containing the dynamic non-linear parameters of the system

{q} vector of displacements of the multi-story building

{q̈s} vector of seismic accelerations (components parallel to x and y axes)

[R] matrix of non-linearity (non-diagonal)

[R]red reduced matrix of non-linear coefficients

[t] matrix which applies the seismic input to the degrees of freedom

{u} , {v} and {γ} N×1 vectors collecting the translations parallel to

x and y axis and the floor rotations

{u} vector of the external inputs acting on the system

u(a) (t) , u(b) (t) inputs applied to points a and b

w (t) running window function

{x (t)} vector of displacements

x
(j)
n (t) nth order contribution to the structural response at the jth d.o.f.

{x (t)}n nth order contribution of the Volterra series expansion

to the system’s response

[α] , [β] matrices of the non-linear stiffness coefficients

[Γ ] matrix of modal participation factors

[Φ] normalized modal matrix

{Φi} ith row of the normalized modal matrix [Φ]

{Φi}red ith row of the reduced modal matrix

[2ζω] modal damping matrix (diagonal)[
ω2
]

modal frequencies matrix[
ω2
]
, [2ζω] matrices of modal frequencies and damping[

ω2
]
red

, [2ζω]red reduced matrices of modal frequencies and damping
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excitation is unknown and non-stationary, in mechanical
systems we can still rely on local stationarity [5–7] and
may appeal to instantaneous curve-fitting procedures in
order to define punctual estimators of the local dynamic
features [8–10]. In this connection, time-frequency anal-
ysis has recently opened new prospects, and its efficacy
in non-linear identification may be enhanced by assigning
it a role within the framework of the Volterra series rep-
resentation. Important advantages in using the Volterra
series are the graduation of non-linear effects and stability
with respect to added noise.

This paper applies a technique for structural iden-
tification that extends the definition of instantaneous
time-frequency estimators to systems whose input/output
relationship is depicted as a Volterra series [11, 12].
The theoretical background outlined for elementary sys-
tems [13], here was applied to more complex structures,
also in order to support applications and to be poten-
tially applied to the identification of real framed struc-
tures, including infilled frames with non-linearities in the
interstory stiffness.

A numerical application to the seismic response of
a three dimensional 3D steel frame with localized non-
linearity is finally described. Non-linearity is characterised
by polynomial stiffness and is supposed to be concen-
trated in the joints between steel members, in order to
simulate their flexibility and possibly an incipient dam-
age. To this end, it is assumed that the input/output
relationship to be identified is approximated by a certain
number of terms of the Volterra polynomial representa-
tion. The structure was ideally subjected to an earthquake
loading.

2 The Volterra series representation
for MDOF systems

Let us consider a Multiple Degree of Freedom (MDOF)
non-linear system having N degrees of freedom whose mo-
tion can be described by the following equation:

[M ] {ẍ} + [C] {ẋ} + [K] {x} + {F}nl = {u} (1)

where [M ], [C] and [K] are respectively the mass, damp-
ing and stiffness matrices of the underlying linear system;
{x (t)} is the system response; {u} is the input; {F}nl is
the vector of non-linear forces, which, in general, takes
into account non-linearity both in the damping mecha-
nism and in the restoring forces.

If the system allows a Volterra series representation,
then the output at the jth degree of freedom can be ex-
pressed as an infinite summation of terms [14–18]:

x(j) (t) = x
(j)
1 (t)+x

(j)
2 (t)+x

(j)
3 (t)+. . . =

+∞∑
n=1

x(j)
n (t) (2)

The term x
(j)
n (t) represents the nth order contribution to

the global response of the system at the jth d.o.f. and can

be calculated via a n-fold convolution of the inputs act-
ing on the system and the higher-order impulse response
functions (HIRFs). For example, if a system is excited in
two location points, a and b, then the following expression
holds:

x
(j)
n (t) =

+∞∫
−∞

+∞∫
−∞

. . .
+∞∫
−∞

h
(j:aa...aa)
n (τ1, . . . , τn)

×u(a) (t − τ1) . . . u(a) (t − τn) dτ1 . . . dτn+

+
+∞∫
−∞

+∞∫
−∞

. . .
+∞∫
−∞

h
(j:aa...ab)
n (τ1, . . . , τn)u(a) (t − τ1) . . .

