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Abstract – Shrink fits are low-price connections which are widely used in industry and industrial connec-
tions. In designing shrink fits it is important to consider radial interface for optimized performance and also
to choose an accurate method of fabrication and assembling. Parts which have to be assembled are usually
exposed to thermo-mechanical loads. Mode and time duration of heat transfer have a significant effect on
required hydraulic force, stress time rate of creation in parts and joint ability to withstand against external
loads. Therefore, planning a set of appropriate thermal and structural procedures has significant role in
reducing energy consumption, optimized performance and promoting the speed of parts assembly. Despite
of the fact, few researches have been done on shrink fit operation and design, rather than dimensional
design. In this study, shrink fits are studied in two main processes: first heating and mounting process and
then backing to the ambient condition. A 3D coupled thermal and structural simulation based on FEM is
done on each process through well-known Solidworks Premium. To evaluate the accuracy, exact analytical
solution of two steel rings shrink fit is compared with the approach outcomes. Results of validated method
are used for choosing the most optimum sub processes of shrink fit fabrication.

Key words: Shrink fit connection / coupled thermal–mechanical analysis / design process / finite element /
solidworks

1 Introduction

Shrink fits as an interference fitted connections, have
been widely used in industrial assemblies due to their
simple implementation process, low costs and ability to
withstand high loads. Because of differences between the
internal diameter of the hub and an external diameter of
the shaft, which is called the radial interference, a con-
tact pressure is created on the contacting surface of two
bodies. In applications such as turbine disks, rotors for
electric motors, mounting the gear and pulleys on the
shafts or locating ball and roller bearing, the friction be-
tween the pressed surfaces causes a connection tolerance
against twisting and axial loads.

However the dimensions and mechanical properties
are not the only factors that affect the gradients of dis-
placement and stress in the jointed bodies. In shrink fit
assemblies with considerable radial interference, before lo-
cating the parts, heat treatment is used so that the exter-
nal parts are heated or the shaft is cooled and then they
are allowed to return back the operating temperature.
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Therefore, stresses are generated during the process of
mounting especially in shrink fits which have two main
sources, penetration of two bodies and thermal strains in
cooling stage. It is clear that increasing the radial inter-
ference increases the amount of stresses in both shaft and
hub. It is important to note that the effective stresses
generated in shrink fit during the mounting process to-
gether with the internal effects arising from the applied
loads must not exceed strength of the parts. On the other
hand, if the contact pressure between neighboring sur-
faces is not enough, relative circumferential slip may oc-
cur which depending on the magnitude of the slip, both
fretting wear and fatigue may be potential causes of pre-
mature failure [1]. For these reasons, it is essential to have
an accurate design for dimensions of shrink fit.

However, thermal strains that strongly depend on in-
tensity and time duration of cooling stage have a great
effect on the joint strength and displacement field of the
bodies. In addition, economical consideration plays a ma-
jor role in optimization of related industrial processes. So,
shrink fit can be regarded as a set of thermo-mechanical
sub-process where using numerical analysis of each step,
the most appropriate method can be selected.
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Nomenclature

A Contacting surface area (m2)
C Specific heat (J.kg−1.K−1)
E Young modulus (Pa)
F Force (N)
h Thermal contact conductance (J.m−2.K−1)
k Thermal conductivity (W.m−1.K−1)
l Length of ring (m)
Nu Nusselt number (–)
p Pressure (Pa)
pr Prandtl number (–)
r, θ, z Cylindrical coordinates (m, rad, m)
Re Reynolds number (–)
u Displacement component in radial direction (m)
α Thermal expansion coefficient (K−1)
δ Radius variation (m)
ε Strain (–)
μ Coefficient of friction (–)
ρ Mass density (kg.m−3)
σ Stress (Pa)
υ Poisson ratio (–)

Subscripts
c Contact
i Inner
o Outer

In scientific studies, the highest priority is to find an-
alytical solution for the problems. Because of complex
geometry and difficulties in analysis, there are a little
theoretical study in the literature (Pedersen [2] and An-
toni and Gaisne [3]) the stress analysis of shrink fit pro-
cess is performed through. The Lame’s equations, which
are available in classical literature of mechanics [4–6]. Fi-
nite extent of the contact surface area, local variations
in thermal gradient in the neighboring of parts and fric-
tion between the contact layers will lead to not accurate
estimation of process by these equations [7]. It is worth
to mention that these equations ignore the effect of ther-
mal processes and have no idea about the change rate
of stresses and strains. However, because of its popular-
ity and acceptability, the obtained results from Lame’s
equations have been used as a criterion for assessing the
validity of the other developed numerical methods.

