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Abstract – Tilting-Pad Journal Bearings (TPJB) are commonly used on high-performance turbomachinery
due to their excellent stability properties at high speed when compared to other designs for oil film bearings.
Hence, efforts have been made to improve the accuracy for the available models for these mechanical devices,
achieving nowadays an elasto-thermo-hydrodynamic formulation. On the other hand, the basic design of the
Tilting-Pad Journal Bearing has been modified in order to transform it into a smart machine element. One
approach to do so is to inject pressurized oil directly into the bearing clearance through holes drilled across
the bearing pads. By adjusting the injection pressure, it is possible to modify the dynamic characteristics of
the bearing. A controllable lubrication regime is obtained, allowing to expand the operational boundaries
of the original design. This work focuses on presenting an elasto-thermo-hydrodynamic model (ETHD)
for the Tilting-Pad Journal Bearing, including the effect of the controllable lubrication system. The basic
model is validated by comparing its results against theoretical and experimental results available in the
literature. Then, the validated code is used to show the benefits of applying a controllable lubrication
regime, by means of the modification of the thermal and dynamic behaviour of the bearing.
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Nomenclature

α0 TPJB pad apperture angle (◦)
Δs TPJB pad thickness (m)
Dr proportional damping matrix of the rotor

finite-element model
Dg damping matrix of the rotor-TPJBs model
μ oil film dynamic viscosity (Pa.s)
μinj oil injection dynamic viscosity (Pa.s)
ν TPJB pad material Poisson ratio
Ω rotor rotational speed (rad.s−1)
x pad local Cartesian coordinate system
y pad local Cartesian coordinate system
z pad local Cartesian coordinate system
ρ oil density (kg.m−3)
ρs TPJB pad material density (kg.m−3)
F positioning function for injection holes (m2)
Cp oil specific heat (J.kg−1.K)
d0 diameter of the oil injection hole (m)
fg load vector for the rotor-TPJBs model
fr load vector for the rotor finite-element model
fs load vector for the pad finite-element model

a Corresponding author: acer@mek.dtu.dk

E TPJB pad material elasticity modulus (Pa)
EHD elastohydrodynamic lubrication regime
ETHD elastothermohydrodynamic lubrication

regime
h oil film thickness (m)
Ks stiffness matrix of the pad finite-element

model
Kr stiffness matrix of the rotor finite-element

model
Kg stiffness matrix of the rotor-TPJBs model
kc oil thermal conductivity (W.m−1.K)
kp pad material thermal conductivity

(W.m−1.K)
L TPJB pad width (m)
l0 length of the oil injection hole (m)
Ms mass matrix of the pad finite-element model
Mr mass matrix of the rotor finite-element model
Mg mass matrix of the rotor-TPJBs model
n0 number of injection holes on each pad
ns number of pads on the TPJB
p oil film pressure (Pa)
Pinj oil injection pressure (Pa)

Article published by EDP Sciences

http://dx.doi.org/10.1051/meca/2012004
http://www.mechanics-industry.org
http://www.edpsciences.org


18 A. Cerda Varela and I. Ferreira Santos: Mechanics & Industry 13, 17–32 (2012)

qg vector degrees of freedom for the rotor-TPJBs
model

qr vector degrees of freedom for the rotor finite-
element model

qs vector degrees of freedom for the pad finite-
element model

q∗s vector degrees of freedom for the reduced pad
finite-element model

R rotor journal radius (m)
Rs TPJB pad inner radius (m)
T oil temperature (◦C)
t time (s)
THD thermohydrodynamic lubrication regime
TPJB tilting pad journal bearing
U rotor journal tangential speed (m.s−1)
Vinj injection velocity (m.s−1)
V s pseudo modal matrix of the pad finite-

element model
x global Cartesian coordinate system
y global Cartesian coordinate system
z global Cartesian coordinate system

1 Introduction

Among the oil film bearing designs, the tilting-pad
journal bearing is widely used due to their superior sta-
bility properties. Hence, there has been a constant inter-
est over the years to improve the knowledge regarding
the characteristics of this mechanical element. Such re-
search effort has been carried out by means of continu-
ous improvement the available mathematical models, as
well as by experimental investigation of its static and
dynamic behavior. Within the modelling effort, a num-
ber of authors have made significant contributions to the
development of this area. Starting with the work from
Lund [1], and later Allaire [2], the ground was set for
the calculation of dynamic coefficients for this type of
bearings. From there on, a number of publications have
dealt with the incorporation of more effects into the mod-
elling of the tilting-pad journal bearing. Namely, flexibil-
ity effects, coming from pad and pivot deformation due
to thermal growth and presssure loading, and thermal
effects, due to the temperature build-up within the oil
film, are nowadays included into the modelling of tilting-
pad journal bearings. Hence, the state of the art within
the modelling of these bearings corresponds to an elasto-
thermo-hydrodynamic (ETHD) formulation, such as the
ones presented in [3,4]. Together with the development of
the knowledge within this subject, several strategies have
been formulated in order to enhace the versatility of the
tilting-pad journal bearing, transforming it into a smart
machine element. One approach to do it corresponds to
the one presented by Santos [5], which involves the injec-
tion of pressurized oil into the bearing clearance, through
holes drilled across the pads. Since the injection pres-
sure can be modified, a controllable lubrication regime

is established, which can enable to modify the dynamic
properties of the bearing in order to fit the operational
requirements. Many publications have dealt with the ap-
plication of this concept, such as [6–12].

