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On the influence of particle concentration in a lubricant
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Abstract — Vibration and wear debris analyses are the two main conditions monitoring techniques for
machinery maintenance and fault diagnosis. In addition, numerical simulation can provide useful tools to
assess the proper functioning of industrial machines. We use different suspension theories with a concern
of the effect of solid particles liquid lubricant itself on bearing behavior. We consider both simple models
based on the Einstein’s mixture theory and a micropolar fluid theory, which is characterized by the presence
of suspended rigid micro-structured particles. We suppose in this study that there are no abrasion and
no wear (which are not beneficial for the contact performances) due to the presence of particles. Thus in
this case we found theoretically that the presence of rigid particles in the lubricant increases the effective
viscosity which enhances the load-carrying capacity as well as the minimum film thickness.
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1 Introduction

In recent years there appears to have been a growing
interest in the study of the importance of non-Newtonian
effects in lubrication problems. The problem of non-
Newtonian lubrication theory mainly reduces to the de-
termination of a realistic equation of state (constitutive
equation) connecting stress and rate of deformation. It
is also essential that the equation chosen shall be simple
and mathematically permissible in the sense of invariance.
Most investigations to date, while using mathematically
simple models, have used either physically unrealistic or
mathematically inadmissible equations of state; and it ap-
pears that a re-appraisal is necessary. The presence of
nonlinearities during the simple shear flow of such lubri-
cant is considered to increase the load carrying capacity of
the lubricant film whereas the reduction in the viscosity of
the lubricant with shear rate contributes to a reduction in
friction. The non-Newtonian behavior of the lubricant is
found to delay the onset of turbulence and cavitation and
to stabilize the flow. The formulation of a single general-
ized constitutive equation for the investigation of different
types of flow situations is almost impossible. An adequate
form of the constitutive equation which could satisfacto-
rily predict the required aspects of the flow situation to
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the required degree of accuracy is the actual requirement
for investigation [1-3].

A simple approach consists in considering the lubri-
cant as a fluid containing particles of given size and con-
centration. This elementary phenomenological approach
can be used when studying, for example, the effects of con-
tamination. Another approach used to characterize these
fluids consists in considering these lubricants as polar flu-
ids. Physically, the polar fluids consist of rigid, randomly
oriented particles suspended in a viscous medium. Min-
eral oils containing a small amount of particles are the
examples of couple-stress fluids. The main particularity
of couple-stress fluids is that the stress tensor is anti-
symmetric.

In order to better describe the flow behavior of this
kind of non-Newtonian fluid, different micro-continuum
theories were therefore developed (Stokes [4], Ariman and
Sylvester [5], Ariman and Sylvester [6]). Among these
theories, the couple-stress fluid model proposed first by
Stokes [4] is the simplest and has been widely used. The
incompressible couple-stress fluid is physically character-
ized by two constants, namely viscosity p and couple
stress parameter 7. Note that the new material constant
7 is responsible for the couple-stress property. In the lit-
erature, the effects of couple-stresses on the behavior of
journal bearings are theoretically studied by defining the
dimensionless couple-stress parameter (whose the value
ranges from zero to one), having the dimension of length.
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Nomenclature

c bearing radial clearance, (m)

h fluid-film thickness, (m)

Fx, Fy components of the hydrodynamic carrying capacity

Fx, Fy dimensionless components of the hydrodynamic carrying capacity, <F X, Fy) = %
wRL( &

f friction factor where F¢ is the friction force on the bush and Wy the static load f = ‘?;0

L bearing length, (m)

14 characteristic length of additives, (£ = /(n/u)), (m)

/ couple-stress parameter, (£ = £/C)

Ny number of cells in circumferential direction

N, number of cells in the axial direction

Q dimensionless total mean leakage flow, (Q =QL/ (wC’Rs))

Kij rate of rotation tensor

P fluid-film pressure, (Pa)

P normalized film pressure, (]3 = m)

R journal radius, (m)

t time, (s)

U, V, W velocity components in circumferential, radial and axial directions, respectively, (m.s™ ')