Today, many practical engineering problems are in-
vestigated through several FEM based commercial soft-
ware(s) to consider real geometry and working conditions.
The analysis done by Parasad et al. [8], can be cited as an
appropriate study among those carried out on shrink fit.
In this study, stress distribution of a hollow shaft and hub
system is presented for various values of length to diam-
eter and outer diameter to inner diameter ratios. Using
finite element method, Ozel et al. [9] analyzed the stress
and deformations in shrink fitted joints for various fit
forms. Mack and Bengri [10] done the solution of a tran-
sient elastic-plastic thermal stress problem for a shrink
fit with solid inclusion. In this regard, with including the
effects of thermal strains, Zhang [11] analyzed the stress
generated at interface of some shrink fitted connections
such as ring gear and wheel systems.

In the present study, shrink fitted joints are investi-
gated theoretically to improve the designing process of
assembling parts in the industrial assemblies. Therefore,
to determine the stresses and deformations in the bodies,
a concurrent thermal and structural analysis of two metal
rings with specific dimensions and mechanical properties
is performed by including the mode of heat transfer and
change in the contact resistance resulted from increas-
ing thermal strains. Comparing the obtained results with
those of theoretical results in the literature shows the ac-
curacy of the method.

2 Structural analyses

When two cylindrical parts are connected by shrink
fitting, a contact pressure is created between the con-
tacted bodies. In order to determine the resultant stresses
from this contact pressure, a model of thick walled ves-
sel subjected to pressure is used. Ignoring the body force
components, the general equations of equilibrium in cylin-
drical coordinates are
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Since the thick walled cylinder is assumed to be axisym-
metric, therefore the stress components are not function
of θ and also σrθ = 0 due to the symmetry. Also, it is as-
sumed that the longitudinal elongation is constant on the
cross section and any right section of the cylinder remains
plane after stressing. So the above three equilibrium equa-
tions can be reduced to the following one
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Also, the strain displacement equations for axi-symmetric
problems are
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(6)

where ur is the displacement field in the radial direc-
tion. Using Hook’s law and the above equations, follow-
ing differential equation is obtained for determining the
function ur
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Therefore, it is easy to show that stress components are
obtained as
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In the above relations subscripts i and o represent the
internal and external parameters, radius and pressure,
respectively. Equations (9) and (10) are known as the
Lame’s equations.

Since in a shrink fit assembly of two cylinders, the
inner member undergoes external pressure and internal
pressure is exerted to the outer member, equations (8)
and (9) can be easily used for determination of radial and
tangential stresses at any point in either cylinder. The
contact pressure needed in the above relations is obtained
through the total deformation. Hence

δ = δo − δi (10)

where δi and δo are variations in radius of inner and outer
member, respectively. Then
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In equation (11), E and υ are Young modulus and Pois-
son ratio, respectively. Also, r1, r2 and r3 are internal
radius of inner ring, external radius of inner ring or inter-
nal radius of outer ring and external radius of outer ring,
respectively. Furthermore, knowing the amount of con-
tact pressure p, radial displacement at any point within
the domain of two bodies can be obtained:
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In a special case that the two members are made of the
same material, equation (11) can be simplified as
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3 Thermal analysis

Heat treatment is a significant step in shrink fitting,
especially in heavy fits. The proper interference is done
as expanding the larger part by heating and contraction
of smaller part by cooling. Thus, the inclusion of thermal
effects in the analysis is inevitable. The most important
part in thermal analysis is the determination of the con-
vective coefficient of heat transfer between fluid flow and
external surfaces of the two cylinders.

