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Abstract – In order to overcome the loss of performances issue when scaling resonant sensors down to
NEMS, it proves extremely useful to study the behavior of resonators up to large displacements and hence
high nonlinearities. A comprehensive nonlinear multiphysics model based on the Euler-Bernoulli equation
which includes both mechanical and electrostatic nonlinearities in the case of a capacitive doubly clamped
beam is presented. This purely analytical model captures all the nonlinear phenomena present in NEMS
resonators electrostatically actuated including bistability, multistability which can lead to several physical
limitations such as noise mixing, frequency stability deterioration as well as dynamic pull-in. Moreover,
close-form expressions of the critical amplitudes and pull-in domain initiation amplitude are provided which
can potentially serve for NEMS designers as quick design rules.
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Résumé – Phénomènes non-linéaires dans les résonateurs nanomécaniques : comportements
mécaniques et limitations physiques. Afin de compenser la détérioration des performances des cap-
teurs résonants lors de la réduction de leurs tailles au niveau NEMS, il s’avère extrêmement utile d’étudier
le comportement des résonateurs en grands déplacements et par conséquent sous fortes non-linéarités. Le
modèle de poutre présenté est non-linéaire et multiphysique. Ce capteur capacitif est basé sur l’équation
d’Euler-Bernoulli et contient des non-linéarités mécaniques et électrostatiques. Ce modèle, purement ana-
lytique, capture tous les phénomènes non-linéaires principaux présents dans des nanorésonateurs capacitifs
comme la bistabilité et la multistabilité qui peuvent mener à plusieurs limitations physiques telles que
le �� noise-mixing ��, la détérioration de la stabilité en fréquence aussi bien que le �� pull-in ��. De plus,
des expressions analytiques des amplitudes critiques et de l’amplitude d’initiation du domaine �� pull-in ��

sont obtenues, ce qui peut potentiellement servir aux concepteurs comme guides de pré-dimensionnement
analytique de NEMS.

Mots clés : Résonateur NEMS / dynamique non-linéaire / amplitude critique / pull-in / comportement
mixte

1 Introduction

Micro and nanoelectromechanical (MEMS/NEMS)
devices have been the subject of extensive research for
a number of years and have generated much excitement
as their use in commercial applications has increased.
Indeed, MEMS technology has opened up a wide va-
riety of potential applications not only in the inertial
measurement sector, but also spanning areas such as
communications (filters, relays, oscillators, LC passives,
optical switches), biomedicine (point-of-care medical
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instrumentation, microarrays for DNA detection and high
throughput screening of drug targets, immunoassays, in-
vitro characterization of molecular interactions), com-
puter peripherals (memory, new I/O interfaces, read-write
heads for magnetic disks) and other miscellaneous areas
such as in projection displays, gas detection and mass flow
detection.

NEMS are the natural successor to MEMS as the
size of the devices is scaled down to the submicron do-
main. This transition is well adapted with the resonant
sensing technique for a large panel of applications. One
reason of scaling down resonant sensors to the NEMS
size is the ability to detect very small physical quantities
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by increasing their sensitivity [1]. In particular, NEMS
have been proposed for use in ultrasensitive mass detec-
tion [2, 3], radio frequency (RF) signal processing [4, 5],
and as a model system for exploring quantum phenom-
ena in macroscopic systems [6, 7].

Unfortunately, the nonlinear regime for nanomechan-
ical resonators is easily reachable [8–10], so that the use-
ful linear dynamic range of the smallest NEMS devices is
severely limited. In fact, many applications we are hop-
ing for in the near future will involve operation in the
nonlinear regime, where the response to the stimulus is
suppressed and frequency is pulled away from the origi-
nal resonant frequency.

The challenge is to achieve large-amplitude motion of
NEMS resonators without deteriorating their frequency
stability [11]. Indeed, driving the resonator at large os-
cillation amplitude leads to better signal to noise ratio
(SNR) and, thus, simplifies the design of the electronic
feedback loop. However, doing so in the nonlinear regime
reduces the sensor performances since the frequency insta-
bility of a nonlinear resonator is proportional to its oscil-
lation amplitude. Moreover, even when NEMS resonators
are used as oscillators in closed-loop, the combination of
the mechanical and electrostatic nonlinearities causes a
direct voltage-to-frequency effect at the electrodes, lead-
ing to so-called noise mixing [12, 13] which drastically
reduces their dynamic range and therefore makes the
detection of resonant peaks more difficult.

