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Introduction

Abstract — This paper synthesizes a whole of work carried out on the spiral bevel gears from quasi-static
and dynamic models viewpoint. A sophisticated quasi-static model makes it possible to calculate the tooth
loads, the pressures, the instant mesh stiffness, and the deflections on the flanks of spiral bevel gears. Based
on these results, two three-dimensional lumped parameter dynamic models are presented. The mechanical
system under consideration comprises: a spiral bevel pinion and gear connected by a time-varying non-
linear mesh stiffness function, and mounted on two shafts simulated by Timoshenko’s beams supported
by bearings. Two variants are considered which rely on different contact stiffness simulations: (a) using an
averaged mesh stiffness function acting at the centroid of the loaded areas on tooth flanks and (b) a more
local approach based on a discrete distribution of the local mesh stiffness, elements over the contact areas.
A number of results are presented and commented which illustrate the interest of these dynamic models.

Key words: Spiral bevel gear / dynamic model / load sharing / mesh stiffness / dynamic factors

Résumé — Modeles statiques et dynamiques d’engrenages spiro-coniques. Cet article synthétise
un ensemble de travaux effectués sur les engrenages spiro-coniques suivant des approches quasi-statique
et dynamique. Le modele quasi-statique sophistiqué rend possible le calcul des efforts de dentures, des
pressions, de la raideur d’engrénement instantanée, ainsi que les déformations des dents d’engrenages
spiro-coniques. Basés sur ces résultats, deux modeles dynamiques tridimensionnels a parametres localisés
sont présentés. Le systéme générique étudié est composé d’un pignon et d’une roue spiro-conique liés par
une raideur d’engrénement non-linéaire variable dans le temps, et montés sur deux arbres assimilés a des
poutres de Timoshenko supportées par des roulements. Les deux modeles envisagés s’appuient sur des
simulations différentes des raideurs de contact : (a) avec une rigidité d’engrénement moyenne agissant
au barycentre de la zone de contact entre les dents, et (b) une approche plus fine qui s’appuie sur une
distribution discrete d’éléments de rigidité locaux sur la région de contact. Certains résultats sont présentés
et commentés, illustrant le potentiel de ces modeles dynamiques.

Mots clés : Engrenage spiro-conique / modele dynamique / partage de charge / raideur d’engrénement /
coefficients dynamiques

meshing to the casing by the bearing-shaft assembly. In

The dynamic behaviour of gears has been extensively
studied over last decades with two main objectives [1]: im-
prove life time and reduce mesh noise. Because dynamic
tooth loads can be significantly higher than those in quasi-
static conditions, the life time of mechanical transmissions
can be strongly affected. In this context, it is essential to
predict the possible overloads on tooth contacts and the
associated critical frequencies. From an acoustical point of
view, gears are considered as potentially significant noise
sources, mainly because of the vibration transfer from the
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addition to experimental methods, theoretical analyses of
the dynamic behaviour of the systems have been largely
used. A number of dynamic models have been proposed
for spiral bevel and hypoid gears [2-4]. In particular, Lim
and Cheng [4] have introduced a three-dimensional dy-
namic model of hypoid gears extended later to account for
misalignments [5] and nonlinear time-varying mesh stiff-
ness [6,7]. In the continuation of these works, the influence
analysis of four misalignment errors on the dynamic be-
haviour of spiral bevel gears has been performed by Peng
and Lim [8]. Li and Hu [2] have developed a 47 degree
of freedom model for spiral bevel gears, based on their
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Nomenclature

A contact area

a,b dimensions of a rectangular cell

B center of the contact area

C viscous damping matrix

Cij influence coefficient of point j on point ¢

C3; contact influence coefficient

C’gf, ij‘-f pinion and gear bending influence coefficient, respectively

DF dynamic factor

eii, efi initial and final gap at point ¢

E, P, G pinion and gear misalignments

E,;1,2,3,4, 8 gear pair nodes in the dynamic models

F global mesh force matrix

F1 additional forcing term

F2 forcing term

Fy, Fs dynamic and static load, respectively

I, Iy pinion and gear moments of inertia, respectively

Ji, Ja pinion and gear polar moments of inertia, respectively

K global mesh stiffness matrix

ki elemental stiffness elements

Kg, Mg stiffness and mass matrices

Me point on the mesh envelope

N number of rectangular cells of the discretized tangent plane

n normal at any point

ni, N2 direction of the contact lines of the meshing load

Di pressure at point 2

q global generalized displacement vector

Ta, Tb coordinates of a point in the pinion and gear reference system, respectively

