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Abstract – In this paper, we present the static and dynamic structural characterisation of a low-mobility
parallel kinematic manipulator, involving analysis of its stiﬀness and vibrational dynamic behaviour. The
study starts by building numerical models of the behaviour of the manipulator to be compared to experimental measurements from a prototype. For the case study, we consider a four-degree-of-freedom (x, y, z, θz )
manipulator with prismatic actuators designed by the COMPMECH research group at the University of
the Basque Country. The characterisation allows the behaviour of the static and dynamic stiﬀness, as
well as the natural frequencies of the manipulator, to be mapped in the manipulator workspace. These
maps together with kinematic, static and dynamic constraints lead to the deﬁnition of operational, static,
dynamic and structural workspaces, respectively. Further, we analyse the modes of the manipulator to
determine dynamic displacements, these being key in the performance in the machining tasks for which
the robot was designed.
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1 Introduction
Improvement in industrial production indicators for
high added value parts, such as those for the aviation,
aerospace and automotive sectors, is limited by the high
quality standards required by these sectors. Accordingly,
to increase productivity manufacturing processes need to
be developed simultaneously with technical capacities,
and task automation using robotic manipulators plays
a key role in this. Most industrial applications require
robots with high accuracy, high stiﬀness and dynamic
characteristics that ensure vibrational phenomena do not
interfere with the performance of the tasks for which the
robots have been designed. In this paper, we present a
study of the static and dynamic structural characteristics of a four-degree-of-freedom parallel manipulator for
machining applications in the aviation industry. Using a
previously validated model, we obtain maps which represent the behaviour of the manipulator in its workspace
clearly and intuitively. Knowing the structural requirements for a given application, for instance, the minimum
stiﬀness and range of natural frequencies for operation of
the system, it is possible to delimit the aforementioned
maps and thereby obtain the workspaces associated with
a
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these requirements. In this way, an operational region is
deﬁned within the workspace on the basis of the requirements for the speciﬁc application. Once this is achieved,
we deﬁne workspaces in relation to the kinematic, static
and dynamic constraints. To illustrate the usefulness of
this approach, we characterise the structural properties
of the ARABA I manipulator.
In the literature many design approaches for 3T1R
manipulators can be found. Attending diﬀerent criteria
like kinematics or rigid solid dynamics even optimization
procedures are carried out. In [1] the obtained design is
the basis of a commercial product. Another design approach described the cancellation of the loads of gravity
on the actuators validated by experimental tests carried
out on the prototype. Also performance indexes variations are taken into account to determine the largest
regular dextrous workspace enclosed in the Cartesian
workspace [2] to ensure milling tool paths availability.
In [3] it was shown that the input torques of the actuators with and without a payload of 20 kg are similar.
A lot of studies take into account the stiﬀness of parallel manipulators in the design stage like in [4] where a
theoretical method is proposed to derivate the stiﬀness.
Dynamic stiﬀness is a key factor in determining
whether a machine operates correctly [5,6]. Indeed, all the
dynamic structural properties of the manipulator should
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Fig. 1. Tripod-based machines: generic, Tricept, Z 3 Head and Georg V.

be considered. If not, dynamic excitation, such as that
from actuators or tools mounted on the end-eﬀector, may
give rise to mechanical resonance in the system [7, 8].
To avoid this undesirable phenomenon, the ﬁnal user
of the machine needs a simple, practical tool. This tool
should enable suitability of a machine to be evaluated
in terms of operational parameters of the process (cut
depth, feed rate, cut speed, etc.) for which it has been
designed and the operating conditions (workspace, velocities, accelerations, load capacity and power of the actuators, among others). To assess the maximum displacements of the end-eﬀector an exhaustive analysis of the
static stiﬀness should be carried out [9]. Otherwise, the
objectives of the process may not be met: in terms of
machining, the surface ﬁnish may not be suﬃciently high
quality, and in pick and place tasks, positioning of parts
may be inaccurate [10].
In relation to machining applications, several authors
have studied the inﬂuence of actuator arrangement in manipulators for applications in the machine tool sector. For
example, in [11], the authors compare tripod-based machines such as those shown in Figure 1.
Their analysis is based on conﬁgurations with extendable legs which give larger workspaces, while to increase
the stiﬀness of the system it is better to use ﬁxed-length
legs with vertical actuators. In [12] a kinetostatic model
of a tripod manipulator is used to demonstrate that the
bending mode is most sensitive to stiﬀness while the maximum stiﬀness is obtained when operating the system vertically, the direction in which most of the components of
the manipulator are principally under axial loading.
It is well known that the stiﬀness of parallel manipulators depends on their conﬁguration [13] as well as the
position and orientation of the end-eﬀector, and it can
be expected that these factors also aﬀect the vibrational
properties of the system. Accordingly, end-users need a
tool that can analyse the vibrational behaviour of manipulators in their workspace. Notably, there are certain
tasks, such as surface polishing, that do not require particularly high actuator forces but in which tool rotation
may generate vibrations, the eﬀect of which should not
be underestimated [14]. Polishing is a ﬁnishing process
to smooth the surface of machined parts using an abra-