The main contribution of this paper consists in ex-
plaining in detail the nonlinear phenomena that occur
in such a M/NEMS resonator. Section 2 recalls the res-
onator model including all main sources of nonlinearities
and already presented in a previous article [8]. Section 3
is devoted to the description of the different potential
nonlinear behaviors due to the competition of mechanical
and electrostatic effects. Finally, in Section 4, some inher-
ent nonlinear phenomena which limit the performances of
resonant sensors are also highlighted, based on previous
work [8].

2 Model of a nonlinear two-port resonator

A clamped-clamped beam is considered (Fig. 1) sub-
ject to a viscous damping with coefficient c̃ per unit
length which models all dissipation sources including
ohmic losses [14,15]. The device is actuated by an electric
load v(t) = −Vdc+Vac cos(Ω̃t̃), where Vdc is the DC polar-
ization voltage, Vac the amplitude of the applied AC volt-
age, and Ω̃ the excitation frequency.

2.1 Equation of motion

Let E be the Young’s modulus, I, the geometrical mo-
ment of inertia of the cross section, ρ, the mass density,
l, the length, b, the width, h, the thickness of the res-
onator. Its out-of-plane deflection w̃(x, t) which depends
on c̃, the viscous damping, Ñ the axial load, and on the

forces provided by the two electrodes is governed by the
following nonlinear Euler-Bernoulli equation which is the
commonly used approximate equation of motion for a thin
beam [16].

ρbh
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where ε0 is the dielectric constant of the gap medium. The
two terms of the right-hand member in Equation (1) rep-
resent an approximation of the electric forces assuming
a resonator design with two stationary electrodes: elec-
trode 1 for the actuation and electrode 2 for the sensing
including the fringing field effect [17] using the coefficients
Cni. The boundary conditions are:

w̃(0, t̃) = w̃(l, t̃) =
∂w̃

∂x̃
(0, t̃) =
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2.2 Nondimensionalisation

For convenience, let the following nondimensional
variables be introduced:
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l
, t =

t̃

τ
(5)
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Fig. 1. Two-ports resonator layout.

The parameters appearing in Equation (6) are:
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, α2 = 6

ε0l
4

Eh3g3
a

, Ω = Ω̃τ (11)

2.3 Reduced order model

A reduced-order model is generated by modal decom-
position transforming Equation (6) into a discrete system
consisting of ordinary differential equations in time. For
this end, the Galerkin procedure is used and the deflec-
tion is expanded on the undamped linear mode shapes of
the straight beam:

w(x, t) =
n∑

k=1

ak(t)φk(x) (12)

where n is the number of retained modes, ak(t) is the
kth generalized coordinate and φk(x) is the kth linear un-
damped mode shape of the straight non-prestressed beam,
normalized such that

∫ 1

0 φkφj = δkj where δkj = 0 if k �= j
and δkj = 1 if k = j. The linear undamped mode shapes
φk(x) are governed by:

d4φk(x )
dx4

= λ2
kφk(x) (13)

φk(0) = φk(1) = φ′
k(0) = φ′

k(1) (14)

Let Equation (6) be multiplied by φk(x)[(1+w)(Rg−w)]2
in order to include the complete contribution of the non-
linear electrostatic forces in the resonator dynamics with-
out approximation. This method, which has been used
by Nayfeh et al. [18] for a one-port resonator, has some
disadvantages like the non orthogonality of the operator
w4 ∂4w

∂x4 with respect to the undamped linear mode shapes
of the resonator, the increase of the nonlinearity level in

the normalized equation of motion (6) as well as the incor-
poration of new nonlinear terms such as the Van der Pol
damping. Nevertheless, the resulting equation contains
less parametric terms than if the nonlinear electrostatic
forces were expanded in Taylor series and the solution of
nonlinear problem is valid for large displacements of the
beam up to the sensing gap.