R tool tip radius

TcPC, TcPD tool reference radius of flank C and D respectively
R; lever arm at point ¢

Si surface of a rectangular cell

Te inertial kinematics energy

Ui, Ua; pinion and gear normal displacement at point i, respectively
Ug potential energy

UE, U1, U2, U3, Ud, US axial displacement of the gear pair nodes

|4 velocity at any point

VE, WE, V1, W1, V2, W2, U3, W3, V4, W4, VS, WS bending displacement of the nodes

Yi final gap at point ¢ when surfaces in contact

X shaft angle

«@ global normal approach of the contacting surfaces
Ao, Bo parameters describing a point on the tool

apc, apD tool pressure angle of flank C and D respectively
Yo tool positioning parameter

PE, VB, P1, Y1, 02, V2, @3, V3, pa, Y4, @3, Vs
Or, 61, 02, 03, 04, Os

rotations of the nodes
torsion displacements of the nodes

initial model of bevel gears [9]. Finally, Gao et al. [3]
have proposed a model dedicated to the study of shocks
in spiral bevel gear systems. In this paper, two dynamic
models are presented which make it possible to obtain in-
stantaneous displacements and tooth loads over a broad
speed range. In addition, the second model provides dy-
namic tooth loads and contact pressures on tooth flanks.
The two models incorporate actual spiral bevel gear ge-
ometries and some of the results delivered by an accu-
rate quasi-static contact model (ASLAN, software devel-
oped by LaMCoS of INSA of Lyon). The fundamentals
of the quasi-static modeling are synthesized in the first
section and it is shown how the instant mesh stiffness

and kinematical error obtained using ASLAN are used as
input data in the dynamic model.

2 Static model

The load sharing computation is decomposed as fol-
lows:

— definition of gear geometry by simulating the gear
manufacturing process,

— simulation of no-load kinematics (taking into account
misalignments),
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flank C

flank D

Fig. 1. Envelope definition of the cutter for the numerical model.

— load calculations: contact pressure distribution, trans-
mission error, stiffness. . .

2.1 Definition of the geometry

The proposed method enables the definition of spiral
bevel gear geometry based on the Gleason type genera-
tion process. In this study, all the UMC (Universal Mo-
tion Concept) motions are not considered and a simplified
case is analyzed. The method presented is based on Litvin
works [10].

2.1.1 Tool characteristics

The envelopes of the tool cutters are considered as the
union of a conical surface generating the active tooth sur-
faces and a toroidal surface cutting the tooth root shapes.

Once the tool characteristics are defined, the cutting
process is simulated to obtain the pinion and gear ge-
ometry. The process is illustrated in Figure 2, where the
different reference frameworks are defined as follows:

— Rp2 (Tm2, Ym2, 2m2): linked to the machine,
— Ry (x¢, ys, 2r): linked to the machine,

— Ry (xs, Ys, 25): linked to the tool,

— Ry (22, Y2, 22): linked to the gear.

2.1.2 Gear positioning during the cutting process

Generation is kept limited to two generative move-
ments which, in the cutting machine framework, corre-
spond to the rotation of the cradle (tool support) and
the rotation of the cut pinion. These two rotations are
linked by a constant ratio: mps. Compared with the UMC
model, the hypotheses are: the two gear flanks are manu-
factured simultaneously, the tool axis remains parallel to
the principal machine tool axis (no tilt angle, no swivel),
ratio mps is constant (no Modified Roll Motion), the pitch
cone tip of the gear is on the principal axis of the cutting
machine (no radial or axial offset).