This work is aimed at presenting an elasto-thermo-
hydrodynamic (ETHD) model for the tilting-pad journal
bearing with controllable lubrication. Such model is used
to obtain theoretical results that show the feasibility of
improving the thermal and dynamic properties of such
bearing by means of the controllable lubrication scheme.

2 Tilting-Pad Journal Bearing with
controllable lubrication: mathematicals
modelling

Previous publications on the subject of controllable
lubrication have established separately a Thermo-Hy-
drodynamic model (THD) and an Elasto-Hydrodynamic
model (EHD) for this lubrication regime. The main origi-
nal contribution of this work correspond to the simultane-
ous implementation of both effects (ETHD) for the con-
trollable lubrication Tilting-Pad Journal Bearing. For the
sake of completeness, a brief presentation of such math-
ematical models is given here. The references provide a
more complete presentation of such models.

2.1 Modified Reynolds Equation

The oil film pressure build up for the Tilting-Pad Jour-
nal Bearing has been traditionally described by means of
the Reynolds Equation, based on the assumption of lam-
inar flow and negligible effects of the fluid inertia and
radial viscous shear forces. Such basic model was ex-
tended in [5], including some terms to model the effect
of the oil injection into the bearing clearance. Hence, the
Modified Reynolds Equation is established, as shown in
Equation (1).
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A number of publications [6–12] on the subject of actively
lubricated tilting pad journal bearings base the modeling



A. Cerda Varela and I. Ferreira Santos: Mechanics & Industry 13, 17–32 (2012) 19

of the oil film under a controllable lubrication regime on
Equation (1). The reader is advised to refer specially to [8]
if a complete presentation of this mathematical model is
required.

From Equation (1), it can be seen that for a control-
lable lubrication regime, the oil film pressure field p (y, z)
is a function of the injection pressure Pinj and the geome-
try of the injection hole (included into the Fi (y, z) func-
tion), as well as a function of the variables established
by the traditional Reynolds Equation, namely rotor ro-
tational speed (U = Ω · R), oil viscosity μ and oil film
thickness h. It can be seen that the function Fi (y, z) is
related to the orifices position along the pad surface, given
by the coordinates (yi, zi), and the orifices diameter d0.
For a passive TPJB, Fi (y, z) is equal to zero, hence the
term Pinj corresponding to the oil injection pressure, van-
ishes. It can also be observed that the two dimensional
domain for the study is defined along the axial and cir-
cumferential coordinates, in order to make room for the
inclusion of the oil injection effects.

The extra terms in Equation (1) related to the oil in-
jection are obtained as a result of the boundary conditions
for the velocity field of the oil film. For a passive bearing,
the oil velocity in the radial direction at the pad surface
is set to be equal to the pad radial velocity, in order to
respect the non-slip condition. For obtaining the Modi-
fied Reynolds Equation, one assumes that, on top of the
movement of the pad, the oil velocity in the radial di-
rection over an injection hole can be modelled using the
velocity profile given by a fully developed laminar flow in
a circular pipe. The integration of the continuity equa-
tion using such boundary condition entails the addition
of the two extra terms to the standard Reynolds equa-
tion formulation, hence the Modified Reynolds Equation
is obtained as shown in Equation (1).

2.2 Energy equation

The oil film temperature build up due to the shear and
pressure forces developed within the fluid can be modelled
by establishing an energy balance, which accounts for the
variation of the fluid energy (kinematic and thermal) due
to the work of the forces acting over it (namely pressure
and shear forces). Furthermore, the effect of the oil in-
jection into the clearance can be included as presented
in [13, 14], obtaining the Energy Equation for Control-
lable Lubrication Regime, as given by Equation (3).
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The reader is advised to refer specially to [13] if a com-
plete presentation of this mathematical model is required.
The injection velocity profile Vinj is determined as a com-
pletely developed laminar flow inside the injection orifice,
using the expression given by Equation (4):

Vinj (y, z) = − 1
4μinjl0

(Pinj − p) ·
n0∑
i=1

Fi (y, z) (4)

Equation (3) enables to obtain the oil film temperature
as a function of the oil film pressure field, bearing opera-
tional condition and oil thermal properties, as well as the
injection parameters (namely, temperature and injection
velocity, which is a function of the injection pressure).
Physically, the extra terms corresponding to the effect of
the oil injection account for the following effects: diffusive
heat conduction between the oil film and the injection
oil due to their temperature difference, convective heat
transport of the injection oil when entering the bearing
clearance, and work of the pressure and shear forces gen-
erated due to the high pressure oil injection.