W dimensionless load carrying-capacity, W= (Ff + Fg) v

z Cartesian coordinate axis along the bearing axis, (m)

Z dimensionless axial coordinate

(Oc,e,0) Cartesian coordinate system centered at 0. with unit vectors € and ¢ parallel and

perpendicular, respectively, to the center line

(0c,X,Y) coordinate system related to the static load

€ static eccentricity ratio, (¢ =e/C)

e static eccentricity, (e = |0c04]), (m)

n material constant responsible for the couple-stress property, (N.s)

1) bearing attitude angle, (rad)

I absolute viscosity of the lubricant, (Pa.s)

s viscosity of the solvent

[% bearing angle with the origin at the maximum film thickness, (rad)

Oco static cavitation angle, (rad)

w journal angular velocity, (rpm)

o] volumic concentration,

ey unbalance eccentricity, (m)

M rotor mass supported by the bearing, (kg)

O, shaft center,

Oc bearing center,

X, Y shaft center coordinates, (m)

X,y dimensionless shaft center coordinates, (X,Y) = (X,Y)/C

P, acceptable maximum concentration

&p unbalance eccentricity ratio, e, = e,/C

It can be thought of as a fluid property depending on the
size of the particle. Owing to its relative mathematical
simplicity, the Stokes’ couple-stress fluid model has been
widely applied to analyze various hydrodynamic and hy-
drostatic lubrication problems. Mokhiamer et al. [7] pre-
sented an excellent theoretical study of the performance of
a steadily-loaded compliant journal bearing using couple-
stress fluid as lubricant. The results obtained are:

— both the maximum pressure and load-carrying capac-
ity increase with the increase of the couple-stress pa-
rameter;

— the attitude angle and the friction factor decrease
when the couple-stress parameter increases;

— the side leakage flow remains almost the same as the
couple-stress parameter increases.

In this paper we investigate the effects of particles in a
lubricant on bearing behavior. A special attention is paid
to the influence of particle concentration.

2 Rheological law

The simplest law of rheological behavior is that of
Newtonian type. The relationship between the shearing
and the velocity gradient across the film is linear when
considering the thin film theory (Fig. 1). Thus only the
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Fig. 1. Contact scheme.

shear stresses 7, and 7, are taken into account and the
constitutive laws are written:

Ju
Ta:y = Ma—y

ow (1)
Tzy = Ma_y

where:
w: dynamic viscosity of the fluid,
u and w: velocity components of a fluid particle according
to x and z axes respectively.
Ty and T, viscous shear stresses.

For a Newtonian and conpressible fluid, the relation
linking the shearing (o;;) to the tensor of rate of defor-
mation (D;;) is written:

oij = (=p+ A0)di; + 2uDy; (2)

with,
p: static pressure,
Dij = +(us,j + uj;): the tensor of rate of deformation,
©: cubic dilatation (@ = Dy, = g%’;),
di;: Kronecker delta (unit tensor),
A and p: viscous fluid parameters (Navier coefficients).
For an incompressible fluid (© = 0), the second coef-
ficient of viscosity A does not play a role.
The presence of particles leads to non-Newtonian rhe-
ological behavior. Several approaches are possible and dis-
cussed below.

2.1 Suspension of solid spherical particles

The simplest method to represent the macroscopic
structure of a fluid with particles is to consider the
mixture as a suspension of rigid spherical particles in
a Newtonian solvent. The rheological behavior is still
Newtonian [7]. The only change concerns the dynamic
viscosity. The predicted change in viscosity is based on
so-called dilute solutions theory [8] which began in 1906
due to Einstein. The theory has been broadly modified
by other authors. The simplest and the most widely used
variations are as follows:

(a) Model of Einstein

Einstein’s work in rheology concerns very dilute sus-
pensions of rigid spheres with volumic concentration &,

in a Newtonian solvent of dynamic viscosity ps. He pro-
posed the following expression, valid for any type of fluid
flow:
L 1425xa (3)
Hs
where:
Mi average relative viscosity of the suspension
w: fluid viscosity
s> Viscosity of the solvent.

