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Abstract – An analytical solution to compute the 3D steady state temperature distribution in a bearing
ring is presented in this paper. The ring is formed by a hollow cylinder of finite length. Its radial external
surface is subjected to localized, identical heat sources, equally spaced in the azimuth direction. This
surface is also subjected to convective cooling while as the internal surface is maintained at a uniform
temperature. The developed solution is explicit and does not impose any restriction on the geometrical or
physical parameters.
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1 Introduction

Bearings are used in many industrial sectors, usu-
ally to ensure the mechanical guidance of rotating pieces.
Among these industrial applications are: (i) motor gear-
boxes, (ii) wheels of land vehicles, (iii) turbo-pumps of
engine space vehicles, (iv) all mechanics systems involv-
ing rotating motion. The diameters of the bearing are
of the order of few centimeters and the rotating veloc-
ity can vary from a few thousands rpm (common areas)
to a few tens of thousands of rpm (space area). The me-
chanical charge, in addition to the relative motion be-
tween the ball-bearing and the ring produce a heat flux
at the contact levels. The dissipated heat leads to me-
chanical stresses, material wear and fatigue (due to the
periodic thermal solicitation). Therefore, it is important
to provide a computational algorithm to evaluate the tem-
perature distribution in such systems for given operating
conditions.

Many works are developed in the literature to eval-
uate the temperature in a solid subjected to frictional
heating in a general way [1–10], or in the particular case
of ball-bearings [11]. The difficulty in such problems re-
sides in the presence of a relative motion in addition to
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Nomenclature

c Semi-axial dimension of the contact area, m
C Semi-axial dimension of the ring, m
h Heat transfer coefficient, W.m−2.K−1

q Heat flux density, W.m−2

R0 Inner radius or the ring, m
R1 Outer radius or the ring, m
r, θ, z Polar coordinates
T Temperature (relative to ambient), K
Greek symbols
α Thermal diffusivity, m2.s−1

λ Thermal conductivity, W.m−1.K−1

β Semi-angle of the contact area, rad
θ0 Semi-angle of a sector, rad
ω Angular velocity, s−1

the very small contact areas between the concerned solids.
Interface heat transfer problems arise in such situations.
Some works are devoted to deal with this aspect [12–15].
However, many questions need to be clarified, particu-
larly those who are related to the real contact areas and
their evolution during a friction process. This paper is
essentially concerned with the local temperature evalua-
tion in the case of known contact area and specified heat
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flux. The problem of an internal ring, subjected to lo-
calised identical heat sources, equally spaced in the az-
imuth direction is treated here. The external ring may
be treated using the same formulation. The heat sources
simulate the contact areas between the rotating ring and
the cylindrical rollers considered here.

In what follows, we describe the problem and give the
details of the proposed solution in addition to some ap-
plied examples.

2 Mathematical model

2.1 Description of the problem

This study is concerned with the interior ring (of a
ball-bearing) with internal and external radius, respec-
tively, R0 and R1. The external surface of the ring, whose
depth is 2C, is subjected to identical heat sources of depth
2C through an angular aperture of 2β. This surface is
cooled by convection of coefficient h and with zero ambi-
ent temperature.

The interior surface is maintained at a zero reference
temperature (which simulates the contact with a rod of
high thermal capacity).

The heat flux received by the ring is considered to be
uniform, of density q. The angular rotational velocity of
the ring is ω. The heat losses across the relatively small
lateral surfaces are negligible. Taking the angular period-
icity and the axial symmetry into consideration the cal-
culation can be limited to an elementary cell of depth C
and an angular aperture 2θ0 as shown in Figure 1.

2.2 Governing equations

The thermal conductivity λ as well as the thermal dif-
fusivity α of the material are considered to be indepen-
dent of the temperature. The steady state heat diffusion
equation in a three-dimensional coordinate, relative to the
heat source is given by:
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with the periodicity conditions:
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Fig. 1. Elementary cell of a bearing ring.

The heat transfer coefficient h incorporates the convec-
tive and radiative exchanges. The radiative exchanges in
a bearing are negligible because the surfaces of rings and
balls are at close temperatures. The heat convection co-
efficient h can be evaluated by using the correlations for
cavities [16].