From a general point of view, the equation of an en-
velope is obtained with the following form:

—_  —
{ OfMe = OfMe (a07 ﬂov ’YO) (1)

fe (a07/80770) = 0

Section of tool

Fig. 2. Cutting process illustration.

where a, and (, are two parameters describing the loca-
tion of a point on the tool whose envelope is sought, 7, is
a tool positioning parameter and f. is an equation linking
these parameters deduced from:

.
no = Ve (2)

—
VO

m

e, m and o refer respectively to the reference axes linked

=
to the envelope, cutting machine and tool. V and 7 cor-
respond respectively to the velocity and normal vectors
at any point.

2.1.3 Pinion and gear simulation

Figure 3 corresponds to a pinion and gear set obtained
with the developed numerical model, based on the simu-
lation of a simplified Gleason type generation process.

2.2 Loaded analysis

A number of contributions on the calculation of
tooth load sharing can be found in the literature.
Sentoku [11] and Bruyere [12] considered bevel gears,
when Gosselin [13], Icard [14], and Simon [15,16] studied
spiral bevel and hypoid gears. In the majority of these
works, approximate elastic models are employed which
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Fig. 3. Gear and pinion.

rely on curve-fitted experimental results and /or simplified
tooth representations (for example, tooth structural de-
flections are deduced from a cantilever beam theory). The
theory of Hertz is used to calculate the contact character-
istics such as pressure distribution, contact area and de-
flections between the mating teeth. The main advantage
of these models is that the computational times are lim-
ited and extensive parameter analyses can be performed;
on the other hand, the accuracy of the simulations can be
questionable in some cases. Alternative methods such as
the Finite Prisms Method (Olakorede [17]) or the Finite
Band Method (Gosselin [18]) have been proposed which
are still effective from a computational time viewpoint but
more precise in terms of deflections under load, although
they are limited to standard cases. In this paper, the load
sharing between the teeth is determined by combining the
compatibility conditions in terms of displacements and
the static moment balance. The procedure makes it pos-
sible to obtain the instantaneous contact pressures, the
transmission error under load as well as the mesh stiff-
ness and the root stresses. The compatibility conditions
take into account, at the same time, the total bending and
contact deflections which are both characterized by coeffi-
cients of influence. Structural and contact effects are sep-
arated (Icard [14]) the structural deflections of the parts
are calculated by using standard Finite Element Model
whereas the local contact compliance is computed via a
local approach based on a discrete formulation of the re-
sults of Boussinesq [19] for elastic half-spaces.

2.2.1 Assumptions on the contact area

Since the pinion and the gear have the same elastic
properties, they are quasi-identical solids in contact. For
most of the practical applications, the contacts are fully
lubricated and the coupling between the normal force
and tangential displacements and between the tangential
stresses and normal displacement can be neglected so that
the zone of contact under load depends on normal loads
only.

The potential contact area under load is supposed to
be located in a plane parallel to the tangent plane at the
unloaded contact point which is discretized in N rectan-
gular cells of constant size on which the pressure distri-
bution is considered as constant.

2.2.2 Algorithm of the load sharing computation

On the potential contact zone (taking into account
several tooth pairs), load sharing is determined such that
the compatibility conditions in terms of displacement (no
inter-penetration of the parts) are satisfied, i.e.

Ui+ Usi +ei; —a=y, =0

>0 inside the contact area
pi =

(3)
Ui+ Uy +ei;—a=y >0
outside the contact area
pi =0
(4)
where U;, and Uy, are the normal displacements of bod-
ies 1 and 2 at point i, ei; is the initial gap at point 7, «
is the global normal approach of the contacting surfaces
and p; the pressure at point 7. The distance between the
two bodies at point i after load is denoted y;.
Equations (3) and (4) can be synthesized as:

yipi = 0 (5)

Assuming that the pressure on a small rectangular cell of
area S; is constant (5; is attached to the potential point of
contact ¢ and lies in the tangent plan), the global torque
equilibrium leads to:

N
ZpiRiSi = Torque (6)

i=1

where N is the number of rectangular surfaces considered
in the model, p; is the pressure on the element ¢ of surface
S; and R; the associated lever arm.