sive ﬁxed to a work wheel. The wheel is usually driven
by a rotating motor, a source of dynamic excitation,
that may cause undesirable vibrations and even resonance
problems.
Other authors have already proposed particular subregions for a given workspace. For example, [15] deﬁnes a
mechanical workspace as a region of the workspace where
machined position defects due to machine tool structure
are within tolerances. Later on [16], went into details for
a particular machine tool for drilling. This result also
leaded to derivate some intuitive results about stiﬀness
behaviour of the parallel machine.
In the next section, a case study for a particular parallel manipulator is presented. Then, in Section 3 static
stiﬀness of the manipulator is obtained and, after that, in
Section 4 the dynamic stiﬀness as well. From these studies several workspaces are proposed to ﬁnally obtain the
structural workspace. In the last section, the most outstanding conclusions are revealed.

2 Case study: the ARABA I manipulator
The ARABA I parallel manipulator is a four-degreeof-freedom (DOF ) low-mobility device (Fig. 2). Here we
outline its key characteristics, those essential for understanding its static behaviour, as it has been described in
detail in a previous publication [17]. The purpose of this
manipulator is to help with machining tasks and, accordingly, it is required to have the precision and stiﬀness necessary for such processes. Despite the fact that, in principle, only the three translational DOFs are needed for this
type of application, the addition of a fourth DOF, rotation in a plane perpendicular to the end-eﬀector, means
that it can machine uneven surfaces.
The architecture of ARABA I is based around a
ﬁxed platform and a mobile platform or end-eﬀector. The
guides, the ﬁxed component, are not perfectly aligned,
rather they are oﬀset by a distance a. The two platforms
are connected by four identical legs composed of several components. The basic kinematic chain of each leg
is P RP aRR; that is, each leg is connected to the guides
through an actuated prismatic pair, then there is a rotating pair (Bi ), an articulated parallelogram pair and,
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Fig. 2. Kinematic skeleton of the ARABA I manipulator.

ﬁnally, there are two further pairs that rotate about mutually perpendicular axes, Ci and Di respectively. The key
geometric parameters are: lengths, b and r, of the short
and long rods of the articulated parallelogram; the length,
c, of the component Ci Di connecting the legs to the mobile platform; and the length, d, of the half-diagonal of
the mobile platform itself (a regular rhombus).
Having outlined the architecture of the ARABA I, we
should comment on the number and nature of the degrees
of freedom of this manipulator. As indicated above, the
mobile platform has four DOFs, the three translational
movements along the Cartesian axes and one rotational
around an axis perpendicular to the plane of the mobile
platform (3T 1R). Analysis of these DOFs applying any
of the classical criteria fails to produce a satisfactory solution as there are certain movements in parallel directions
among the rotational and translational pairs. In this case,
it is easier to obtain an expression to describe the motion
pattern of the system using Group Theory as detailed
in [17].
2.1 Kinematic model
2.1.1 Direct kinematic problem

Fig. 3. Diagram of the linkage in the ARABA I manipulator.

where xi is the position vector of point xi . Considering
geometric and kinematic constraints and applying various
mathematical transformations (see [17]), the following set
of non-linear equations describing the position of the mobile platform can be obtained:

The objective of the direct kinematic problem is to
obtain the value of the output parameters, deﬁned with
respect to the position vector P (xp , yp , zp ) of the centre
of the mobile platform and its angular position about the
Z axis (given by θz ) on the basis of the values of the input
variables of the manipulator, that is, the lengths of the
linear actuators, q1 , q2 , q3 and q4 . For this, the position of
the point P is expressed in terms of each of the kinematic
chains of the manipulator (Fig. 3) as:

(xP + d sin θz + a)2 + (yP − d cos θz + n4 )2 + zP2 = r2
(2)
where
ni = qi + a − c i = 1 . . . 4
(3)

p = ai + (bi − ai )+ (ci − bi )+ (di − ci )+ (pi − di ) i = 1 . . . 4
(1)

From Equations (2), three independent linear equations
can be found relating variables xP and yP . Rearranging

(xP + d cos θz − n1 )2 + (yP + d sin θz − a)2 + zP2 = r2
(xP − d sin θz − a)2 + (yP + d cos θz − n2 )2 + zP2 = r2
(xP − d cos θz − n3 )2 + (yP − d sin θz + a)2 + zP2 = r2
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Fig. 4. Operational workspace and work plane of the manipulator.