2.3 Analytical solution

The periodicity condition (with respect to θ) as well
the axial adiabacity and symmetry condition (in the z di-
rection) allow to use the following integral transforms [2]:

T ∗
m =

1
2θ0

θ0∫
−θ0

T exp(−jmπθ/θ0) dθ;

T ∗∗
mn =

1
C

C∫
0

T ∗
m cos(nπz/C) dz (5)

where j is the imaginary number.
The double transformation of T yields the following

equations:
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with:
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Table 1. Numerical data.

R0 R1 θ0 β c C h q λ α ω

m m rad rad m m W.m−2.K W.m−2 W.m−1.K−1 m2.s−1 rad.s−1

0.01 0.014 π/5 π/100 0.0014 0.007 30 3 × 107 20 5.3 × 10−6 10

T ∗∗
mn =

q∗∗00 ln (r/R0)

(λ/R1) + h ln (R1/R0)

+

{
q∗∗mn [Iν (δr) Kν (δR0) − Iν (δR0)Kν (δr)]

λ [I ′
ν (δR1)Kν (δR0) − Iν (δR0) K′

ν (δR1)] + h [Iν (δR1) Kν (δR0) − Iν (δR0) Kν (δR1)]

}
m
and/or
n �= 0

(7)

The solution of Equation (1a) with the boundary condi-
tions (4a) can be written as follows

See equation (7) above.

with:
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, δ =
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(8)

Iν and Kν are, respectively, the modified Bessel functions
of the first and second kinds of order ν.

I ′ν and K ′
ν are their respective derivatives, given by :

I ′ν (δR1) = Iν (δR1) /R1 + δIν+1 (δR1)

K ′
ν (δR1) = Kν (δR1) /R1 − δKν+1 (δR1)

Using the inverse transforms of (5)

T =
∞∑

m=0

εm� [T ∗
m exp(jmπθ/θ0)];

T ∗
m =

∞∑
n=0

εnT ∗∗
mn cos(nπz/C) (5a)

with ε0 = 1 and εk �=0 = 2
Where � [.] is the real part of the term between brack-

ets, we obtain the following expression for the three-
dimensional temperature distribution in the solid:
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+ 2
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C
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� [T ∗∗
mn exp (jmπθ/θ0)] (9)

3 Results and analysis

The explicit solution given by Equation (9) is used
here to compute the three dimensional temperature field
in the internal ring of a ball-bearing using the data shown
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Fig. 2. Ring temperature at different radii (z = 0).

in Table 1. The number of terms necessary to ensure con-
vergence of the series depends on geometric ratio c/C and
β/θ0. The number of terms is great when the geometrical
ratio is small. Typically, it should take about 100 terms
for ratios of 0.1 and 1000 terms for ratios of 0.01.

Figure 2 shows the temperature variation with the
angular position for three different radii. It can be seen
that the temperature values are close from each other in
the regions situated before and after the contact zone,
in which a relativity sensible differences between them
are observed. The strong thermal gradients in the con-
tact zone lead to residual stresses and hence to a cyclic
fatigue in the ring.

However, these gradients appear only in a zone rela-
tively close to the external surface (i.e. for r near to R1).
Then, the temperatures become almost independent of
the angular position for lower r values (e.g. r = 13.2 mm).

Figure 3 shows the temperature variation with the
normalized ring radius below the contact area (θ = 0,
z = 0). A very strong temperature drop can be observed
in a narrow zone near the external surface, followed by
a progressive decrease down to the internal one (which is
supposed to be at the zero reference temperature). This
variation follows a logarithmic law, represented by the
first term of Equation (9).
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Fig. 3. Ring temperature as a function of a radius (θ = 0,
z = 0).

These results show that only a narrow zone, near the
external surface, is subjected to a cyclic temperatures
variation. Beyond this region, a nearly one-dimensional
heat diffusion may be considered.

4 Conclusion

An exact analytical model to compute the steady
state, three-dimensional temperature field in a ball- bear-
ing ring, is presented in this paper. The solution is
explicit, easy to program and does not impose any re-
striction on the system parameters. In this solution, the
difficulties related to a numerical model – due to the rel-
ative motion and to ring heat sources – are avoided.
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