(b) Model of Batchelor and Green

In 1972, Batchelor and Green, added a quadratic term
to the Einstein’s expression, to take into account the
Brownian movement of the particles [8,9]. This refers to
the random action of the lubricant on the particles. The
previous expression (3) becomes:

B 14255 B+6.2x B2 (4)

s

(c) Model of Ball and Richmond

In 1980, Ball and Richmond changed the model of
Batchelor and Green, by introducing an acceptable max-
imum concentration (¥, =~ 0.64 for spheres in sol-

vent) [8,9]:
—2.5x P,
1 P )
Ly .. 5

Ks < D, ( )

(d) Model of Phan-Thien and Pham

Phan-Thien and Pham, in 1987 offer a different ex-
pression of the fluid viscosity which is given by the fol-
lowing expression [8,9]:

Ho_ ) 2s
L 19 (6)

2.2 Couple stress fluid (polar fluid)

Most oils used for the lubrication of rotating machin-
ery contain particles and/or additives. These particles and
additives cause modification to the rheological behavior
of the resulting fluid. According to the continuum theory
of Vijay Kumar Stokes (Micro Continuum Theory) [4],
the behavioral law for this fluid (called a complex fluid or
polar fluid) can be written as:

0ij = —pOij + p(wij + uji) — %ez‘jkMrm (7)
with: Mij = %Mnnéw + 4T]Kij,
0jj: non symmetrical stress tensor,
M, couple stress tensor,
e;j1: permutation tensor of order three,
Kij: rate of rotation tensor,
w: coefficient of viscosity with a dimension of [u] =
ML 71,
7: physical constant due to the presence of the couple
stress with a dimension of [] = MLT '
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Fig. 2. Geometry and kinematics of contact.

3 Reynolds equation

For a couple stress isoviscous fluid (Fig. 2), the modi-
fied Reynolds equation is given in the following form [7]:

0 Op 0 dp

P [G(h oz } 92 [G(h 2 (’92]
oh oh Oh oh
<(UQ+U1)a 2U28 (W2+Wl)% _2U2%

oh
—2W2£ + 2V2> (8)

with: G(h, £) = h® — 1202h + 2403 tanh ().

In this equation:
p(zx, z,t): pressure in the film
h(z,z,t): thickness of the film
t: time
w: constant fluid viscosity
{: couple stress parameter which physically represents the
size of the particle and can be expressed as { = \/n/u
where 7 is a physical constant of the lubricant due to the
presence of couple stresses [4].
U; and Us speeds of solids, S; and Sy in the the z-
direction, W7 and W5 speeds of solids, S; and Sy in the
z-direction.

In hydrodynamic regime, the modified Reynolds
Equation (8) for a lubricated bearing with a couple stress
fluid becomes [7]:

1 0 dp 0 dp
R? 06 [G (h, €) ae} 0z [G(h 2 82}
oh oh
= 6uw% + 12#& (9a)
In dimensionless form this equation becomes:
D [~ (5 7 Op R\? 0 [~ (: » 0P
BT, {G (=) ao} * (_) 9z [G (=) %]
oh oh
639 + 5 (9b)

with: & (I, e) = B = 12%h + 240 tanh (&) for a new-
tonian fluid (¢ = 0: G = h?) and: 0=%,2=7, il C,
t—wt,ﬁ—— and p = —2—.
P B
The film thickness (Fig. 3a) is given as: h = C +

x(t) cos @ + y(t) sin b,

w: rotational speed of the rotor,

C' radial clearance of the bearing.

R and L are the radius and the length of the bearing,
respectively.

The Reynolds equation for a Newtonian fluid as
well as the modified Reynolds equation must be solved
numerically. We use here the finite difference method.
The obtained nonlinear algebraic system of equations is
solved using iterative method of Gauss-Seidel with an
over-relaxation coeflicient according to the algorithm of
Christopherson which allows us to take into consideration
the film rupture.