Next, we substitute Equation (12) into the resulting

equation, use Equation (13) to eliminate
d4φk(x)

dx4
, inte-

grate the outcome from x = 0 to 1, and obtain a system
of coupled ordinary differential equations in time.

For several nonlinear mechanical systems such as
shells [19], many modes are needed in order to build
the frequency response without losing any physical in-
formation concerning the nonlinear coupling between the
modes.

Nevertheless, in our case (simple beam resonators),
the first mode can be considered as the dominant mode
of the system and the higher modes could be neglected
which has been demonstrated numerically using time in-
tegration [8] as well as shooting and harmonic balance
method coupled with an asymptotic numerical continu-
ation technique [20]. Thus, only one mode is considered
(n = 1) and the following equation is obtained:

ä1 + cȧ1 + ω1
2a1 + μ1a1ä1 + μ2a1

2ä1 + μ3a1
3ä1 + μ4a1

4

+ cμ3a1
3ȧ1 + cμ4a1

4ȧ1ä1 + cμ1a1ȧ1 + cμ2a1
2ȧ1

+ χ2a1
2 + χ3a1

3 + χ4a1
4 + χ5a1

5 + χ6a1
6 + χ7a1

7 + ν

+ ζ0 cos(Ωt) + ζ1a1 cos(Ωt) + ζ2a1
2 cos(Ωt) + ζ3 cos(2Ωt)

+ ζ4a1 cos(2Ωt) + ζ5a1
2 cos(2Ωt) = 0 (15)

where ω1 is the natural frequency of the first mode and
ν is the static force. χi∈{2,3,4,5,6,7} are the nonlinear stiff-
nesses and ζi∈{0,3} are the amplitudes of the time varying
linear forces. μi∈{1,2,3,4} and cμi∈{1,2,3,4} are the nonlin-
ear acceleration and damping terms which come from the
multiplication of Equation (6) by the common denomi-
nator of the electrostatic forces and ζi∈{1,2,4,5} are the
amplitudes of the parametric forces coming from the cou-
pling between the actuation and sensing electrodes.

Equation (15) contains canonical nonlinear terms
such as nonlinear stiffness (χ3a1

3), nonlinear damp-
ing (cμ2a1

2a′
1) as well as parametric excitation



524 N. Kacem et al.: Mécanique & Industries 11, 521–529 (2010)

(ζ1a1 cos(Ωt)). Therefore, Equation (15) governs the be-
havior of a Duffing-Van der Pol-Mathieu oscillator. More-
over, the presence of other high-level nonlinearities in
Equation (15) makes the described system as a forced
nonlinear resonator under multifrequency parametric ex-
citation. For a two-port resonator, this kind of equation is
similar to the one used by Nayfeh et al. [18] for a one-port
resonator and includes terms coming from the coupling
between the mechanical and the electrostatic nonlineari-
ties as well as the nonlinear coupling between both elec-
trostatic forces. The expressions of all the integration pa-
rameters presented in Equation (15) are listed in [8]. They
can be easily computed with any computational software.

To analyze this equation of motion, we use pertur-
bation techniques which are well adapted to “small”
excitation and damping (Q > 10), typically valid in
NEMS resonators [21]. Since the device operates near
resonance, a detuning parameter is introduced as Ω =
ωn + εσ and the averaging method [22] is used in or-
der to transform Equation (15) into two first order non-
linear ordinary-differential equations that modulate the
amplitude A and the phase β of the transformation a1 =
A(t) cos [Ωt + β(t)]:

Ȧ = ε
ζ0 sinβ

2ωn
+ ε

A2ζ2 sin β

8ωn
− ε
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2

− ε
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8
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8
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5
16

A4ωnμ4+O(ε2) (17)

The steady-state motions occur when Ȧ = β̇ = 0, which
corresponds to the singular points of Equations (16)
and (17). Thus, the frequency-response equation can be
written in its parametric form {A = K1(β), Ω = K2(β)}
as a function of the phase β as a set of 2 equations easy to
introduce in Matlab or Mathematica. This ability makes
the model suitable for NEMS designers as a quick tool of
resonant sensor performance optimization. For the sake
of clarity, the frequency-response equation can be written
in its implicit form as:

A2 {Λ1(A) − 8ωn (16Ω + Λ2(A))} 2

256 (4ζ0 + 3A2ζ2) 2

+

(
8cA + 2A3cμ2 + A5cμ4

)
2ω2

n

4 (4ζ0 + A2ζ2) 2
= 1 (18)

Λ1(A) = 48A2χ3 + 40A4χ5 + 35A6χ7 (19)

Λ2(A) =
(
6A2μ2 + 5A4μ4 − 16

)
ωn (20)

3 Typical behaviors

All the numerical simulations were carried out for
a device with the following parameters: l = 20 μm,
b = 4 μm, h = 2 μm, la = 20 μm, ld = 112 μm and an

Fig. 2. Hardening behavior of the typical resonator described
in Figure 1. σ is the detuning parameter, Wmax is the displace-
ment of the beam normalized by the gap gd at its middle point
l
2

and {1, 2} are the bifurcation points.

axial residual stress on the beam material σr = 15 MPa.
Vs is set to zero volt which has no impact on the general-
ity of the analytical investigations since the electrostatic
force is proportional to the square of the electric poten-
tial difference. Both gaps can be used to tune the elec-
trostatic nonlinear effect. Nevertheless, for convenience,
the gap between the beam and the actuation electrode ga

is set to 1 μm. Vac, Vdc and gd were used for parametric
analysis.

These dimensions are extracted from the design of a
resonant accelerometer which has been manufactured in
CEA LETI clean rooms in order to investigate the non-
linear dynamics of resonant sensors within the framework
of the transition from MEMS to NEMS [8].

3.1 Hardening behavior

At the micro and nanoscale, the spring hardening is
the most classical effect observed in clamped-clamped res-
onators electrostatically actuated [23,24]. The mechanical
nonlinearities due to mid-plane stretching dominate the
resonator dynamics and the frequency response peak is
hysteretic and shifted to the high frequencies (Fig. 2).
Furthermore, when the mechanical nonlinearities are pre-
ponderant, the dynamics of one and two ports resonators
are equivalent.

3.2 Softening behavior

In order to increase the softening electrostatic nonlin-
earities, the resonator designs have to involve very narrow
gaps with respect to the beam width which is of great dif-
ficulty with Top-Down technology for NEMS. Therefore
the softening behavior is difficult to obtain in clamped-
clamped NEMS resonators electrostatically actuated. For
the considered resonator, the softening behavior is possi-
ble for a sensing gap gd = 400 nm as shown in Figure 3.
The frequency response curve is hysteretic and shifted to
the low frequencies.
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Fig. 3. Softening behavior of the typical resonator described
in Figure 1. σ is the detuning parameter, Wmax is the displace-
ment of the beam normalized by the gap gd at its middle point
l
2

and {1, 2} are the bifurcation points.

3.3 Mixed behavior

Both mechanical and electrostatic nonlinearities are
always operating into the system. However, in some con-
figurations one kind of nonlinearity is negligible with re-
spect to the second one. Practically, when h/gd � 1, then
the dynamics is dominated by the hardening nonlineari-
ties and in the opposite case (h/gd � 1), the frequency
response is nonlinearly softening. Between these two con-
figurations and for the typical manufactured resonator
described in Figure 1, the hardening behavior could oc-
cur for low DC voltages. Then, when Vdc is increased up
to 8 V, the nonlinear softening stiffness coming from the
electrostatic becomes sufficiently large to create a mixed
hardening-softening behavior described in Figure 4 except
for an optimal gap gd = 500 nm for which both nonlinear-
ities could be perfectly equilibrated [8]. The mixed behav-
ior is characterized by a four-bifurcation points frequency
response and up to 5 amplitude for a given frequency [25].
In the present case of Figure 4, the bifurcation point 3 can
not be reached since the P point is at a higher frequency
than the bifurcation point 1 and thus, at this point, the
jump up in sweep down frequency brings the solution at
the point d3 of the lower branch where the basin of at-
tractions is quite large. Hence, the upper branch between
d1 and 3 is unstable. Indeed, the mixed behavior is highly
unstable, dangerous and thus undesirable for MEMS and
NEMS designers.