×u(b) (t − τn) dτ1 . . . dτn + . . .

. . . +
+∞∫
−∞

+∞∫
−∞

. . .
+∞∫
−∞

h
(j:aa...bb)
n (τ1, . . . , τn)u(a) (t − τ1) . . .

×u(b) (t − τn) dτ1 . . . dτn + . . .

. . . +
+∞∫
−∞

+∞∫
−∞

. . .
+∞∫
−∞

h
(j:bb...bb)
n (τ1, . . . , τn)u(b) (t−τ1) . . .

×u(b) (t − τn) dτ1 . . . dτ
(3)

where u(a) (t) and u(b) (t) are the inputs applied to points
a and b, h

(j:aa...aa)
n (t1, . . . , tn) is a direct HIRF (it gives

the contribution of the input u(a) (t), considered n times),
h

(j:aa...ab...bb)
n (τ1, . . . , τn) is a cross-HIRF, which gives the

contribution of the inputs u(a) (t), considered na times,
and u(b) (t), considered nb times (na + nb = n).

A dual representation of Equation (1) exists in the fre-
quency domain, where system dynamics can be described
by direct and cross higher-order frequency response func-
tions (HFRFs). Furthermore, a convergence condition
must be associated for the Volterra series representation
to be meaningful, generally involving some limitations on
the amplitude of the input and the time interval on which
the functional expansion is calculated [19, 20]. The ana-
lytical expressions of the direct and cross HFRFs can be
calculated via the harmonic probing algorithm [14].

Alternatively, it has been shown [21] that the output
of a Volterra system can be calculated by solving an infi-
nite series of associated linear equations (ALEs), the first
of which represents the equation of motion of the under-
lying linear system, for a MDOF system, one obtains the
following set of associated linear systems (ALSs):

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[M ] {ẍ}1 + [C] {ẋ}1 + [K] {x}1 = {u}
[M ] {ẍ}2 + [C] {ẋ}2 + [K] {x}2 = g2 [{x}1]

[M ] {ẍ}3 + [C] {ẋ}3 + [K] {x}3 = g3 [{x}1 , {x}2]

. . .

[M ] {ẍ}n + [C] {ẋ}n + [K] {x}n = gn [{x}1 ,

{x}2 , . . . , {x}n−1

]
. . .

{x} = {x}1 + {x}2 + {x}3 + . . . + {x}n + . . .
(4)
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where gn

[{x}1 , {x}2 , . . . , {x}n−1

]
is a functional de-

pending on the form of non-linearity. From Equation (4),
it is possible to determine the nth order contribution of
the Volterra series expansion, {x (t)}n, as the response
of the underlying linear system to an input which is a
non-linear function of the first n-1 terms.

3 Instantaneous identification of a MDOF
system with Volterra non-linearity

If the output of a system is nonstationary, the fre-
quency content of the vibration changes over time and,
consequently, its time-frequency representation leads to
the definition of instantaneous characteristics. A clas-
sical example is instantaneous frequency, whose mean-
ing inspired far-reaching discussions in the field of signal
analysis (see the extensive literature on this theme, from
Carson [22] to Cohen [6]).

Instantaneous estimation will depend on a choice of
time-varying spectrum. For instance, by applying the def-
inition of the short-time Fourier transform (STFT) [6]
to the Volterra series expansion of the input/output re-
lationship, as expressed by Equation (1), the following
relationship is obtained:

D(j) (t, f) =

+∞∫
−∞

x(j) (τ) w (τ − t) ei2πfτdτ

=

+∞∫
−∞

(
x

(j)
1 (τ) + x

(j)
2 (τ)+. . .

)
w (τ−t) ei2πfτdτ

= D
(j)
1 (t, f) + D

(j)
2 (t, f) + . . . (5)

where D(j) (t, f) is the STFT of system output at loca-
tion j, D

(j)
n (t, f) is the STFT of the nth Volterra term,

and w (t) is a running window function, defined in the
time domain and centred around time t. If the analytical
forms of the direct and cross-HIRFs (or, in the frequency
domain, of the HFRFs) are available, then D(j) (t, f) can
be calculated directly by introducing Equation (3) into
Equation (5).