It must be noted that the need of including the effect
of the oil injection implies that no radial distribution for
the oil film temperature is obtained, hence this formula-
tion models the temperature field in the circumferential
and axial direction, in the same way that the Modified
Reynolds Equation defines the domain for the study. Sec-
ondly, the heat transfer effects between the oil film and
the pad surface is included in a highly simplified way,
by imposing the oil film temperature at the pad surface.
Even though such boundary conditions equal to the ex-
istence of a non physical infinite heat transfer coefficient
between fluid and solid, the results obtained using this
model for bearings operating under laminar regime seems
to be acceptable, see Section 4 of this paper. Thirdly, the
boundary condition for this equation corresponds to the
oil temperature at the leading edge of the pad, which is
calculated by a simple mass and energy balance at the
area between the pads (mixing zone).

Once the temperature field is calculated, it is possible
to update the viscosity of the oil film by knowing the
variation law of this parameter with the temperature, as
given by Equation (5).

μ = μ∗e−β(T−T∗) (5)

where the μ∗ and β parameters are characteristics of the
oil.

2.3 Pad flexibility

The inclusion of the pad elastic deformations due to
the oil film pressure field is done by following a pseudo
modal reduction scheme. This method was introduced
in [3] and later implemented in [10, 11] in the context
of the controllable lubrication regime. The reader is ad-
vised to refer to [10] in order to get further insights into
this method. The basic idea consists of expressing the pad
deformation as a linear combination of a finite number of
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the eigenmodes of the pads, calculated without including
the presence of the oil film. The first eigenmode corre-
sponds to the tilting motion of the pad around the pivot
as a rigid body, whereas the higher modes correspond to
pad elastic deformation shapes. Hence, the linear combi-
nation of such modes will generate a displacement of each
point of the pad, where the elastic deformations and the
tilting motion are included. Since the oil film thickness
calculation is performed using that distorted shape, the
solution of the Reynolds Equation and Energy Equation
becomes a function of the pad flexibility effects.

In mathematical terms, by using the finite-element
method the model of the pads can be expressed as:

Msq̈s + Ksqs = fs (6)

where qs correspond to the degrees of freedom for each
node of the finite element model, Ms and Ks correspond
to the inertia and stiffness matrix for the pads, obtained
using the finite-element method, and f s represent the
loads over the pads due to the pressure profile in the oil
film. By calculating the pseudo-modal matrix V s contain-
ing on its columns some of the eigenmodes of the pads,
one can rearrange Equation (6) as follows:

V T
s M sV sq̈

∗
s + V T

s KsV sq
∗
s = V T

s fs

qs = V sq
∗
s (7)

By using the reduction scheme exposed in Equation (7),
one ends working with a reduced system defined by the
modal coordinates vector q∗

s, where there are as many
degrees of freedom as eigenmodes were included into the
modal matrix V s. It corresponds to a pseudo-modal re-
duction, since only the eigenmodes which are relevant are
included into the analysis. If only the first eigenmode is
included, then a rigid pad model is established, and the
corresponding modal coordinate measures the tilting of
the pad around the pivot. The use of higher eigenmodes
enables to include the flexibility of the pads into the re-
sults.

2.4 Heat Conduction through the pads and Thermal
Growth

The heat conduction is modelled mathematically us-
ing the 3D form of the Fourier Heat Conduction Law, as
given by Equation (8)
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Regarding the boundary conditions, the fluid film tem-
perature is applied as boundary condition at the fluid-pad
interface. The inlet mixing temperature is applied at the
pad leading edge surface and the oil supply temperature
is prescribed at the back of the pad. Again, the authors
stress that such simple model equals to infinite heat trans-
fer coefficients on the pad surfaces, which corresponds to
a non physical behavior. However, considering the results

shown in Section 4, it is kept due to its simplicity and
obtained accuracy, which is enough for the scope of this
study.

Once the temperature distribution is obtained for the
pad, it is possible to calculate the thermal growth and
its impact on the oil film thickness. To do so, a thermal
expansion rule is applied to calculate the deformation re-
lated to a certain increment in the pad material temper-
ature, as shown in Equation (9).

ε = αΔT (9)

The thermal deformation as a result of the pad tempera-
ture field are calculated using Equation (9) and imposed
to the pad finite-element model, on top of the pad pivot-
ing motion and elastic deformations due to the pressure
field loading. Regarding the shaft, its temperature is as-
sumed to be non position dependant, and it is calculated
as the average of the oil film temperature. Then, its ther-
mal expansion is calculated using Equation (9).

2.5 Numerical Implementation of the ETHD model

The ETHD model developed on this work correspond
to an extension of the one presented in [10, 11]. In such
work, the finite-element method was the method of choice
for solving the partial differential equations correspond-
ing to the Modified Reynolds Equation and Pad Flexibil-
ity Model using pseudo modal reduction scheme. Hence,
the implementation of the oil film Energy Equation and
Fourier Law for Heat Conduction on the Pads for this
work is done using the finite-element method as well. The
“solid” domain (pads) is discretized using tridimensional
second order twenty node serendipity finite-elements. The
“fluid” domain is discretized using bidimensional second
order eight node quadrilateral elements, corresponding to
one face of the “solid” serendipity elements. Hence, the
link between the two domains is straightforward. The us-
age of second order elements is justified by the need of
describing the pad geometry, specially the pad curvature
and geometry of the injection orifice, in an accurate way.