Morgan has presented a comprehensive overview of
the relations obtained for convection between a cylinder
and fluid flow [12]. Among them, Churchill and Bernstein
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   Fitted curve

Fig. 1. Contact conductance versus pressure for steel surfaces
in air.

equation in the wide range of Reynolds and Prandtl num-
bers, gives the average Nusselt number on the cylinder
surface as
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which its results with a good accuracy, describes the heat
transfer between the cylindrical surfaces and the fluid
flow.

During the cooling phase, as the magnitude of contact
pressure increases, surface roughness in the neighboring
regions, that is considered as the main source of thermal
contact resistance, will sharply reduce. So, the variation
of thermal resistance with respect to the pressure should
be known for the given materials.

The changes in thermal conductance are determined
from reference [13], for a wide range of contact pressures.
Figure 1 shows the trends in terms of metric units. As
depicted, quadratic function hc = 0.00026p2 + 0.022p +
46 will conveniently reproduce the available experimental
results. It seems reasonable to consider a constant contact
resistance in each enough small interval for the analysis.
Knowing the thermal conductance, the resistance between
two bodies can be easily determined for given contact
pressure as

Rcontact =
1

hcA
(16)

where A is the contact surface area between two bod-
ies and hc is the thermal conductance in the neighboring
surface.

4 FEM analysis

As it was reviewed before, most of the studies were
about design and performance estimation of fitted joints
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(a) (b)

Fig. 2. Rings dimensions (a) and applied mesh for modeling (b).

Table 1. Mechanical properties of rings.

Property Value
Elastic modulus 210 (GPa)
Poisson’s ratio 0.28
Mass density 7700 kg.m−3

Yield strength 620 (MPa)
Ultimate strength 724 (MPa)

Thermal expansion coefficient 1.3 × 10−5 K−1

Thermal conductivity 50 W.m−1.K−1

Specific heat 460 J.kg−1.K−1

under different loading conditions and the fabrication pro-
cess of such connections was not considered so much.
Whereas the time duration and mode of heat transfer for
heating and cooling plays a significant role in stress and
strain rate creation in the parts. In this study, numerical
analysis of shrink fit is done for two steps, the outer body
is heated and cooled to the environmental conditions.

In the following a shrink fitting of two steel rings with
specified dimensions as shown in Figure 2 is done based
on the prescribed approach. The mechanical properties of
steel are tabulated in Table 1.

The first step is just a heat transfer analysis between a
cylindrical body and environment with flame temperature
of 1000 ◦C and convection coefficient of 50 W.m−2.K−1.
In this step, there is no stress associated with the ther-
mal strains produced via heat transfer. So, the first part of
thermal analysis is confined to determination of the tem-
perature gradient and thermal strains of the outer body
due to exerted heat flux on some parts of its external sur-
faces. It is assumed that yield strength is independent of
temperature variation and hence has no effect on the ac-
curacy of the results. The other step is a FEM coupled
thermal-structural simulation by considering free convec-
tion with a coefficient of 5 W.m−2.K−1 and radiation with
emissivity of 0.3 from the heated parts to the ambient.

As shown in Figure 2, totally 11 709 curved based solid
elements with 4 Jacobian points are used for discretization
of problem domain and evaluation of arising integrals.
The “node to surface” contact condition is defined on the
neighborhood region, and due to intense stress gradient,
a finer mesh is used around this region.

At each time interval of the investigation in which
the thermal contact resistance is considered to be con-
stant, the results of thermal study on temperature and
displacement gradients is a prerequisite stage for struc-
tural analysis. After determination of contact pressure,
one can estimate the thermal conductance on shrink fit
region for thermal study of next time interval of the anal-
ysis. Thus for each point in the problem domain, desired
outputs can be accessed over time.

Finally, displacements and stresses are calculated for
specified points within the domain of the problem. Com-
paring the results with theoretical solutions indicates the
high accuracy of the proposed approach.

5 Results and discussions

For modeling and analysis, a finite element method
(FEM) based software, Sloidworks, is used. In Figure 3,
the temperature gradient of the heated outer ring after
30 s is shown. Due to size expansion of the outer ring
resulted from the thermal strains, the force required for
fitting the inner ring which is obtained from the following
relationship dramatically decreases.