Equations (4) and (5) constitute the basis for a para-
metric identification algorithm: let p be the vector of pa-
rameters that describe the dynamic properties of the sys-
tem, including linear and non-linear parameters; let us
suppose that system vibration has been measured in nm

points and let us introduce the following instantaneous
objective function:

Fob (n∗, p) =
nm∑
j=1

M−1∑
m=0

∣∣∣|Dj (n∗, m)|2 − |DV,j (n∗, m, p)|2
∣∣∣

(6)
where Dj (n∗, m) and DV,j (n∗, m, p) are the values of the
STFTs at discrete time instant n∗Δt and at frequency
mΔf of the system response at the jth d.o.f., as mea-
sured and calculated through the Volterra series expan-
sion (Eq. (4)) for a given configuration of parameters p.

The number of frequency samples, M , to be considered
in the objective function in Equation (6) will depend on
the frequency range under analysis.

When working with specific representations that sat-
isfy the time marginal property [6], Fob gives the differ-
ence between the instantaneous energies of the experi-
mental signals (measured at locations 1, 2,. . . nm) and of
the system output corresponding to a given configuration
of the unknown parameters p: by resorting to classical op-
timisation procedures, it proves possible to determine in-
stant by instant the minimum of Fob (n∗, p), which defines
the vector of instantaneous estimates, p(t). A final esti-
mate of the system’s parameters is then possible on the
basis of p(t). Notice that, the STFT being a linear trans-
form, the optimisation expressed by Equation (6) can also
be conducted separately for each component D

(j)
n (t, f)

associated with the nth Volterra term.
If the vibration of the system is determined by a lim-

ited number of modes nred < N , and, without losing gen-
erality, the linear part of the damping mechanism is writ-
ten in the classical form, the ALEs assume the following
expression in the modal space:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

{p̈}1, red + [2ζω]red {ṗ}1, red +
[
ω2
]
red

{p}1, red

= [Φ]Tred {u}
{p̈}2, red + [2ζω]red {ṗ}2, red +

[
ω2
]
red

{p}2, red

= g2

[
{p}1, red

]
{p̈}3, red + [2ζω]red {ṗ}3, red +

[
ω2
]
red

{p}3, red

= g3

[
{p}1, red , {p}2, red

]
. . .
{p̈}n, red + [2ζω]red {ṗ}n, red +

[
ω2
]
red

{p}n, red

= gn

[
{p}1, red , {p}2, red , . . . {p}n−1, red

]
. . .

{x} ∼= [Φ]red
(
{p}1, red + {p}2, red + {p}3, red + . . .

)

(7)

where {p}red and [Φ]red are the response vector and the
modal matrix associated with the reduced modal model,
respectively. In this case, Equations (5) and (7) will con-
stitute the basis for the parametric identification algo-
rithm. The vector of the dynamic parameters to be iden-
tified is now: p =

{
ζ1 . . . ζn ω1 . . . ωn pnl

}T, where pnl

contains all the non-linear parameters; if the vibration
has been measured at nm points, the instantaneous es-
timators are still obtained from the minimization of the
objective function (Eq. (6)).

4 Instantaneous identification of buildings
with weak non-linearity
in the interstory-drift

A typical multi-story building is characterised by a
system of orthogonal frames, as depicted in Figure 1. The
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j -th frame

l-th frame

x

z

x, u

y, v

γ
O

xj

yl

Fig. 1. Three-dimensional frame (conventions on geometry
and displacements).

equation of motion of the structure subjected to a seismic
excitation along the two horizontal axes can be written
under the following assumptions:

– the masses are lumped at each floor;
– diaphragmatic behaviour at the story level;
– all the members are axially rigid;
– the torsional stiffness of the members is neglected;
– all the beams retain a linear behaviour;
– in order to simulate a mild damage, springs with poly-

nomial non-linearity are introduced between adjacent
stories (one for each frame), simulating a non-linear
law depending on the floor drift.

In the identification of real buildings, the validity of the
above assumptions should be checked and the contribu-
tion of non-structural elements (e.g. infilled walls) must
be incorporated into the model.