The obtention of the weak form of the Modified
Reynolds Equation and Fourier Law is done by using the
Galerkin method. However, the usage of such method for
the Energy equation induces numerical unstability on the
solution, in the form of spurious oscillation on the ob-
tained temperature values or “wiggle”. This is a conse-
quence of the inclusion of the oil injection terms in the
Energy equation, which can be seen as the presence of
a boundary condition in an upstream position, as well as
the nature of the oil film flow, which exhibits a high Peclet
number, in other words, strong dominance of convection
effects over diffusion effects. To overcome this numerical
unstability, the weak form of the Energy equation is ob-
tained using a streamline upwind Petrov-Galerkin formu-
lation, as presented in [15].

The dynamic behaviour of the Tilting-Pad Journal
Bearing is linearized around its static equilibrium posi-
tion by calculating the complete set of stiffness and damp-
ing coefficients using an analytical perturbation solution.
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Such method, introduced firstly in [1] and then extended
in [2], enables to couple the bearing “local” behaviour
with the rotor “global” dynamic behaviour in a compact
and straightforward way.

3 Rotor-Tilting Pad Journal Bearing system:
mathematical modelling

The rotor is modeled using the finite-element method,
using shaft elements, as proposed by Nelson [16].
Proportional damping is included in order to model the
shaft internal energy dissipation processes. Thus, a damp-
ing ratio of 0.001 is imposed on the first two flexible modes
of the shaft. Hence, by using this method the inertia, stiff-
ness, gyroscopic matrices and proportional damping ma-
trices are obtained for the shaft.

By using this method, the system can be represented
mathematically as follows:

Mrq̈r + (Dr − ΩGr) q̇r + Krqr = fr (10)

In Equation (10), qr represents the degrees of freedom of
the nodes corresponding to the finite shaft model of the
rotor, Mr is the rotor inertia matrix, Dr is the propor-
tional damping matrix, Gr is the gyroscopic matrix and
Kr is the rotor stiffness matrix. Related to the loading
term fr, for this analysis the only loading applied to the
system corresponds to the static load due to the weight
of the rotor. The complete set of dynamic coefficients ob-
tained for the Tilting-Pad Journal Bearings are assembled
together with the shaft matrices, in order to obtain the
global stiffness and damping matrices. By doing so, the
model for the global system is defined as:

M gq̈g + (Dg − ΩGg) q̇g + Kgqg = fg

where qg = {qr q∗
s}T (11)

The degrees of freedom for the global system qg are de-
fined by the rotor model degrees of freedom qr and by
the pads degrees of freedom q∗

s, derived from the pseudo
modal reduction.

The obtained global system is suitable to perform a
number of analysis, such as: calculation of the Campbell
diagram and stability map (eigenvalue calculation), un-
balance response. To do so, the procedure to be followed,
outlined in Figure 1 is depicted as follows:

1. Set the rotor rotational speed and the load applied
over the bearing.

2. Determine the static equilibrium position of the rotor-
bearing system by means of a Newton Raphson
Scheme. The Modified Reynolds Equation is solved to
obtain the pressure field, which is integrated numer-
ically to obtain resultant forces over pads and rotor.
Convergence below a given tolerance value is to be
achieved for the load equilibrium over the rotor and
bearing pads. Once convergence is achieved, the sys-
tem state is defined by the rotor position inside the
bearing, as well as a number of modal coordinates,

representing the tilting angle and elastic deformation
of each pad corresponding to the modes included in
the analysis.

3. Calculate the temperature field using the Energy
equation. Since mass and energy balance calculation
is performed in the mixing zone between two adya-
cent pads in order to obtain the oil film leading edge
temperature, it is necessary to iterate to convergence.
Once convergence on the temperature field is achieved,
the oil film viscosity is updated, as well as the thermal
growth of the pads and shaft.

4. Repeat 2 and 3 until convergence on the oil film viscos-
ity is achieved. Such condition implies that the system
has achieved steady state regime, hence both load and
thermal equilibrium is established.

5. Using the perturbation solution, determine the com-
plete set of dynamic coefficients for each bearing.

6. Assemble the global system matrices, including the in-
ertia, stiffness, damping and gyroscopic matrix from
the rotor finite-element model, and the complete set
of dynamic coefficients of the tilting-pad journal bear-
ings.

7. Using the global system matrices, perform an eigen-
value calculation for obtaining the Campbell diagram
or the stability map, or use a synchronous vibration
assumption to obtain the steady state unbalance re-
sponse.

4 Validation of the ETHD model for the
Tilting-Pad Journal Bearing

The obtained ETHD code for the Tilting-pad Journal
Bearing is validated against theoretical and experimental
data coming from the literature. Among the variables to
be studied are: static equilibrium position in the form of
oil film thickness, oil film pressure, temperature on the
surface of the pad for the steady state regime and syn-
chronously reduced dynamic coefficients. The validation
of the ETHD model for the controllable lubrication is
being undertaken now by the authors of this work, by
experimental means. Some experimental results proving
the validity of the controllable lubrication model can be
found in [9].