The elasticity of the contacting solids is accounted for
by using influence coefficients such that the displacement
at point i reads:

N
U= Cip; (7)
j=1

where C;; are the influence coefficients (effect of point j
on point 7).
The problem can then be formulated as follows:

N
ZCijpj—i—eii—a:yi ie[l,N]
=1

N
> piR;S; = Torque

i=1

By combining all these equations and introducing;:

N
efizyi—l-a:ZCijpj—l-eii i€ [1,N] (9)

Jj=1

the pressure field can be calculated as:

bi = Torque (&)
> s (2) N

(10)

i=1
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A — Initial unloaded gaps

Pinion

B — Gaps under load

Fig. 4. Definition of gap parameters.

Based on this formulation, the system can be solved it-
eratively by using a Fixed Point Method which ensures a
uniform, fast and accurate convergence.

Parameters Uy, Us;, ei;, ef,; and « are represented in
Figure 4. Since the surfaces in contact are supposed to be
planar and all parallel, convergence is achieved when the
final gaps ef; at all the contact points are identical and
equal to the normal approach «.

2.2.3 Definition of the influence coefficients

The matrix of influence coefficients takes into account
both bending and contact compliances. However, these
two effects are supposed to be independent so that three
elemental matrices can be separated: one for contact de-
formations (C7;) and two for pinion (C’gf) and gear (C’il}f)
bending deflections respectively such that:

Ciy =C+Chl+cf (11)

A — Influence of bending coefficients

The coefficients of influence for bending are calculated
using a standard Finite Element Model because analytical
formulations are not possible for complex rims or webs,
particular assemblies, etc. However, full FE simulations
including the modeling of rims, shafts, casings, etc., can
be time consuming and/or require significant computa-
tional resources not compatible with parameter analyses
for example. In order to significantly reduce computa-
tional times, the coefficients of influence are not deter-
mined for each kinematical position, neither for each po-
tential contact points, but using the results at a limited
number of points and for one position as described in [20]
by Teixeira Alves.

B — Influence coefficients for contact

The pinion and gear teeth in contact are approximated
by two half — elastic spaces and the displacements under
normal forces are deduced by using the potential func-
tions of Boussinesq [19]. A general expression is derived
which depends on the elastic constants of the two half-
elastic spaces, on the dimensions of discrete cells, and on

Pinion
Tangent plane

Gear

Fig. 5. Projections of the meshing points on the pinion and
the gear.

the coordinates of the different points of contact in the
tangent plan.

2.2.4 Unloaded gaps

In order to deal with the conditions of compatibility
(Egs. (3) and (4)), the initial separations ei; between the
mating surfaces must be known for each tooth pair po-
tentially in contact. Projecting the meshing points (for
example point I in Fig. 5) in the normal direction with
respect to the tangent plane and denoting P the projec-
tion on the pinion surface and R that on the gear surface,
the initial separation of gap at that point is expressed as
the distance RP.

Once all the initial separations for all the possible
tooth pairs in contact are known, the computation of the
load sharing can be undertaken. As specified earlier in
the paper, the fixed point method is used to solve the
equations of displacement compatibility which leads to
pressure distributions, transmission errors and the global
mesh stiffness.

2.2.5 Mounting the gear and pinion

Assembly errors can be introduced which are linked
to the change of basis described below (Figs. 6 and 7).

7o and T, represent the coordinates of a point in the
Ra (Oa, Ta, Ya, 2a) pinion reference system and Rb (Oy,
Th, Yb, 2b) gear reference system respectively. P, G and
FE are the axial error for the pinion, for the gear, and the
offset. > is the shaft angle.
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Xb

Zy

Fig. 6. Pinion and gear reference axes.

-

(cos 0 —sinX —PsinX
_ 0 1 0 —-E —
sin¥ 0 cosX PcosX-G

0O O 0 1

L 4

Fig. 7. Matrix for change from Ra to Rb.

2.2.6 Examples

In this section, two kinds of results are presented that
can be obtained with the numerical model developed in
this part: load sharing and instantaneous contact pres-
sures. Other results, such as contact patterns under load,
transmission errors or mesh stiffness are not shown here.
All these results cannot be compared with those find in

the literature since the simulated cutting process is sim-
plified.

A — Load sharing

The first result deals with load sharing (Fig. 8). The
number of teeth in contact is obtained for each kinematic
position, as well as the global load supported by each
tooth pair in contact. The total force is also shown.