By considering only three degrees of freedom per story,
namely the two translations and a floor rotation, the dy-
namic equilibrium is assumed to be of the form:

[M ] {q̈} + [C] {q̇} + [K] {q} + {F}nl = − [M ] [t] {q̈s} (8)

where {q} is the global vector of displacements, {q̈s} is
the vector of seismic accelerations (components parallel
to x and y axes) and [t] is a matrix which applies the
seismic input to the degrees of freedom:

{q} =

⎧⎨
⎩

{u}
{v}
{γ}

⎫⎬
⎭ , {q̈s} =

{
ẍs

ÿs

}
, (9)

[t]T =
[

1 1 . . . 1 0 0 . . . 0 0 0 . . . 0
0 0 . . . 0 1 1 . . . 1 0 0 . . . 0

]

{u}, {v} and {γ} being N ×1 vectors collecting the trans-
lations parallel to x and y axis and the floor rotations
respectively of the N stories.

It is assumed that, for each frame, non-linear internal
forces can be expressed as a polynomial function of the
inter-story displacement, which can generally be paramet-
rically related to structural damage; for example, if non-
linearity is represented by αi,l and βi,j parameters, which
are the cubic stiffness coefficients associated with the l-th
frame parallel to x-axis and with the jth frame parallel
to y-axis, below the ith floor, then {F}nl will assume the
following form:

{F}nl =

⎧⎨
⎩

{F}nl,x

{F}nl,y

{M}nl,O

⎫⎬
⎭

{F}nl,x =

Nx∑
l=1

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

α1,l(u1 − γ1yl)3 − α2,l [(u2 − u1)
−(γ2 − γ1)yl]

3

α2,l [(u2 − u1) − (γ2 − γ1)yl]
3

−α3,l [(u3 − u2) − (γ3 − γ2)yl]
3

. . .

αN,l [(uN − uN−1) − (γN − γN−1)yl]
3

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=
Nx∑
l=1

{F}l
nl,x

{F}nl,y =

Ny∑
j=1

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

β1,j(v1 + γ1xj)3 − β2,j [(v2−v1)
+(γ2 − γ1)xj ]

3

β2,j [(v2 −v1) + (γ2 − γ1)xj ]
3

−β3,j [(v3 − v2) + (γ3−γ2)xj ]
3

. . .

βN,j [(vN − vN−1) + (γN − γN−1)xj ]
3

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=
Ny∑
j=1

{F}j
nl,y

{M}nl,O= −
Nx∑
l=1

{F}l
nl,xyl +

Ny∑
j=1

{F}j
nl,y xj

(10)

where Nx, Ny stand for the number of frames paral-
lel to the x and y axes, respectively; {F}nl,x, {F}nl,y

and {M}nl,O are the vectors collecting the x- and y-
components of the internal non-linear forces and their
moments with respect to the origin of the axes.
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[R] = [Φ] ·
⎡
⎣ [α] [A]

[β] [B]
− [α] [D] + [β] [E]

⎤
⎦

[A] =

⎡
⎢⎢⎣

{A1}
{A2}
. . .

{AN}

⎤
⎥⎥⎦ , [B] =

⎡
⎢⎢⎣

{B1}
{B2}
. . .

{BN}

⎤
⎥⎥⎦ , [D] =

⎡
⎢⎢⎣

{D1}
{D2}
. . .

{DN}

⎤
⎥⎥⎦ , [E] =

⎡
⎢⎢⎣

{E1}
{E2}
. . .

{EN}

⎤
⎥⎥⎦ ,

{Ai} =

Nx∑
l=1

[({Φi} − {Φi−1}) − ({Φ2N+i} − {Φ2N+i−1}) yl] ⊗ [({Φi} − {Φi−1}) − ({Φ2N+i} − {Φ2N+i−1}) yl]

⊗ [({Φi} − {Φi−1}) − ({Φ2N+i} − {Φ2N+i−1}) yl]

{Bi} =

Ny∑
j=1

[({ΦN+i} − {ΦN+i−1}) + ({Φ2N+i} − {Φ2N+i−1}) xj ] ⊗ [({ΦN+i} − {ΦN+i−1}) + ({Φ2N+i} − {Φ2N+i−1}) xj ]

⊗ [({ΦN+i} − {ΦN+i−1}) + ({Φ2N+i} − {Φ2N+i−1})xj ]