4 Physical limitations due to nonlinear
phenomena

4.1 Critical amplitude

The critical amplitude is the oscillation amplitude Ac

above which bistability occurs. Thus, Ac is the transition

Fig. 4. Mixed behavior of the typical resonator described in
Figure 1 for gd = 750 nm, Vdc = 8 V and Vac = 10−2Vdc. σ is
the detuning parameter, Wmax is the displacement of the beam
normalized by the gap gd at its middle point l

2
and {1, 2, 3, P}

are the different bifurcation points.

Fig. 5. Forced frequency responses of the resonator. fa is the
dimensionless frequency and Wmax is the displacement of the
beam normalized by the gap gd at its middle point l

2
. Ac is

the mechanical critical amplitude and {B1, B2} are the two
bifurcation points of a typical hardening behavior.

amplitude from the linear to the nonlinear behavior (see
Fig. 5). At the critical drive, the resonance curve exhibits
a point of infinite slope, called the critical point. More-
over, at the same point, the phase curve also exhibits an
infinite slope at the same detuning as the resonance curve
itself. Nayfeh studied the stability of an excited Duffing
oscillator [22]. Kaajakari [26] provided close form expres-
sion for the critical amplitude using a reduced order model
including the crystalline direction of beam resonators.
However, the complete contribution of the electrostatic
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nonlinearities was not incorporated. In other words, he
simply provided the mechanical critical amplitude.

4.1.1 Mechanical critical amplitude

For the primary resonance of a clamped-clamped
beam, Ac is defined as the oscillation amplitude for which
the equation dσ

dβ = 0 has a unique solution. In order to
explain how to deduce the mechanical critical amplitude
from Equation (18) written in its parametric form, let the
nonlinear electrostatic effects be neglected (h/gd � 1).
The parametric form of the frequency response can be
written as:

σ =
1
8

(
3ζ2

0χ3

c2ω3
1

sin2 β − 4c cotβ

)
(21)

A =
ζ0

cωn
sin β (22)

Using Equation (21) permits the differentiation of the de-
tuning parameter σ with respect to the phase β:

dσ

dβ
=

6χ3ζ
2
0 sin 2β − 3χ3ζ

2
0 sin 4β + 16c3ω3

1

32c2ω3
1 sin2 β

(23)

One can search the condition for which the equation
6χ3ζ

2
0 sin 2β − 3χ3ζ

2
0 sin 4β + 16c3ω3

1 = 0 has solutions.
This equation can be written as Δ(2 sin 2β−sin 4β)+1 = 0
where Δ = 3ζ2

0χ3

16c3ω3
1

and then, transformed to a fourth or-
der polynomial equation by using the change of variable
X = sin 2β.

1 + 4ΔX + 4Δ2X4 = 0 (24)

Equation (24) can be solved using the Ferrari’s method
and the following cases are obtained:⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

If Δ < 2
3
√

3
=⇒ No solutions Linear behavior

If Δ = 2
3
√

3
=⇒ A unique solution βc = 2π

3

Critical behavior

If Δ > 2
3
√

3
=⇒ 2 distinct solutions β1 et β2

Nonlinear behavior

The condition Δ = 2
3
√

3
implies the following relation

ζ0c =
4
√

2c3/2ω
3/2
1

3 4
√

3
√

χ3

(25)

ζ0c corresponds to the critical drive for which the reso-
nance curve exhibits an infinite slop at the phase βc = 2π

3
and the two bifurcation points B1 and B2 are superposed.
When this condition is satisfied, the mechanical critical
amplitude is computed at the resonance peak. It is the
value of Equation (22) at the phase β = π

2 (for a criti-
cal behavior) multiplied by 1.588 which correspond to the
amplification coefficient of the first mode at the middle

of the clamped-clamped beam x = 1
2 . Substituting Equa-

tion (25) in the resulting equation and mutiplying by the
gap gd to obtain the dimensional value, yields:

Acm =
2.275gd

√
c
√

ω1√
χ3

(26)

Substituting ω1, c and χ3 expressions in Equation (26),
yields:

Acm = 1.685
h√
Q

(27)

where Q = ρbhω1
τ c̃ is the quality factor of a resonant

clamped-clamped beam under its first bending vibration
mode. By using the reduced order model and the first or-
der averaging method, the mechanical critical amplitude
was easily deduced and the obtained close-form solution
is comparable to those defined in [24, 26].