B — Instantaneous contact pressures

Figure 9 presents, for a given kinematic position, the
contacts on each loaded tooth flank (the study is achieved
for 5 teeth potentially in contact), for both pinion and
gear teeth. The pressure on the mean contact line is also
indicated for all the teeth.

~® Tooth -2
-a Tooth -1
-= Tooth 0
-= Tooth 1
= Tooth 2
-= Global

6 000
5500
5000
4500
40004
3500
30004
2500
2000
1500
1000
5004
iE|

Load on each tooth (N)

— - -
-20 o 20
Pinion angle rotation (°)

Fig. 8. Load sharing.

3 Dynamic models

Based on the results of the quasi-static model pre-
sented in Section 2, two dynamic models are developed
and presented in this section.

3.1 Model

The model of spiral bevel gear is presented in Fig-
ure 10. The system of coordinates R(O, X, Y, Z) is rooted
at O placed at the apex of the pitch cone of the pinion.
The origins for the local coordinate systems attached to
the pinion and the gear are their respective centers. The
pinion-gear pair is discretized into 6 nodes denoted E, 1,
2, 3,4, S (Fig. 10) respectively with six degrees of free-
dom each: ug, w1, us, usz, u4, ug for axial displacements,
VE, WE, ¥E, wEv U1, W1, ¥1, wlv V2, W2, P2, wQa U3, W3, ¥3,
V3, V4, W4, Pa, Ya, Vs, ws, ¢s, ¢ for bending displace-
ments and rotations and finally, 0, 61, 02, 03, 04, 05 for
torsion.

The pinion and the gear are assimilated to rigid bod-
ies and a simple Wrinckler foundation model is used for
the tooth contacts [21]. By so doing, the deflections at any
potential point of contact Mi can be expressed in terms of
the degrees of freedom at the centers of the pinion and the
gear [22]. The local mesh forces are derived by multiply-
ing the local stiffness and the mesh deflection. Lagrange’s
equations lead to a non-linear time-varying mesh stiff-
ness matrix and a forcing term vector generated by the
initial separations between the mating flanks. The shafts
are simulated by two-node finite elements, including shear
secondary effects, whose mass and stiffness matrices are
conventional [23].

3.2 Equations of motion

After assembling all the elementary mass and stiffness
matrices, the equations of motion of the system are de-
rived from Lagrange’s equations:

d [oT or oU
< - - 12
de {3%] dq; N dq; @ (12)
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Contact lines on pinion teeth

Tooth 0 Tooth 1
B+ B+
E 4 E 44
E 2 E 29
s 0 8 0
- 5 — -24:
T S T —T T T — T — T
70 &0 a0 70 &0 a0
L10 (mm) L10 (mm)
Contact lines on gear teeth
Tooth 0 Tooth 1
24 2
E 04 E 0
E -2 E -2
= _4_.' = 4
3 5] 3 2
70 80 a0 70 a0 an
L10 (mm) L10 (mm)

Instantaneous pressure on the mean contact line for the given position

12004
1100
1000-
300
500 -
700
600 /
500 '
400 ,.ff
300
2004 /
100
n-

Tooth 0

Pressure (MPa)

! Tooth 1

70 72

a0 a2
L10 (mm)

Fig. 9. Contact lines and instantaneous pressures for a given kinematic position.

The inertial kinetic energy associated with the spiral bevel
gear is given by Equation (13) and it generates a constant
mass matrix [Mg] and a time-dependent forcing term [F5]
due to the inertial effects when rotational speeds are not
constant (produced by the no-loaded transmission error).

Lo o o Loy 1
Tp = 5 (0F +it+id)+5 T (G +0d) +5 1 (03 + 2F)
RTINS PSRN B
+ 5ma(@F + 0 i) + S} +99) + 5 0u (65 + 23)
(13)
d [0Tg g .
i Laie) ~ag ~Weelas+ B 09
where:

I, I4: moments of inertia of the pinion and the gear

J1, Jy4: polar moments of inertia of the pinion and the
gear.