{Di} =

Nx∑
l=1

[({Φi} − {Φi−1}) − ({Φ2N+i} − {Φ2N+i−1}) yl] ⊗ [({Φi} − {Φi−1}) − ({Φ2N+i} − {Φ2N+i−1}) yl]

⊗ [({Φi} − {Φi−1}) − ({Φ2N+i} − {Φ2N+i−1}) yl] yl

{Ei} =

Ny∑
j=1

[({ΦN+i} − {ΦN+i−1}) + ({Φ2N+i} − {Φ2N+i−1}) xj ] ⊗ [({ΦN+i} − {ΦN+i−1}) + ({Φ2N+i} − {Φ2N+i−1}) xj ]

⊗ [({ΦN+i} − {ΦN+i−1}) + ({Φ2N+i} − {Φ2N+i−1})xj ] xj

[α] =

⎡
⎢⎢⎣

α1 −α2 0 . . . 0
0 α2 −α3 . . . 0

. . .
0 0 0 . . . αN

⎤
⎥⎥⎦ , [β] =

⎡
⎢⎢⎣

β1 −β2 0 . . . 0
0 β2 −β3 . . . 0

. . .
0 0 0 . . . βN

⎤
⎥⎥⎦ (12)

{Φi}: ith row of the normalized modal matrix [Φ].

Equation (10) can be rewritten in the modal space of
the underlying linear system: if the cubic coefficients of
the inter-story stiffness below the ith floor are constant
for all the frames parallel to x and y axes (αi,l = αi

and βi,j = βi), then the motion of the structure can be
expressed as follows:

[I] {p̈} + [2ζω] {ṗ} +
[
ω2
] {p} + [R] ({p} ⊗ {p} ⊗ {p}) =

− [Γ ] {q̈s} (11)

{p}: vector of modal coordinates;

[I]: identity matrix;

[2ζω]: modal damping matrix (diagonal);[
ω2
]
: modal frequencies matrix;

[Γ ]: matrix of modal participation factors;

[R]: matrix of non-linearity (non-diagonal).
where:

See equation (12) above.

In the presence of mild non-linearity, the change to modal
space (Eq. (11)) implies two major advantages:

– the non-linear identification procedure can take ad-
vantage of previous linear identification sessions;

– the size of the problem can be significantly reduced by
considering only the relevant vibration modes.

If the motion of the structure is governed by the nred

modes, Equation (11) reduces to:

[I] {p̈}red + [2ζω] {ṗ}red +
[
ω2
] {p}red + [R] ({p}red

⊗{p}red ⊗ {p}red) = − [Γ ]red {q̈s} (13)

where [R]red can be deduced from Equation (12) by re-
placing {Φi} with the vector {Φi}red, which contains only
the relevant nred elements of the ith row of [Φ].
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Fig. 2. Case study: steel spatial frame with eccentric masses.

Equation (13) can then be written in the ALEs form:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

{p̈}1, red + [2ζω]red {ṗ}1, red +
[
ω2
]
red

{p}1, red =

− [Γ ]red {q̈s}

{p̈}3, red + [2ζω]red {ṗ}3, red +
[
ω2
]
red

{p}3, red =

− [R]red
(
{p}1, red ⊗ {p}1, red ⊗ {p}1, red

)

{p̈}5, red + [2ζω]red {ṗ}5, red +
[
ω2
]
red

{p}5, red =

− [R]red
(
{p}1, red ⊗ {p}1, red ⊗ {p}3, red + {p}1, red

⊗{p}3, red ⊗ {p}1, red + {p}3, red ⊗ {p}1, red ⊗ {p}1, red

)

{p̈}7, red + [2ζω]red {ṗ}7, red +
[
ω2
]
red

{p}7, red =

− [R]red

(
{p}1, red ⊗ {p}1, red ⊗ {p}5, red + {p}1, red

⊗{p}5, red ⊗ {p}1, red + {p}5, red ⊗ {p}1, red ⊗ {p}1, red

+ {p}1, red ⊗ {p}3, red ⊗ {p}3, red + {p}3, red ⊗ {p}1, red

⊗{p}3, red + {p}3, red ⊗ {p}3, red ⊗ {p}1, red

)

. . .
(14)

Parametric solutions referred to Equation (14), after be-
ing transformed according to Equation (4), will constitute
the basis for the instantaneous parameter optimisation
(Eq. (6)).