these equations and making a change of variable, it is
possible to obtain a fourth-order polynomial of the form:
T 4 s4 + T 3 s3 + T 2 s2 + T 1 s + T 0 = 0

(4)

Finding the real solutions of this polynomial, undoing
the changes of variable and substituting back into Equations (2) yields values of xP , yP , zP and θz for the output
variables.
2.1.2 Inverse kinematic problem
The objective of the inverse kinematic problem is to
obtain values for the input variables, q1 , q2 , q3 and q4 ,
as a function of the known outputs, that is, the position
vector p and angle θz describing the position of point P of
the manipulator. The inputs qi can be calculated directly
from Equations (2) and (3):
q1 = xP + d cos θz − a + c

± r2 − (yP + d sin θz − a)2 − zP2
q2 = yP + d cos θz − a + c

± r2 − (xP − d sin θz − a)2 − zP2
q3 = −xP + d cos θz − a + c

± r2 − (yP − d sin θz + a)2 − zP2
q4 = −yP + d cos θz − a + c

± r2 − (xP + d sin θz + a)2 − zP2

(5)

These equations yield 24 solutions to the inverse kinematic problem. In order that these equations are satisﬁed,

however, the sum of the discriminants should be greater
than or equal to zero and this limits the number of possible solutions. Lastly, physical constraints on the actuator
inputs must also be considered, further limiting the solutions and, in turn, the workspace.
2.1.3 Workspace
Having solved the kinematic problem and using the
equations obtained, it is possible to identify the workspace
of the manipulator. The volume shown in Figure 4 is for a
constant angular position θz = 0 and with actuator stroke
limits given by:
qimin = 0.24 m
qimax = 1 m

(6)

This workspace can also be obtained as the intersection of the volumes reached by each of the legs of the
manipulator, considering the characteristic lengths of
each of the components using a simpliﬁed version of the
method to geometrically compute the constant orientation workspace presented in [18]. Given that the manipulator has four DOF s, variations in stiﬀness as a function
of its position and orientation can be explored by ﬁxing,
at least, two of the four position parameters, and creating a 3-D plot of the variations. Speciﬁcally, we consider
a constant orientation angle, θz = 0 and, to ﬁx a second
parameter, planes of constant height. We then generate
sets of points uniformly distributed across each plane, selecting a density as a function of the size of the work plane
(at each height). Figure 4 illustrates the intersection of a
constant plane z = ct and the volume corresponding to
the maximum workspace for which the experimental measurements were conducted. Speciﬁcally, this corresponds
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Fig. 5. Post-processing values for vertical displacement, δzz (mm).

to the plane at a level of z = −0.7 m, hereon referred to
as the Z700 work plane.
In this work plane, calculations have been made for
25 points uniformly distributed across a rectangular region of 800 × 600 mm. Hereon, the region of workspace
analysed, which is singularity free, is referred to as the
operational workspace, Wop . The manipulator has been
positioned with the ﬁxed platform at a higher level than
the mobile one, as this is the most appropriate conﬁguration in the applications for which the prototype was
designed.

3 Statics
The static characterisation is based on analysis of the
static stiﬀness. A ﬁnite element model was built, starting
from the computer-aided design (CAD ) model used for
the development of the prototype. In this case, given that
the manipulator is composed of a large number of components, it was necessary to carefully select a mesh size to
achieve a reasonable balance between computational cost
and accuracy. For this, we opted for second-order hexahedral elements, giving a mesh composed of 65 000 elements
and 70 kinematic relations. A validation of the ﬁnite element model for the static analysis of stiﬀness has been
published previously [9] and, therefore, here we directly
present the values obtained for the points analysed. Figure 5 illustrates, for one of the positions considered, the
post-processing results for vertical displacements, caused
by a vertical load applied in the centre of the mobile platform. It can be seen that the largest displacements occur
in the components connected to the mobile platform and
in the platform itself.
The ﬁnite-element analysis yields values for the variation in stiﬀness which can be visualised using 3-D maps,
as illustrated in Figure 6 for the Z700 plane. Speciﬁcally,

post-processed values for the displacement of the mobile
platform, obtained from the numerical model, enable the
components of stiﬀness in each direction to be identiﬁed.
To consider the overall behaviour of the manipulator in
its workspace, we plotted maps of the stiﬀness for a constant height (Fig. 6). Analysis of these maps reveals that
the value of kzz component is greatest in the centre of the
workspace and reduces as the mobile platform moves away
from this point. Indeed, the maximum stiﬀness is found
for kzz (over 4 × 105 N.mm−1 ). On the other hand, the
kxx and kyy components have lower stiﬀness at the central point of the region studied (values of 104 N.mm−1 )
and, in contrast to kzz , the stiﬀness in these directions
does not vary so sharply when the mobile platform moves
away from the central point.