Obtaining the pressure field we can calculate the com-
ponents of the hydrodynamic carrying capacity:

L/2 ¢,

{ } // ezt{cosg}Rdedz

—L/2 01

(10)

where 61 and 05 are the angular locations of rupture and
film reformation, respectively.
The following boundary conditions have been applied:

- 1
po=0 at Z= :t§ (11)
ﬁ:%:() t 0=10q (12)

Equation (11) results from the fact that the ends of the
bearing are exposed to the atmospheric pressure, while
equation (12) is the Swift-Stieber conditions known as
the Reynolds conditions. 6.y is the film rupture angle,
so-called the cavitation angle measured from the maxi-
mum film thickness at which cavitation starts. It is not a
prescribed value but is determined during calculations by
applying the Christopherson’s algorithm [10].

The dimensionless total mean leakage flow of the jour-
nal bearing is expressed by:

Q=1Q+| +1Q-| (13)

where
~ 2‘" ~ ~ ~
= [wid| a0 ana @ = [ |hi] as
@+ /0 [ P @ /0 PR
Q+ and Q, are the dimensionless mean leakage flows at

each end of the journal bearing.
The dimensionless mean velocities of the flow are given

by:
1 h*0p 5, 0p h
_5_5%—’_[ 89 <1——tanh <—~>>
h
20

N h20p  -,0p 20
w——E%—FﬁaZ(l—;tanh(

o™

20
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Fig. 3. Rotor-bearing system and system axes. (a) Cross-
section of the bearing. (b) Schematic of the system.

4 Method of resolution
4.1 Method of solution in steady-state conditions

The static solution of hydrodynamic problem is ob-
tained by an iterative numerical procedure. The following
steps are performed:

1. Select the input parameters of the problem ¢, R, L, ¢,
D, w, 1, Ny, N, relaxation factors, convergence crite-
ria and maximum number of iterations for the pres-
sure. (N cells in circumferential direction, IV, cells in
the axial direction.)

2. Compute the film thickness h.

Initialize the iteration number n to 0.

4. Initialize the dimensionless static pressure field (™ =
0.

5. Solve the modified Reynolds equation for the pressure
field p("*t1) using the finite difference method with suc-
cessive over-relaxation scheme. The iterative process
is repeated until either the pressure convergence crite-
rion is achieved or the maximum number of iterations
is exceeded.

6. Check the static film pressure convergence criterion

1 n+1) _ ~(n)
N Ei,j

w0

~( -
Pij Pij

—4___ | < 107° where N is the total
50D

number of nodes for which the pressure is positive.
If convergence is not achieved, then increment the it-
eration number n by 1 and return to step 5.

7. Calculate the static performance characteristics.

4.2 Equations of rotor motion and method
of resolution

The different forces which act on the shaft are the
weight Mg, the hydrodynamic forces Fixy and Fy, the in-
ertia forces M X and MY and the unbalance forces char-
acterized by an eccentricity e, (Fig. 3b). The application
of Newton’s second law to the shaft movement allows us
to write:

MX =Mg+F, (X,Y,X,Y) + Meyw? cos (wt)
MY = F, (X, Y,X,Y) + Meyw? sin (wt)
(15)
In Equation (15) the hydrodynamic forces are nonlinear
functions of coordinates X and Y and speeds X and Y of
the shaft center. Initial conditions are chosen arbitrarily.
After integrating the nonlinear differential Equations (15)
by an explicit Euler method, we can calculate displace-
ments X (t) and Y (¢) of the shaft center according to the
following scheme:
X (t+ At) = X (t) + X (t) At (16)
X (t+ At) =X (t)+ X (t + At) At

and similar equations for the Y displacement and the
speed X and Y.

5 Parametric study

The parametric study in this work concerns a compar-
ative investigation of a bearing lubricated by: a Newto-
nian fluid, a polar fluid (couple stress fluid), and a fluid
with spherical solid particles (the effect of particle con-
centration). The results concern:

(1) The shaft center trajectories of a bearing subject to a
static load (e.g., weight) and/or its dynamic response
(e.g., unbalance).

(2) The variations of minimum film thickness and maxi-
mum pressure in the film as functions of time, which
are both important parameters to consider in design
of the bearing.