4.1 Validation against Fillon et al. [4, 17]

In [4], an ETHD model for the tilting-pad journal
bearing is presented. An extensive experimental and theo-
retical study on the thermal behaviour of tilting-pad jour-
nal bearings is given in [17]. Such theoretical and exper-
imental results are used to benchmark our code. They
correspond to: oil film thickness and pressure field for the
static equilibrium position, as well as temperature on the
surface of the pads for the studied bearing. The com-
parison between those benchmark results and the ones
obtained using our code are shown in (Fig. 2).

In general, close agreement is obtained between the
benchmark results and the ones obtained using our ETHD
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Fig. 1. Flow diagram for the model of the tilting pad journal bearing with controllable lubrication.
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Fig. 2. Comparison between ETHD code and results from Fillon et al. [4, 17]; the results shown correspond to oil film thick-
ness (A), pressure profile (B) and pad surface temperature (C) at the static equilibrium position, for bearing A, as given in [17].

code. Even tough an simplified heat transfer model is as-
sumed in our code, the results fits quite well with the
provided experimental temperature data, (Fig. 2C), ex-
cept for the zone towards the trailing edge. In such zone,
both the experimental and theoretical benchmark results
exhibit a drop in the pad surface temperature values, due
to the heat transfer process taking place between the pad
trailing edge and the oil bath. Since our model takes into
account the heat transfer between pad and surroundings
in a simplified way, it fails to reproduce the measured
temperature drop.

4.2 Validation against Taniguchi et al. [18]

In [18], the authors present an analytical model and
experimental results regarding the steady state pressure
profile, pad surface temperature and oil film thickness for
a large tilting pad journal bearing, operating in turbulent
regime. Even tough such regime escapes the assumptions
in which our code is based, this set of experimental data
has been used by other authors, such as [17, 19], to vali-
date their “laminar” codes. Our comparison against those
experimental results is given in (Fig. 3).

Close agreement is achieved between the results from
our code and the theoretical and experimental results re-
ported in [18], regarding pressure profile and oil film thick-
ness. From the temperature results, (Fig. 3C), it is clear
that the assumption of pad surface temperature to be

equal to oil film temperature is not valid when a turbu-
lent regime is reached, as it leads to an underestimation
of the pad surface temperature. However, the developed
code is not meant to be used for bearings operating in
such condition, since no provision for turbulent regime
has been implemented, so this shortcoming corresponds
to an expected result. Moreover, the results obtained for
oil film thickness and pressure profile indicate that the
static equilibrium position is being calculated accurately.

4.3 Validation against Brockwell et al. [20]

In [20], results regarding the synchronously reduced
dynamic coefficients obtained for a five shoe tilting pad
journal bearing are presented. Such results are obtained
both by experimental and theoretical means, using an
ETHD code. This set of results is used to benchmark the
code developed in [3]. The comparison between the results
obtained using our code and the ones used as benchmark
is given in (Fig. 4).

In general terms, good agreement is obtained between
our results and the ones given in [20]. Closer agreement is
obtained for the stiffness coefficients than for the damping
ones, in a similar way to the results presented in [3], when
performing the same comparison. It can also be noted
that the results from our code tend to overstimate the
damping characteristics of the bearing, as expected since
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Fig. 3. Comparison between ETHD code and results from Taniguchi et al. [18]; pressure profile (A), oil film thickness (B) and
pad surface temperature (C) for pad number 2, as given in [18].

pivot flexibility effects are not being included into the
model.

5 Analysis of an industrial compressor
mounted over tilting-pad journal bearings
with controllable lubrication

The ETHD model for the tilting-pad journal bearing
operating in a controllable lubrication regime is applied
now to analyze an industrial rotor system. The objective
is to determine the feasibility of improving the thermal
behaviour of the bearing and the dynamic behaviour of
a rotor mounted on such mechanical elements when pres-
surized oil is injected directly into the bearing clearance.
These results correspond to an extension of the ones pre-
sented in [12], since those were obtained using an isother-
mal rigid-pads modeling assumption.

5.1 Analyzed system and scope of the analysis

The analyzed system is represented in (Fig. 5). The ro-
tor corresponds to a gas compressor, composed of five im-
pellers. It weighs 391 kg, and it operates normally within

the range of 6942 rpm and 10 170 rpm. The rotor is sup-
ported by two identical tilting pad journal bearings. The
loading due to the rotor weight acts on the negative y di-
rection, hence pad 4 becomes the most heavily loaded one.
The impellers, seals and other machine elements are con-
sidered as rigid discs and are incorporated into the model
by adding inertia to the respective nodes. Hence, in the
model, the impellers are at nodes 20, 24, 28, 32 and 36.
Bushings are at nodes 22, 26, 30, and 34. A thrust disk
sleeve is located at node 3. A balance piston is located
at node 38. Seal bushes are located at nodes 12 and 46.
Coupling is at node 55.