4.1 Case study: instantaneous identification of a steel
multy-story building under earthquake loading

As a numerical application of the non-linear identi-
fication procedure, the instantaneous estimators of the
dynamic properties have been determined from the seis-
mic response of a 5-story building with eccentric masses
(Fig. 2, Tab. 1). The excitation supplied to the model
consisted of the E-W and N-S components (x and y axes
respectively) of the San Fernando earthquake (1971) as
measured at the base of the Alhambra building [23]
(Fig. 3). The seismic motion is supposed to produce a
cubic non-linear behaviour only at the first story level,
hence matrices [α] and [β] assume the following expres-

Table 1. Mass eccentricities of the 5-story building.

Position of the Eccentricity (% of the
center of mass floor dimension)

Story x (m) y (m) ex (%) ey (%)
1 7.24 8.5 –1.73 6.67
2 6.5 8.5 –6.67 6.67
3 7.58 7.47 0.53 –0.20
4 7.67 7.77 1.13 1.80
5 6.81 7.65 –4.60 1.00

Table 2. First modal frequencies and damping ratios and non-
linear stiffnesses of the 5-story building.

Mode f (Hz) ζ (%)

1 (1◦ flexural x) 0.44 3

2 (1◦ flexural y) 0.47 2

3 (1◦ torsional) 0.60 1.5

4 (2◦ flexural x) 1.66 3.5

5 (2◦ flexural y) 1.85 4.5

6 (2◦ torsional) 2.30 6

7 (3◦ flexural x) 3.61 2

8 (3◦ flexural y) 4.16 5

9 (3◦ torsional) 5.27 2

k3x (N.m−3) −4 × 109

k3y (N.m−3) −1 × 1010

sion:

[α] =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

k3x 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

, [β] =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

k3y 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

where k3x and k3y are the cubic stiffness coefficients cor-
responding to the first interstory drift, respectively for x
and y directions.

Table 2 reports the values of the principal modal fre-
quencies and damping ratios of the building, as well as
non-linear stiffness coefficients, in the assumption of cu-
bic non-linearity (see Sect. 3); Figure 4 shows the dis-
placement at the first story level and the corresponding
non-linear force-displacement laws, respectively. From
these graphs, it is evident that a non-linear response is
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Fig. 3. Ground acceleration (San Fernando earthquake, 1971, E-W and N-S components).
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Fig. 4. Displacement at the 1st story level and force-displacement law.

induced only in the x direction, while parallel to y, the
structure exhibits a substantially linear behaviour.

It was assumed that the vibration of the system had
been measured at 3rd, 4th and 5th floor level in the x di-
rection, and that the first three linear modes of the struc-
ture had been determined through a preliminary identi-
fication stage, performed on the first part of the signals.
Moreover, it was assumed that an estimate of the matrix
of modal participation factor was available from a numer-
ical model of the building.

In order to investigate the influence of the accuracy
of the data contained in the modal participation matrix,
three simulations were performed, by introducing errors of
different magnitudes (from 5% to 30% of the exact value)

into coefficients Γix and Γiy (i = 1, 2, 3, see Eq. (14))
and adding to the output a steady Gaussian noise (RMS
level of noise equal to 5% the RMS value of the measured
signals).

In the assumption that the response is governed by the
three lowest modes p1, p2 and p3 (first bending modes in x
and y direction and first torsion mode), the displacements
of the first story can be expressed as follows:

⎧⎪⎨
⎪⎩

u1
∼= Φ1,1p1 + Φ1,2p2 + Φ1,3p3

v1
∼= ΦN+1,1p1 + ΦN+1,2p2 + ΦN+1,3p3

γ1
∼= Φ2N+1,1p1 + Φ2N+1,2p2 + Φ2N+1,3p3

(15)
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{A1}red =
Nx∑
l=1

({
Φ1,1 Φ1,2 Φ1,3

} − {Φ2N+1,1 Φ2N+1,2 Φ2N+1,3

}
yl

)

⊗
({

Φ1,1 Φ1,2 Φ1,3

}
−
{

Φ2N+1,1 Φ2N+1,2 Φ2N+1,3
}

yl

)

⊗
({

Φ1,1 Φ1,2 Φ1,3

} −
{

Φ2N+1,1 Φ2N+1,2 Φ2N+1,3
}

yl

)