4.1.2 Global critical amplitude

The close-form expression of the mechanical critical
amplitude Acm has been provided using the nonlinear
model of a clamped-clamped resonator while neglect-
ing the effects of the electrostatic nonlinearities. Indeed,
Equation (27) represents the classical form of the criti-
cal amplitude for a Duffing resonator (only mechanical
nonlinearity) [27]. It shows that the critical amplitude is
only determined by the beam thickness in the direction
of vibration h and the quality factor Q and does not de-
pend on the beam length l. This information has been
observed experimentally by Shao et al. [24] for microme-
chanical clamped-clamped beam resonators using strobo-
scopic SEM. Our model allows the computation of the
global critical amplitude when all sources of nonlinearities
are included: it can be deduced using the same method as
explained in the simplified case for the mechanical critical
amplitude.

Ac =

√√√√θ1h2 − θ2 +

√
θ3 − θ4h2 + θ5h4 +

θ6h2

Q
(28)

θ1 = 3.6327× 10−3 (29)

θ2 =
19 328gd

2

43 375
(30)

θ3 = 0.19856gd
4 (31)

θ4 = 3.2375× 10−3gd
2 (32)

θ5 = 1.3197× 10−5 (33)

θ6 = 2.5683gd
2 (34)

Remarkably the mechanical critical amplitude (Eq. (27))
depends only on the thickness of the beam h and the
quality factor Q. However, in addition to these two pa-
rameters, the global critical amplitude (Eqs. (28)–(34))
depends also on the detection gap gd.

It can easily checked that lim
gd→∞Ac = Acm .
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For example, the critical amplitude of a resonator hav-
ing a quality factor of 104 designed with 100 nm of thick-
ness in the direction of vibration and a sensing gap of
200 nm, is about 1.68 nm.

In order to stay linear, the restrictive amplitude is
0.84% of the sensing gap, which leads to a very weak sig-
nal to noise ratio (SNR) and thus a very poor resolution.

4.2 Pull-in

As it can be observed in Equation (1), the electrostatic
force is inversely proportional to the square of the gap be-
tween the beam and the electrode. As the gap decreases,
the generated attractive force increases quadratically. The
only opposing force to the electrostatic loading is the me-
chanical restoring force. If the voltage increases, the gap
decreases generating an incremented force. At some point
the mechanical forces defined by the spring cannot bal-
ance this force anymore. Once this state is reached, the
beam snaps against the electrode, and in most cases, the
system is permanently disabled. Consequently, the elec-
trostatic loading has an upper limit beyond which the
mechanical force can no longer resist the opposing elec-
trostatic force, thereby leading to the collapse of the struc-
ture. This actuation instability phenomenon is known as
pull-in, and the associated critical voltage is called the
pull-in voltage.

4.2.1 Static pull-in

To derive the expression for pull-in, let us consider a
one-port resonator [28]. Neglecting the mechanical non-
linearities, the total potential energy in the system can
be written as follows:

Ep = −1
2

ε0bl

g − u
V 2

dc +
1
2
ku2 (35)

where u is the average displacement of the resonator and
g is the gap between the beam and the electrode. The
first term in Equation (35) is the electrostatic potential of
the deformable capacitor (the resonator) and the second
term is due to the mechanical energy stored in the spring
(k is the effective spring constant of the resonator). The
force acting on the movable beam is obtained by deriving
Equation (35):

F = −∂Ep

∂u
=

1
2

ε0bl

(g − u)2
V 2

dc − ku (36)

At equilibrium, the electrostatic force and spring force
cancel (F = 0) and Equation (36) gives:

ku =
1
2

ε0bl

(g − u)2
V 2

dc (37)