3.1 Static workspace
Adding constraints on some elements of the rigidity
matrix, the static workspace is given by:
WK = {Wop \ kijmin < kij < kijmax }

(7)

As an example, the static workspace associated with
adding constraints on the kzz component is shown
in Figure 7. We note that limiting the stiﬀness, the
workspace obtained, WK , is a subregion of the operational
workspace, Wop .

4 Dynamics
Using the same ﬁnite element model as for the static
analysis, we obtain the natural frequencies and display
the associated deformation modes graphically. Figure 8
presents the shapes of the ﬁrst seven deformation modes.
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Fig. 6. Maps of rigidity kij in the Z700 plane.

Fig. 7. Static workspace, WK .

Between these ﬁrst seven modes, various types of deformation occur. Essentially, the deformation corresponds
to bending and torsional modes, the observed eﬀect varying between modes. In almost all cases, the dominant effect is bending of the rods that form the leg quadrilaterals,
given their narrowness. On the other hand, in some cases
the mobile platform is displaced a considerable distance,
while in others there is no shift. For a given application,
it would be important to know the mode excited and the
corresponding deformation of the manipulator, in order to
assess whether there were negative consequences in terms
of performance.

Fig. 8. M1 to M7 ARABA I mode shapes.
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Fig. 9. ARABA I natural frequencies.

Fig. 10. Prototype and experimental setup.

In Figure 9, the values of the natural frequency are
plotted for θz = 0 as a function of translational position.
In these maps, it can be observed that the frequency varies
markedly with the position of the mobile platform in the
workspace. The order of the natural frequencies has been
determined by the order of appearance of the peak in the
centre of the work plane. Deﬁning a point of reference is
critical as natural frequencies vary by position and they
can interfere. Indeed, this phenomenon of interference is
what is responsible for the various deformation modes
appearing in a diﬀerent order at diﬀerent positions.
As for the static case, the dynamic vibrational modelling has also been validated. Figure 10 is a photograph
of the prototype and experimental setup for vibration
measurements. This setup consisted of a LMS SCADAS

Mobile multi-channel fast Fourier transform (FFT ) analyser, and a set of piezoelectric transducers to record the
response of the manipulator to an impulse excitation generated by a hammer. Excitation forces were applied to
the prototype at several diﬀerent points and in all three
Cartesian directions in an attempt to excite all the modes
predicted by the numerical model.

4.1 Dynamic workspace
Imposing dynamic constraints on some of the natural
frequencies, we obtain the dynamic workspace, WD . For
example, the dynamic workspace for the ﬁrst natural frequency, f1 , is plotted in Figure 11. As in the static case,
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Fig. 12. Structural workspace, WS .

Fig. 11. Dynamic workspace, WD .

the dynamic workspace is a subregion of the operational
workspace, Wop .
WD = {Wop \ fimin < fi < fimax }

(8)

5 Results
Finally, on the basis of the workspaces presented,
we are able to identify a workspace that enables all of
the kinematic, static and dynamic constraints to be fulﬁlled. The result is the structural workspace, WS , that
corresponds to the intersection of the aforementioned
constraints, that is, the geometrical region covering the
points that simultaneously meet all of the structural
requirements:
(9)
WS = WK ∩ WD
The structural workspace for the case study is shown in
Figure 12. These results can be applied directly for tool
trajectory planning, meeting the requirements for minimum stiﬀness and a given range of natural frequencies.

6 Conclusions
In this paper, we have characterised the static properties of the manipulator in terms of stiﬀness, leading to
a description of the static behaviour of the system in the
operational workspace, Wop . Adding static constraints,
the static workspace, WK , has then been deﬁned. In relation to the vibrational properties (natural frequencies
and modes), we have explored the dynamic behaviour of
the system using natural frequency maps, while the natural modes have also been considered; we have observed

Fig. 13. Flow diagram of the characterisation method.

that bending is the dominant mode in the dynamic deformation and the greatest eﬀect is seen at the point where
the tool is to be mounted. In a similar way to the static
case, the dynamic workspace, WD , has been deﬁned, for
a speciﬁc range of natural frequencies. Finally, we have
obtained the structural workspace, WS , a subregion of
the operational workspace in which the system meets the
structural requirements for the application. This study,
given its general nature, enables us to propose a methodology for the structural characterisation of parallel manipulators based on structural workspaces and this is summarised in Figure 13.
In particular, the structural characterisation described
here makes it possible to determine values of modal parameters for a manipulator in its workspace. To assess
the suitability of the manipulator for a speciﬁc machining application, these values could be fed into a model of
the system behaviour for the corresponding process.
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