{B1}red =
Ny∑
j=1

({
ΦN+1,1 ΦN+1,2 ΦN+1,3

}
+
{

Φ2N+1,1 Φ2N+1,2 Φ2N+1,3

}
xj

)
⊗ ({ΦN+1,1 ΦN+1,2 ΦN+1,3

}
+
{

Φ2N+1,1 Φ2N+1,2 Φ2N+1,3

}
xj

)
⊗ ({ΦN+1,1 ΦN+1,2 ΦN+1,3

}
+
{

Φ2N+1,1 Φ2N+1,2 Φ2N+1,3

}
xj

)

{D1}red =
Nx∑
l=1

({
Φ1,1 Φ1,2 Φ1,3

} − {Φ2N+1,1 Φ2N+1,2 Φ2N+1,3

}
yl

)
⊗ ({Φ1,1 Φ1,2 Φ1,3

}− {Φ2N+1,1 Φ2N+1,2 Φ2N+1,3

}
yl

)
⊗ ({Φ1,1 Φ1,2 Φ1,3

}− {Φ2N+1,1 Φ2N+1,2 Φ2N+1,3

}
yl

)
yl

{E1}red =
Ny∑
j=1

({
ΦN+1,1 ΦN+1,2 ΦN+1,3

}
+
{

Φ2N+1,1 Φ2N+1,2 Φ2N+1,3

}
xj

)
⊗ ({ΦN+1,1 ΦN+1,2 ΦN+1,3

}
+
{

Φ2N+1,1 Φ2N+1,2 Φ2N+1,3

}
xj

)

⊗
({

ΦN+1,1 ΦN+1,2 ΦN+1,3
}

+
{

Φ2N+1,1 Φ2N+1,2 Φ2N+1,3

}
xj

)
xj

(17)

The non-linear internal forces can then be written by par-
ticularizing Equation (13) for the case of non-linearity lo-
calised only at the first story:

⎧⎨
⎩

p̈1

p̈2

p̈3

⎫⎬
⎭=

⎡
⎣2ζ1ω1 0 0

0 2ζ2ω2 0
0 0 2ζ3ω3

⎤
⎦
⎧⎨
⎩

ṗ1

ṗ2

ṗ3

⎫⎬
⎭+

⎡
⎣ω2

1 0 0
0 ω2

2 0
0 0 ω2

3

⎤
⎦
⎧⎨
⎩

p1

p2

p3

⎫⎬
⎭

+

⎡
⎣Φ1,1 ΦN+1,1 Φ2N+1,1

Φ1,2 ΦN+1,2 Φ2N+1,2

Φ1,3 ΦN+1,3 Φ2N+1,3

⎤
⎦
⎡
⎣ k3x {A1}red

k3y {B1}red−k3x {D1}red + k3x {E1}red

⎤
⎦

×
⎛
⎝
⎧⎨
⎩

p1

p2

p3

⎫⎬
⎭⊗

⎧⎨
⎩

p1

p2

p3

⎫⎬
⎭⊗

⎧⎨
⎩

p1

p2

p3

⎫⎬
⎭
⎞
⎠ = −

⎡
⎣Γ1x Γ1y

Γ2x Γ2y

Γ3x Γ3y

⎤
⎦{ q̈x

q̈y

}

(16)

being:

see equation (17) above.

In this specific application, the parameters to be identi-
fied are the modal frequencies and damping ratios of the
first three modes and the cubic stiffness coefficients of the
inter-story drift: the vector of instantaneous estimators,
p(t) = { ζ1(t) ζ2(t) ζ3(t)ω1(t) ω2(t) ω3(t) k3x(t) k3y (t)}T,
was determined by resorting to the first four terms of the
Volterra series (Eq. (2)). Figures 5 and 6 show the instan-
taneous estimators in the time interval ranging from 25 s
to 35 s and Table 3 summarizes the mean characteristics
of the estimators in the same interval.