3.2.1 Global model

In a first version of the dynamic model (referred to as
model 1), potential energy is calculated by assuming that
mesh stiffness can be reduced to a unique stiffness element
in the normal direction and located at the centroid of the
contact area. The deflection at this point is equal to the
normal approach with respect to rigid-body positions and
can be expressed by projecting the contributions of the
degrees-of-freedom in the normal direction as:

d(B,,) R(Bm) my + 4l (B,,) .m

= ul
= Ngqu (15a)
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Fig. 10. Spiral bevel gear model.

from which the mesh strain energy can be expressed under
the form:

1

= -qp [KElqE (15Db)
where:
T e —_—
Ng,, = (n1; 1 AO1Bp,; na; no A OgBm> represents a

projection (or structural) vector in the normal direction,

j: location in the meshing,

B.,: centre of the contact area,

n1, na: direction of the action lines of the meshing loads.
The global mesh stiffness is given by the numerical

code named ASLAN and it is estimated as:

F
K=—

- (16)

where F' is the global mesh force and « is the normal
approach.

3.2.2 Discretized model

For the second version of the model (model 2), a dis-
crete distribution of the local stiffness elements on contact

areas is taken into account and it leads to the following
formulation:

1 .
Ug = Z Ugi = Z {5 ki (N, ap —ezi)Q}
ic(A) ic(A)
1 .
=3 > ki af Nari Nigag — ) ki Nip ap eis
1€(A) i€(A)
1
+3 > ki ei?
1€(A)
1
= 54k Z ki Nari Nig; | a8 Z ki N7y ei;
1€(A) i€(A)
Kg "
1
Xqp+ 5 >k eif (17)
ic(A)
ni
A O M,
_Jm 1M
Nuyi = no
e
no A O M;

where A is the contact area and 7 the points in the contact
area.

In this case, it is to be noted that an additional forcing
term I} appears which is caused by the initial separations
between the tooth flanks (as opposed to what is obtained
using model 1).
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Table 1. Geometrical data of the spiral-bevel gear.

Number of teeth pinion/gear  14/39
Offset of the pinion (m) 0
Tooth width (m) 0.0254
Pressure angle (°) 20
Spiral angle (°) 35
Axis angle (°) 90

Table 2. Geometrical data of the shafts.

Shafts Length (m) Radius (m)
B 1 0.08
1-2 0.03 0.018
31 0.03
48 0.08 0.03

The elemental stiffness elements k; are approximated
by dividing the elemental load at point Mi by the local
deflection at the same point as:

F;
€f1' — €Z'1'
where ef; and ei; are the final and initial gaps at point

i delivered by ASLAN with the method presented in
Section 2 (see Fig. 4 for their definitions).

ki = (18)

3.2.3 Energy dissipation

In what follows, energy dissipation is accounted for by
introducing a global Rayleigh viscous damping matrix [C]
(a linear combination of the global mass and the averaged
stiffness matrices).

The equations of motion resulting of Equations (14),
(15) and/or (17) point to a parametrically excited non-
linear differential linear system of the form:

[M]G+[Clq+[K(t,q)]q=[Fo] - [FA] - [F2]  (19)

where ¢ represents the global generalized displacements
vector.

The equations are solved by combining a time-step
integration scheme which is combined with a unilateral
contact algorithm as described in [22].

4 Simulation results
4.1 Dynamical loads

Considering model 1, Figure 11 shows an example of
dynamic tooth load time variation (the abscissa repre-
sents the number of mesh periods) for a pinion speed of
17200 rpm. The numerical transients, observed for the
first mesh periods, are due to the initial conditions (here,
the static solution with averaged mesh stiffness) which
can be substantially different from the actual dynamic
solution. However, it is observed that steady state condi-
tions are obtained very rapidly. The corresponding spec-
trum (calculated by FFT once steady motion is estab-
lished) exhibits the classic discrete peaks associated with
the mesh frequency and its harmonics.