As for the TPJBs, they are located at nodes 8 (bear-
ing 1) and 50 (bearing 2). An injection hole is located
on each pad, on an axially centered position, towards the
leading edge. Table 1 depicts all the parameters that de-
fine the geometry of such bearings, as well as the oil prop-
erties.

The discretization of the shaft, using beam elements,
and of the pads, using tridimensional second order twenty
node serendipity finite-elements, is also shown in (Fig. 5).
The elements used for the pad discretization are dis-
tributed as follows: 4 elements in the radial direction,
16 elements in the axial direction and 48 elements in the
circumferential direction. Only half of the pad in the axial
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Fig. 4. Comparison between ETHD code and results from Brockwell et al. [20]; synchronously reduced dynamic coefficients
obtained analytically and experimentally for a five shoe tilting-pad journal bearing, for two different rotational speeds.

Fig. 5. Industrial compressor modeled using the finite-element method, mounted over two identical tilting-pad journal bearings.
The finite-element discretization for the shaft and the pads is shown. The position of the injection hole on each pad with respect
to the pivot line and leading edge is also depicted.
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Table 1. Analyzed system parameters.

Parameter Value Units
Journal Radius (R) 50.800 mm
Number of pads (ns) 5 –

Pad inner Radius (Rs) 50.921 mm
Pad aperture angle (α0) 60 deg

Angular position pivot pad #1 60 deg
Angular position pivot pad #2 132 deg
Angular position pivot pad #3 204 deg
Angular position pivot pad #4 276 deg
Angular position pivot pad #5 348 deg

Offset 0.6 –
Pad width (L) 44.450 mm

Pad thickness (Δs) 10.312 mm
Pad material elasticity modulus (E) 200 GPa

Pad material Poisson ratio (ν) 0.3 –
Pad material density (ρs) 7800 kg.m−3

Injection orifice length (l0) 5.0 mm
Injection orifice diameter (d0) 5.0 mm

Number of orifices per pad (n0) 1,2 –
Assembled bearing gap (h0) 102 μm

Oil viscosity (40 ◦C) (μ) 0.028 Pa s
Oil viscosity (80 ◦C) (μ) 0.007 Pa s

Oil density (ρ) 863.5 kg.m−3

Oil specific heat (Cp) 1900 J.kg−1.K
Oil thermal conductivity (kc) 0.13 W.m−1.K

Oil supply temperature 50 ◦C
Oil supply flow rate 0.000375 m3.s−1

Unbalance for the third impeller 720 g.mm
Unbalance for the rotor coupling 360 g.mm

direction is modeled, in order to take advantage of the
axial symmetry of the pad geometry. Regarding conver-
gence behavior for the pad model, the number of elements
employed for the modeling is higher than the one used
for modeling the bearings when comparing against the
experimental results from the literature, as exposed in
Section 4. On top of that, the guidelines obtained from
the convergence analysis for the bearing model performed
in [21] are taken into account.

The analysis is performed following the procedure
stated in Section 3, using the validated ETHD code. In
total, ten modes are included for the pseudo modal re-
duction scheme, five of them correspond to the tilting
motion of each pad, and the remaining five correspond
to the first bending mode of each pad. According to the
results from [12], the inclusion of higher bending modes
for the pads does not affect significantly the results con-
cerning static equilibrium position and global system dy-
namic behavior. The results obtained allow to compare
the behavior of the passive system (no injection holes are
present in the bearings) against the controllable system,
operating with two different injection pressures. Among
the analysis performed, the oil film pressure and temper-
ature field are compared for the two systems. Also, some
tribological magnitudes are studied, such as minimum oil
film thickness and oil temperature, as well as the dynamic
behavior of the rotor-bearing systems, in the form of un-
balance response and stability map.

5.2 Oil film pressure and temperature field

A comparison for the oil film pressure and tempera-
ture field for the passive system (no injection) and the
controllable one is given in (Figs. 6 and 7). The results
correspond to the static and thermal equilibrium position
of bearing 2, operating at 4500 rpm and 9000 rpm. None
of the pads of the bearings was cavitating for the opera-
tional conditions simulated, although the model is capable
of accounting for it using Gumbel model. Two different
injection pressures are applied (20 bar and 40 bar).

It can be seen that by injecting pressurized oil the
pressure and the temperature field are modified. A high
pressure area is created towards the leading edge of the
pad, around the injection hole. When analyzing the tem-
perature field, it can be seen that the effect of the injected
oil is to generate a stream of cooler oil. The flow area af-
fected by this stream depends on the oil film pressure gra-
dients and injection pressure, being larger for the lightly
loaded pads and for higher injection pressure.

It can also be seen that the flow area unperturbed
by the stream of cooler oil develops a higher tempera-
ture towards the trailing edge, when compared to the no
injection case. This is particularly evident for (Fig. 7F);
in this picture, it can be seen that a high temperature
zone is created toward the corners of the trailing edge.
According to the analysis performed in [12], the oil injec-
tion in the leading edge induces an increase of the tilting
angle of the pad. Such increase will induce a reduction of
the minimum oil film thickness towards the trailing edge,
hence when the oil is forced to pass through that area,
it develops a higher temperature, when compared to the
“no injection” case.