F = 2μlπrcpc (17)

in which rc and pc are radius and pressure in the contact
region, respectively and μ is the coefficient of friction be-
tween the two rings which is assumed to be 0.05 according
to their contacting material. Figure 3b illustrates the vari-
ation of contact pressure with respect to the heating time.
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Fig. 3. Results for outer ring warming. (a) Temperature gradient after 30 s. (b) Contact pressure resulted from two rings
insertion heating period.
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Fig. 4. The contact pressure variation versus the cooling
stage.

It is obvious that less amount of contact pressure and fric-
tional resisting force leads to faster and easier insertion in
shrink fit process. However it can be found from the dia-
gram that after about 24 s the contact pressure reaches to
its minimum value and any more heating is just wasting
the cost and energy.

Just after mating the two rings, thermal conduction
between the bodies and radiation/convection heat ex-
change with surrounding occurs because of temperature
difference. As stated before, the thermal conductance is
highly dependent on the neighboring region of contact
pressure. So by adequate choice of increments, the ther-
mal resistance will not drop more than 2% and can be
considered constant in each stage of the analysis.

Variation of contact pressure versus cooling time is
plotted in Figure 4. It is clear that although the cooling
time is increased, the contact pressure remains constant.

In Figure 5a, a comparison between the presented re-
sult and theoretical results is done which show a good
accuracy in the results. Also, in Figures 5b and c tangen-
tial and radial stresses are plotted for the inner and outer
rings in different times.

By determination of thermal contact resistance, ther-
mal solver provides needed data for structural solver to
simulate the rings penetration. Therefore, thermal con-
ductance for the next step and also stress/strain gradi-
ents are determined. Figure 6 shows the results obtained
for stress gradients at three different time steps of shrink
fit cooling process. In addition, the displacement of some
selected points on the problem domain is depicted in
Figure 7.

Figure 8a, shows the analysis of the cooling phase for
different convective coefficients. It is clear that changes
in heat transfer coefficient have a negligible effect on the
results. Also, in Figure 8b variation of contact pressure
versus the cooling time for two cases of time duration is
plotted. As figure represents, if two rings inserted 20 s
after starting of heating phase, the time rate of increase
in generated stresses will change.

6 Conclusion

In this paper, thermo-mechanical connection of two
steel rings is elaborately analyzed using two thermal and
structural solvers and taking into account the convective
heat transfer with variable thermal contact resistance.
The aim was to determine optimum conditions for better
fabrication and design of the shrink fitting of two rings.
Comparing of the steady state radial stresses derived from
the last time step of the analysis with the theoretical re-
sults demonstrates the method’s accuracy.
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Fig. 5. Results for the inner and outer rings. (a) Comparison of
the presented results with the theoretical results. (b) Variation
of radial pressure vs. length across the rings. (c) Variation of
tangential pressure vs. length across the rings.

(a)
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(c)

Fig. 6. Distribution of stress gradient for three different time
steps. (a) First time step (0.5 s). (b) Second time step (3.5 s).
(c) Third time step (13.5 s).
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Fig. 7. Displacement of some selected points during the cooling time. (a) Inner ring. (b) Outer ring.
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Fig. 8. The effect of variation of heat transfer mode on contact pressure. (a) Different conductive coefficients. (b) Different
heating times.

It was shown that during the heating stage, there is a
certain limit in expansion of the outer ring in which the
radial interference reaches a minimum value and more
heating is just energy wasting. By choosing an appro-
priate time for this process, besides saving time and
money, one can prevent the occurrence of extreme tem-
perature gradients with destructive effect on the outer
ring strength.

It is inferred from the results that in the early stages
of cooling, the contact pressure between the parts greatly
increases which cause to generate the stresses and also

displacement gradients are created in the rings. The in-
crease in amount of generated stresses with such a high
rate leads to local plastic zones with residual stresses that
may affect the strength of loaded joint. Although the in-
sertion of less heated rings produces greater stresses at
early stages of cooling phase, but the change rate inten-
sity of contact stress diminishes. Clearly, the longer time
the contact stress reaches its final value, gives sufficient
time to the strains to develop and therefore the shrink fit
would be more tolerable. Thus, by choosing an adequate
time for heating, the required force for insertion and the
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stress change rates can be operationally optimized during
the fabrication.
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