4.2 Pressure distribution

By using model 2, the spatial distribution of mesh
forces on the flanks of the teeth can be estimated
(Fig. 12). At low speed (1 rpm on the pinion), the re-
sults are expressed in terms of contact pressure and com-
pare very well with the results given by ASLAN in quasi-
static conditions. It is to be noted in this example, that
the pressure peaks are located in the central part of the
tooth flank. The dynamic contact patterns at higher speed
(17600 rpm) are represented in Figure 13 where signifi-
cant fluctuations of the pressure field can be observed.
Compared with the classic quasi-static analyses in the
literature, the proposed model makes it possible to have
access to dynamic pressures (and stresses) thus analyzing
more precisely the actual behaviour of high-speed spiral
bevel gears.

4.3 Dynamics factors

The preceding results can be generalized over a broad
range of speeds by introducing the dynamic tooth load
factor defined as:

Fy
DF = — 20
max (20)

S

Fy, Fy: dynamic and static loads.

The maximum dynamic tooth load results of the inte-
gration of the dynamic pressures, and care was taken to
make sure that the maximum value at every speed was
sought after the system had reached steady state condi-
tions. The results in Figure 14 reveal a structure of dy-
namic response close to that obtained for spur and helical
gears. For both models 1 and 2, a major tooth critical
speed emerges around 17000-18000 rpm on the pinion
whereas secondary response peaks excited by the higher
harmonics of the mesh frequency are present in the lower
speed region. Some differences can be reported between
the results of models 1 and 2: the amplifications are not
the same and the critical frequencies are slightly shifted.
In both cases, significant dynamic effects are observed
(maximum DF between 1.5 and 1.6) which certainly re-
duce the reliability of the system and must be integrated
in any realistic strength analysis.

5 Conclusion

The definition of the geometry of spiral bevel gears
has been presented along with a static model aimed at
calculating tooth load distributions and transmission er-
rors. Two lumped parameter dynamic models with sev-
eral degrees of freedom have been then introduced, which
use accurate descriptions of the pinion and gear geome-
tries but employ a different mesh stiffness model. The first
model is similar to the classic approaches in the literature,
with a single time-varying mesh stiffness connecting the
pinion and the gear. The second model relies on a local
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description of the instantaneous contact conditions via a
distribution of mesh stiffness elements (Wrinckler’s elas-
tic foundation) over the potential contact area between
the pinion and the gear. One of the advantages is that
dynamic pressure distributions on the flanks can be es-
timated. Whatever the model used, the dynamic curve
response presents similar trends with i) significant tooth
force amplifications at the major critical speed and ii)
several secondary resonances generated by the harmonics
of the mesh excitations.

In order to validate the numerical results presented in
this article, a test bench is currently realized.

References

[1] V.K. Tamminana, A. Kahraman, S. Vijayakar, A study
of the relationship between the dynamic factors and the
dynamic transmission error of spur gear pairs, J. Mech.
Design 129 (2007) 75-84

[2] M. Li, H.Y. Hu, Dynamic analysis of a spiral bevel-geared
rotor-bearing system, J. Sound Vib. 259 (2003) 605-742

[3] Q. Gao, M. Tnabe, K. Nishihara, Contact-impact anal-
ysis of geared rotor systems, J. Sound Vib. 319 (2008)
463-475

[4] T.C. Lim, Y. Cheng, A theoretical study of the effect
of pinion offset on the dynamics of hypoid geared rotor
system, J. Mech. Design 121 (1999) 594-601

[5] T.C. Lim, J. Wang, Effects of assembly errors on
hypoid gear mesh and dynamic response, AMSE 2005
International Design Engineering Technical Conferences
& Computers and Information in FEngineering
Conference, Long Beach, California USA, 2005

[6] Y. Cheng, T.C. Lim, Dynamics of hypoid gear trans-
mission with mesh characteristics, J. Mech. Design 125
(2003) 373-382

[7] J. Wang, T.C. Lim, M.F. Li, Dynamics of a hypoid gear
pair considering the effects of time-varying mesh param-
eters and backlash nonlinearity, J. Sound Vib. 308 (2007)
302-329

[8] T. Peng, T.C. Lim, Effects of assembly errors on spiral
bevel gear mesh characteristics and dynamic response,
JSME International Conference on Motion and Power
Transmissions, Matsushima Isles Resort, Japan, 2009