5.3 Minimum oil film thickness and oil temperature

As it was mentioned in Section 5.2, by injecting pres-
surized oil towards the leading edge, an increase on the
tilting angle of the pad is obtained, which entails a reduc-
tion in the minimum oil film thickness. The results shown
in (Fig. 8A) are consistent with such analysis. Also, the
increase on the oil film maximum temperature with in-
jection pressure shown in (Fig. 8B) is consistent with the
analysis exposed in Section 5.2. However, when analyz-
ing the oil film average temperature results (Fig. 8C),
a clear benefit from using the controllable lubrication
regime arises, since a clear reduction is obtained for the
analyzed rotational speeds.

At this point, it is worth mentioning that the local
increase of oil temperature towards the trailing edge can
also be a consequence of the adiabatic assumption for
the oil film behavior. In Section 4.1, it was noted that
our model fails to reproduce the oil temperature drop
towards the trailing edge observed in the experimental
data. Hence, it can be argued that the negative results
obtained for the oil film maximum temperature when us-
ing the controllable lubrication can be a consequence of
the simplifications introduced into the model, namely the
lack of the modelling of the heat transfer effects between
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Fig. 6. Oil film pressure (A, C, E) and temperature field (B, D, F), in bearing 2, for 4500 rpm; comparison for no injection (A,
B), 20 bar injection pressure (C, D), 40 bar injection pressure (E, F).

oil film and bearing pads. Experimental testing is planned
to prove the validity of this hypothesis.

5.4 Dynamic behavior: rotor unbalance response
and stability diagram

By imposing a controllable lubrication regime, it is
possible to modify the equilibrium position of the rotor-
bearing system, which entails a modification of the tilting-
pad journal bearing dynamic properties. Both its stiffness
and damping characteristics are modified, according to

the theoretical results presented in [12]. Hence, it could
be feasible to improve the performance of the rotor bear-
ing system from the dynamic point of view, by a proper
positioning of the injection orifices and proper selection
of the injection pressure.

In (Fig. 9), the unbalance response amplitude for the
rotor system, measured at node 28, is shown. To obtain
these results, an unbalance force was applied firstly to the
rotor node 28, (Figs. 9A and B), which corresponds to
the position of the third impeller of the compressor, and
to node 55, (Figs. 9C and D), which corresponds to the
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Fig. 7. Oil film pressure (A, C, E) and temperature field (B, D, F), in bearing 2, for 9000 rpm; comparison for no injection (A,
B), 20 bar injection pressure (C, D), 40 bar injection pressure (E, F).

coupling. The value for the unbalance is 720 g.mm for the
third impeller, and 360 g.mm for the coupling, according
to API 617. In (Figs. 9A and B), it can be observed that
when injecting pressurized oil the position of the resonant
peak is shifted to the left, which implies a reduction in the
stiffness characteristics of the bearings. This analysis is
also confirmed by the amplitude response to the left of the
resonant peak, which becomes higher for the controllable
lubrication cases. Such reduction in the stiffness charac-
teristics is obtained alongside an increase in the damping
ratio associated to the unbalance response of the rotor,
responsible for the reduction in the amplitude of the res-
onant peak for the controllable case. Hence, these results

show that the injection of oil towards the leading edge
modify the stiffness and damping characteristics of the
bearing, resulting in an increase of the resulting damping
ratio for the rotor-bearings system. When comparing with
the admissible vibration amplitude for the rotor accord-
ing to API 617, the results show that by imposing the
controllable lubrication regime with injection pressure of
20 bar, it is possible to reduce the unbalance response in
order to comply with the requirement of the norm.

The results obtained for the stability map shown in
(Fig. 10) support the previous results. A clear increase of
the instability onset speed is obtained for the controllable
case, due to an increment of the damping ratio associated
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Fig. 8. Minimum oil film thickness (A), maximum (B) and average oil temperature (C) for bearing 2 operating at different
rotational speeds; comparison for no injection, 20 bar and 40 bar injection case.

with the vibration mode approaching unstability, hence
expanding the stable operational range of the compressor.
These results confirm the ones obtained in [12], analysis
that was performed using a rigid-pad isothermal model
for the tilting-pad journal bearings.

With regards to the effect of changing the value of
the injection pressure, the results from (Figs. 9A and B)
and (Fig. 10) show opposite trends. For the unbalance
response, when exciting at node 28, an increase in the in-
jection pressure entails a reduction in the damping ratio,
whereas for the stability map, an increase in the injection
pressure enlarges the stable operational range, implying
higher damping ratio. This apparent contradiction can be
explained, since the eigenmode being excited in the unbal-
ance response plot (excitation at the impeller) is different
than the one approaching the unstability threshold in the
stability map. Since each one of these two different modes
associated with different modal damping ratios, it can be
inferred that a change in the injection pressure value mod-
ifies in different ways the damping ratio associated with
different modes.