In all the cases considered, modal damping and fre-
quency instantaneous estimators proved to be robust to
noise and characterized by small values of the coefficient
of variation. The instantaneous estimator of k3x showed
mean values close to the theoretical ones and coefficients

of variation that depended to a significant extent on the
magnitude of the introduced errors. When the errors in
the modal participation factors increase, the mean value
of k3x may happen to approach the exact value: this can
be due to errors in the inputs acting on different degrees
of freedom, which are partially compensated for by a ficti-
tious change in the absolute value of cubic stiffness. Sim-
ilar effects on k3x can be produced also by the influence
of modes that are not captured by the model.

It was not possible to work out an estimate of k3y,
since, under this particular seismic motion, the non-
linearity was not appreciably activated in the N-S com-
ponent of the structural response (see Fig. 4).

Even in the presence of appreciable errors in the
evaluation of non-linear parameters, structural modelling
based on the results of the instantaneous identification
procedure resulted to be considerably improved, as can
be seen from Figure 7, where the acceleration of the 5th
floor in the x direction (error in Γi ≤ 15%) is compared to
the identified response and to the response of the under-
lying linear system (both calculated via direct numerical
integration).

In conclusion, it is worthwhile noting that earth-
quakes cause phenomena, including hysteresis, cracking
and degradation, that are far too complex to be directly
captured by Volterra time-invariant models; nevertheless,
a polynomial behaviour can be assumed to summarize the
global dynamics of real buildings when they are subjected
to moderate loads, such as an excitation supplied dur-
ing modal testing or mild earthquakes. In these circum-
stances, even a rough estimate of the non-linear parame-
ters may improve dramatically the prediction capabilities
of the model and/or simply detect structural anomalies
and changes.
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Fig. 5. Steel frame: instantaneous estimators of the modal frequencies and modal damping ratios.
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Fig. 6. Steel frame: instantaneous estimators of k3x and k3y .
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5 Conclusions

The purpose of this paper was to propose a parametric
procedure for the instantaneous identification of weakly
non-linear framed structures. The identification is con-
ducted by approximating the dynamic response through
a finite Volterra series, whilst the instantaneous estimates
are derived directly from a linear time-frequency represen-
tation of the signals detected. Theories and examples re-
fer to multi-story buildings characterised by concentrated
non-linearities, which were simulated by introducing poly-
nomial stiffness laws.

The stability over time of the estimators for the pa-
rameters that define the system, such as modal frequen-
cies, damping ratios and cubic stiffness coefficients, was
analysed: the best results were obtained for the linear
parameters (frequency and damping ratio), whose mean
values turned out to be very close to the theoretical ones,
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Table 3. Mean characteristics of the instantaneous estimators.

Parameter Error in Γi Mean value Coefficient of variation

≤5% 0.0303 0.0145

ζ1 (–) ≤15% 0.0310 0.0187

≤30% 0.0297 0.0089

≤5% 0.0196 0.0210

ζ2 (–) ≤15% 0.0191 0.0084

≤30% 0.0195 0.0195

≤5% 0.0146 0.0323

ζ3 (–) ≤15% 0.0144 0.0159

≤30% 0.0153 0.0144

≤5% 0.4342 0.0014

f1 (Hz) ≤15% 0.4291 0.0038

≤30% 0.4238 0.0045

≤5% 0.4797 0.0161

f2 (Hz) ≤15% 0.4796 0.0151

≤30% 0.4769 0.0206

≤5% 0.5822 0.0113

f3 (Hz) ≤15% 0.5765 0.0078

≤30% 0.5810 0.0068

≤5% −2.5361 × 109 0.1831

k3x (N.m3) ≤15% −2.3590 × 109 0.2058

≤30% −3.9384 × 109 0.2304

≤5% −2.1029 × 109 .5050

k3y (N.m3) ≤15% −1.0403 × 109 1.2254

≤30% −0.0740 × 109 0.9922

with very small coefficients of variation. The estimates of
the non-linear parameters proved to be the most sensi-
tive to the presence of noise and inaccuracy in the modal
participation factors. This notwithstanding, the predic-
tion capacity of the updated 3D frame model resulted to
be considerably improved, as required in structural engi-
neering applications.

It must be stressed that, in addition to computational
advantages, a proper choice for the order of the Volterra
series expansion can filter out measurement or integra-
tion distortions, which otherwise would be implicitly at-
tributed to higher-order Volterra terms.

Future research will consider the extension to systems
with structural degradation, as required in a vast majority
of applications in the fields of structural diagnostics and
earthquake engineering.
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