(3) The effect of the fluid rheology on the nonlinear dy-
namic behavior of the bearings.

The following data have been used (Tab. 1).

5.1 Static performance

Figures 4 to 8 depict, respectively, the dimensionless
pressure distribution for € = 0.7, dimensionless carrying
capacity, dimensionless side leakage flow, friction factor,
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Table 1. Bearing geometry, running conditions and lubricant properties.

Geometry

— bearing length, L
— shaft radius, R

— radial clearance, C
Running conditions

— rotor mass allocated to the bearing, M

— rotating speed, N
Lubrifiant properties,

— dynamic viscosity at atmospheric pressure, p

— density, p
— couple stress parameter, £

35 x 1072 m
35x107° m
25 x 107° m

54 kg
5000 rpm

0.001 Pa.s
1000 kg.m 3
0.0, 0.1 and 0.3
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Fig. 4. Dimensionless pressure distribution for different rheological models (@ = 10% left, and & = 30% right; ¢ = 0.7).

and attitude angle versus eccentricity ratio; for two val-
ues of the particle concentration, namely, 10% and 30%.
Several comments can be made. Increasing the concen-
tration of particles increases the apparent viscosity, thus
leading to a higher pressure. The values obtained de-
pend on the model and its complexity. Incidentally, the
non-Newtonian models give similar dimensionless load at
small particle concentration which is higher when com-
pared to the Newtonian case. For higher values of par-
ticle concentration there is a differentiation between the
different models, the Einstein model predicting a more
less extent of non-linearity. A significant increase of the
dimensionless side leakage flow is observed when using
Einstein law or related models. We do not observe any
noticeable change with the polar model when compared
to the Newtonian case.

The same tendencies are observed for the friction
factor in which the attitude angle does not present
any notable change. These latter results are in good
agreements with those from Mokhiamer et al. [7] and
Boucherit et al. [11] who show that: both maximum pres-
sure and load-carrying capacity increase with the increase
of the couple-stress parameter, the attitude angle and
friction factor decrease when the couple-stress parameter

increases, and the side leakage flow remains almost con-
stant as the couple-stress parameter increases.

5.2 Dynamic response

Figures 9 and 10 show the evolution of the minimum
film thickness and maximum pressure with time for 10%
concentration of particles in a solvent. We note that the
presence of particles increases markedly the minimum film
thickness and slightly decreases the maximum pressure as
the effective viscosity rises. The couple stress model gives
higher values of pressure as it takes into account more
phenomena in describing flow resistance.

The equilibrium position of the shaft is stable as
shown in Figure 11 which represents the shaft trajectories
for different rheological models.

We obtain the same tendencies when increasing the
concentration of particles (20% and 30% in Figs. 12 to 17)
with an enlargement of the response. We note that when
the concentration of particles increases, the bearing be-
haviour can become unstable. This is consistent with the
results presented in Figure 8 where it has been noted that
the attitude angle increases with particles concentration.
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Fig. 8. Static attitude angle versus static eccentricity ratio for different rheological models (@ = 10% left and @ = 30% right).
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Fig. 9. Minimum film thickness evolution with time for 10%
particle concentration.

It is well known that when the attitude angle increases
the bearing stiffness (fluid stiffness) decreases and thus
can lead to instability. The instability in this case means
that the shaft do not retrieve its equilibrium position and
thus can have an orbital or divergent orbit.

6 Discussion and conclusions

Starting from a simple approach based on the Ein-
stein theory of particle concentration, we have found that
the presence of particles enhances pressure magnitude and
load carrying capacity. Likewise, the particles decrease the

0.0z

005 —

0.04 —f-

Pmax (MPa)

002 —

0.00 1 T f I f
0.00 0.10 0.20 030 0.40
Time (s)
Fig. 10. Maximum pressure evolution with time for 10% par-
ticle concentration.

friction factor, however, no changes are observed in the at-
titude angle. The nonlinear study shows that when the
concentration of particles increases the bearing behav-
ior can become unstable. These are rough estimations or
qualitative tendencies.