This analysis is supported by the results shown in
(Fig. 11). The damping ratio for two different modes of
the rotor bearing system is calculated for the analyzed
range of rotational speed. Mode 1 corresponds to the
eigenmode approaching unstable behavior, as noted in

(Fig. 10), whereas mode 2 is the mode excited due to the
unbalance force in (Fig. 9). Firstly, the difference in the
order of magnitude between the damping ratios for each
mode must be noted. For both modes, it can be seen that
the use of a controllable lubrication regime implies an in-
crement in the damping ratio associated with the mode.
However, for mode 1, an increase in the injection pres-
sure value entails higher modal damping ratio, whereas
for mode 2 the modal damping ratio is diminished for an
increase in the injection pressure.

The analysis performed so far is valid for the unbal-
ance response obtained when the excitation force is lo-
cated at node 28, namely the third impeller, as shown in
(Figs. 9A and B). The position of such node implies that
the eigenmodes already shown in (Fig. 11) are preferably
excited. However, when locating the unbalance force at
the coupling of the rotor (node 55), namely at the end
of the rotor, higher eigenmodes are excited, hence the
response of the system becomes the result of the super-
position of different modes. Therefore, the results shown
in (Fig. 9) illustrate that the relationship between re-
sponse amplitude and injection pressures seems to be al-
tered,(Figs. 9C and D), when comparing with the case
where the excitation was located at one of the impellers,
(Fig. 9A and B). When exciting at the coupling, the am-
plitude of the resonant peak almost does not vary for the
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Fig. 9. Maximum amplitude for the unbalance response, measured at rotor node 28 (third impeller), for two different positions
of the unbalance excitation (node 28, third impeller (A, B); node 55, coupling (C, D)); comparison for the passive case and
controllable case, with different injection pressures.

Fig. 10. Stability map of the compressor; the instability on-
set zone is shown for the no injection case and two different
injection pressures.

imposed values of injection pressure, whereas the response
outside the resonant peak does not converge towards the

same value. These results show the difficulties associated
with finding an optimum value for a fixed injection pres-
sure on a practical application of the controllable (hybrid)
lubrication scheme. Hence, the advantages of determining
the value for the injection pressure by means of a control
loop (active lubrication) become evident. Even tough in
this work it has been theoretically showed that by in-
jecting oil at a fixed pressure towards the leading edge
of each pad it is possible to modify favourably the dy-
namic behavior of the rotor system, the achievement of
the optimal results regarding reduction of the unbalance
response requires varying the injection pressure according
to the system state, by means of a control loop, as it was
shown theoretically and experimentally in other works on
these subject [9].

6 Conclusion

In this work, an Elasto-Thermo-Hydrodynamic
(ETHD) model for the Tilting-Pad Journal Bearing has
been presented. Such model includes also the effect
of injecting high pressure oil directly into the bearing
clearance through orifices across the bearing pads, allow-
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Fig. 11. Effect of the injection pressure over the damping ratio for two different modes of the rotor-bearings system; mode 1
corresponds to the mode approaching instability on (Fig. 10), whereas mode 2 is the mode excited on (Fig. 9).

ing to study the effect of imposing a controllable lubrica-
tion regime. Based on the results presented on this work,
it is possible to conclude the following:

1. The developed ETHD model compares well to exper-
imental and theoretical results from the literature for
the passive tilting-pad journal bearing operating in
laminar regime. From the validation, it is clear that
improvements are possible in the form of improving

the modellling of the heat transfer taking place be-
tween the oil film and the pad. On this regard, an in-
vestigation on the way of doing it will be performed,
since the absence of the radial direction as part of the
oil film modeling domain does not allow to apply the
usual boundary conditions to include such effect.

2. The theoretical results obtained when analyzing a ro-
tor tilting pad journal bearings system showed some
clear benefits of the implementation of a controllable
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lubrication regime. When injecting oil through a hole
located towards the leading edge of the pads, a reduc-
tion in the oil film average temperature was observed,
as well as an improvement in the damping ratio char-
acteristics of the rotor-bearing system, expressed in
the form of reduced unbalance response when cross-
ing critical speeds and higher instability onset speed.

3. Among the drawbacks of imposing the controllable lu-
brication regime, a reduction in the minimum oil film
thickness is observed, as well as an increase in the
maximum temperature of the oil film. This last result
could be a consequence of the adiabatic assumption
for the oil film thermal behavior and the non-inclusion
into the model of heat transfer effects between the
bearing pads and the surroundings.

4. With regards to the selection of the injection pressure,
the results obtained show that the resulting modifi-
cation of the bearing stiffness and damping charac-
teristics affect the damping ratio of the rotor-bearing
system eigenmodes in different ways. Hence, finding
an optimum value for a fixed injection pressure that
enables to reduce the unbalance response at any run-
ning speed proves to be a difficult task. This difficulty
can be overcome by establishing an active lubrication
regime, where the injection pressure is determined by
means of a control loop, as it has been shown in other
works in the subject.

5. An experimental validation of the ETHD model in-
cluding the effect of the controllable lubrication regime
is on the way, in order to prove the practical validity
of the promising results of this theoretical study.
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