[9] M. Li, H.Y. Hu, Couple axial-lateral-torsional dynamics
of a rotor-bearing system geared by spur bevel gears, J.
Sound Vib. 254 (2002) 427446

[10] F.L. Litvin, Theory of gearing, Washington: NASA 1989,
470 p. RP-1212

[11] H. Sentoku, Load distribution and tooth root stress of
bevel gears, Int. J. Japan Soc. Mech. Eng., series C 42
(1999) 404-409

[12] J. Bruyere, Contribution a loptimisation de la concep-
tion des engrenages coniques & denture droite, Analyse et
synthese de la géométrie et des tolérances, These Génie
Mécanique : Ecole Nationale Supérieure d’Arts et Métiers
de Metz, No. 2006ENAMA40, 2006, 232 p.

[13] C. Gosselin, L. Cloutier, Q.D. Nguyen, A general formu-
lation for the calculation of the load sharing and trans-
mission error under load of spiral bevel and hypoid gears,
Mech. Mach. Theor. 30 (1995) 433-450

[14] Y. Icard, Engrenages spiro-coniques : Modélisation sous
charge appliquée au domaine aéronautique, These Génie
Mécanique : Institut National des Sciences Appliquées de
Lyon, No. 2005ISAL0007, 2005, 369p.

[15] V. Simon, Load distribution in hypoid gears, J. Mech.
Design 122 (2000) 529-535

[16] V. Simon, Load distribution in spiral bevel gears, J.
Mech. Design 129 (2007) 201-209

[17] A. Olakorede, Répartition de charge des engrenages cylin-
driques, application de la méthode des prismes finis en
CAO, These Génie Mécanique : Institut National des
Sciences Appliquées de Lyon, No. 90ISAL0049, 1990,
157p.

[18] C. Gosselin, J.P. de Vaujany, Loaded tooth contact anal-
ysis of spur, helical and hypoid gears based on the fi-
nite strips and finite prisms models, Proceedings of 4th
World Congress on Gearing and Power Transmission,
Paris, France, 1999, pp. 29-41

[19] J. Boussinesq, Application des potentiels a 1’étude de
I’équilibre et du mouvement des solides élastiques,
Gauthier-Villard, 1885, 724 p.

[20] J. Teixeira Alves, M. Guingand, J.P. de Vaujany, Set of
functions for the calculation of bending displacements for
spiral bevel gear teeth, Mech. Mach. Theor. 45 (2010)
349-363

[21] E. Rigaud, J. Perret-Liaudet, M.-S. Mecibah,
Introduction d'un modele d’engréenement original et
effet sur le comportement modal d’une transmission,
http://hal.archives-ouvertes.fr/hal-00121935_
v1/, 2006

[22] M. Ajmi, P. Velex, A model for simulating the quasi-
static and dynamic behaviour of solid wide-faced spur
and helical gears, Mech. Mach. Theor. 40 (2005) 173-190

[23] C. Bard, Modélisation du comportement dynamique des
transmissions par engrenage, These Génie Mécanique :
Institut National des Sciences Appliquées de Lyon,
No. 95ISAL0031, 1995, 296 p.

[24] A. Bourdon, Modélisation dynamique globale des boites
de vitesses automobile, These Génie Mécanique
Institut National des Sciences Appliquées de Lyon,
No. 97ISALISAL0084, 1997, 217 p.


http://hal.archives-ouvertes.fr/hal-00121935_v1/
http://hal.archives-ouvertes.fr/hal-00121935_v1/

	Introduction
	Nomenclature
	Static model
	Definition of the geometry
	Tool characteristics 
	Gear positioning during the cutting process
	Pinion and gear simulation

	Loaded analysis 
	Assumptions on the contact area
	Algorithm of the load sharing computation
	Definition of the influence coefficients
	A -- Influence of bending coefficients 
	B -- Influence coefficients for contact
	Unloaded gaps
	Mounting the gear and pinion
	Examples
	A -- Load sharing
	B -- Instantaneous contact pressures


	Dynamic models
	Model
	Equations of motion
	Global model
	Discretized model
	Energy dissipation


	Simulation results
	Dynamical loads
	Pressure distribution
	Dynamics factors

	Conclusion
	References