Equation (37) can be solved for the equilibrium beam po-
sition w̃ as a function of applied voltage Vdc. Above the

pull-in voltage VP, Equation (37) has no solution. A sim-
ple expression for the pull-in point is deduced by deriving
Equation (36) to obtain the stiffness of the system:

∂F

∂u
=

ε0bl

(g − u)3
V 2

dc − k (38)

Substituting Equation (37) gives the stiffness around the
equilibrium point:

∂F

∂u
=

2ku

g − u
− k (39)

With no applied voltage Equation (39) is simply ∂F
∂u =

−k; a virtual positive deflection δu induces a negative
restoring force ∂F

∂u δu = −kδu. Increasing the bias voltage
Vdc makes the stiffness less negative. The unstable point
is given by ∂F

∂u = 0 giving

u =
1
3
g (40)

Beyond this point the stiffness becomes positive and
the system is unstable: a virtual positive deflection δu
induces a positive force that increases u. Substituting
Equation (40) to Equation (37) gives the pull-in voltage
at which the system becomes unstable

VP =

√
8kg3

27ε0bl
(41)

4.2.2 Dynamic pull-in

The pull-in amplitude is the oscillation amplitude
above which the resonator position becomes unstable and
collapses. The dynamic pull-in is the collapse of the beam
subjected to a time-varying electrostatic force. It is com-
pletely different from the static pull-in [27] where the elec-
trostatic force depends only on the gap.

In the general case, pull-in can occur for multistable
hardening and softening behaviors. Nevertheless, for prac-
tical cases of nanoresonators which are designed with gaps
and width in the direction of vibration of the same order
of magnitude, the mixed behavior occurs before pull-in is
reached.

Consequently, and like other studies [29], we define
point P as the initiation of an unstability domain and
thus an upper bound of possible drive, beyond which dy-
namic pull-in is likely to occur. Thus, the pull-in domain
initiation amplitude is located at the bifurcation point P
where the effect of the nonlinear electrostatic stiffness be-
comes significantly important, and where the domain of
attraction of stable branches is small, making the jump
of the system to these stable branches quite hard physi-
cally [18].

Following [8], the initiation of the dynamic pull-in do-
main can be located via the transition from two to three
bifurcation points. The third bifurcation point is situated
at the phase β = π

2 which corresponds to the initiation of
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the mixed behavior. The latter is characterized by a slope
approaching infinity at point P as shown in Figure 4 and
it has been demonstrated analytically and experimentally
that the amplitude of this bifurcation point is set by the
geometry of the resonator [25]. Hence, the following ex-
pression of the pull-in voltage Vp:

Vp =

∥∥∥∥∥∥
3lπcωnΔ

(−χ3 + μ2ω
2
n

) 1
2

[
χ5 − μ4ω

2
n

]− 5
2

400
√

10α2Cn1

(
l2 cos

[
π
l

]
sin

[
πld
l2

] − πld
)
∥∥∥∥∥∥ (42)

Δ = 200χ2
5 + μ4

(−21μ2
2 + 200μ4

)
ω4

n − 30μ2χ3χ5

+ 2
(
6μ2μ4χ3 + 5

(
3μ2

2 − 40μ4

)
χ5

)
ω2

n + 9μ4χ
2
3 (43)

5 Conclusion

This work has detailed the development of an analyt-
ical model to qualitatively and quantitatively assess the
nonlinear phenomena of NEMS resonators. This model in-
cludes the main sources of nonlinearities, in particular the
electrostatic ones, without approximation and is based
on the modal decomposition using the Galerkin proce-
dure combined with the averaging perturbation technique
method.

It has been shown that the model is able to capture
all the nonlinear phenomena in the resonator dynamics
including bistability and multistability. Beyond the oc-
currence of such phenomena, the sensor frequency stabil-
ity is extremely altered. Combined with the noise mixing
issue [12, 13], this leads to drastic losses in the resonator
performances. The developed analytical model proves to
be a practical tool for NEMS designers since it provides
close-form expressions of the critical amplitudes as well
as the pull-in domain initiation amplitude.
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