Further to obtained results it is clear that the addition
of particles or molecules in a solvent improves the static
characteristics of a hydrodynamic bearing but can lead
to dynamic instabilities. In term of predictive service this
can be an indicator to inform about the state of health
of the mechanism and the detection of a critical concen-
tration which is harmful in term of dynamic reaction but
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Fig. 11. Shaft trajectories for 10% concentration of particles.
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Fig. 12. Minimum film thickness evolution with time for 20%
particle concentration.

also consequently on flow (aggregation leading to one un-
der feeding).

It is clear that in any machine with an oil cycle sys-
tem, the oil is always in the condition of input, output,
flow and stir, and the particles generated by friction and
wear are suspended in the oil. Obviously, the particles
in the oil are generated and removed continuously when
the machine is running. The main mechanisms for the re-
moval of the particles are filtration, settling, impaction
and adhesion, combination, dissolution, magnetic separa-
tion, etc. The concentration of particles cannot be steady

0.08

0.06 —

P ax (MPL)
=]
2
|

000
o.oo a10 0.20 0.30 0.40
Time(5)
Fig. 13. Maximum pressure evolution with time for 20% par-
ticle concentration.

Cledrance cipele

Shaft center coordinate Y

-1.0 -0.5 0.0 R} 1.0
Shaft center coordinate X

Fig. 14. Shaft trajectories for 20% particle concentration.

state. A fundamental problem common to all of these con-
ditions is the behavior of the particles in the liquid. It
has been shown that the larger the particle diameter and
mass concentration, the higher the load carrying capacity.
This result was explained in that for a given concentra-
tion, finer particles will more easily form a complete and
continuous film than coarser particles.

One can develop more sophisticated theoretical ap-
proaches. For instance, the Discrete Element Method
(DEM) can help in the understanding of such complex
phenomenon. The DEM can treat the microscopic parti-
cle behavior by solving Newton’s equations of motion for
each particle. It has become a popular tool for granular
material simulation and has been applied to a variety of
problems. The soft sphere model, which was first proposed
by Cundall and Struck [12], was introduced to gas—solid
systems by Tsuji [13] in 1993.
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Fig. 16. Maximum pressure evolution with time for 30% par-
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Subsequently, Horio et al. [14-19] successfully applied
the method to solve industrial issues relevant to fluidized
beds for particle agglomeration, and combustion with im-
mersed tube and polymerization. However, considerable
empiricism still remains as to how to plausibly include dif-
ferent interparticle forces in Newton’s equation of motion,
and also in how to adjust values such as the coefficient of
restitution and the spring constant. To develop DEM fur-
ther for more realistic simulation, a more accurate and
practical collision model should be constructed in which
the lubrication effect is included.

As an alternative approach, using the Stokes micro-
continuum theory, the effects of couple stress on the static
and dynamic response have been presented. To take into

Cledrance circle

Shaft center coordinate Y

-1.0 -0.5 0.0 o5 1.0
Shaft center coordinate X

Fig. 17. Shaft trajectories for 30% particle concentration.

account the couple stress effects due to a Newtonian lubri-
cant blended with particles, a modified Reynolds equation
is derived using the Stokes constitutive equations. Accord-
ing to the Stokes theory, a new material constant [12] is
responsible for the couple stress property. The parameter
¢ may be identified as a characteristic length of a particle
in a Newtonian lubricant.

The influence of couple stresses on the bearing char-
acteristics is significant. Compared to the Newtonian-
lubricant case, the effects of the couple stresses provide
an enhancement to the load-carrying capacity, as well as a
reduction in the attitude angle and the friction coefficient.
The quantitative effects are more pronounced for bearings
operating at higher values of eccentricity ratio. The effects
of couple stresses due to the lubricant with particles indi-
cate potential beneficial effects on load enhancement and
the friction reduction of a lubrication system. This influ-
ence agrees qualitatively with the experimental works by
Scott and Suntiwattana [20] and Oliver [21]. This latter
theoretical approach seems to be closer to experimental
investigations. Theoretically speaking, the question as to
an appropriate rheological law remains open.
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