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Abstract — In this study, vibration of helical compression springs, excited axially, is discussed. The math-
ematical formulation of the dynamic behavior of the springs is composed of a system of four partial
differential equations of first order hyperbolic type, which are the equations of momentum and the laws of
constitution. The principle unknown variables are angular and axial deformations and velocities. In small
deformations, the coefficients of the equation system are constant and the model describes the linear dy-
namic behavior of coil springs. The impedance method is applied to calculate the frequency spectrum and
to study the natural frequency response. The study takes into account the dynamic coupling between the
axial and angular waves due to the effects of Poisson’s ratio. The results show two fundamental frequencies
corresponding to the two wave speeds: fast angular waves and slow axial waves. The numerical resolution
is performed by the conservative finite difference scheme of Lax-Wendroff and the finite element method.
The results were used to analyze the evolution in time of deformations and velocities in different sections of
the spring due to a sinusoidal excitation of the axial velocity applied at the end of the spring and to show
the effect of the interaction between the axial and angular waves. These results clearly show the resonance
and other phenomena related to wave propagations such as wave reflections and beat.

Key words: Helical compression spring / impedance method / method of Lax-Wendroff / finite element
method / resonance and beat phenomena / Poisson coupling

Résumé — Phénomeéne de résonance des ondes de déformation dans les ressorts hélicoidaux de
compression. Dans cette étude, les vibrations des ressorts hélicoidaux de compression, excités axialement,
sont examinées. La formulation mathématique du comportement dynamique est constituée d’un systeme
de quatre équations aux dérivées partielles d’ordre un de type hyperbolique. Les inconnues principales sont
les déformations et les vitesses axiales et angulaires. En petites déformations, les coefficients du systeme
d’équations sont constants et le modele décrit le comportement dynamique linéaire des ressorts hélicoidaux.
La méthode des impédances est appliquée pour déterminer le spectre des fréquences propres et étudier la
réponse fréquentielle. L’étude tient compte du couplage dynamique entre les ondes axiales et angulaires
di aux effets du coefficient de Poisson. Les résultats font apparaitre deux fréquences fondamentales qui
correspondent aux deux célérités : des ondes angulaires rapides et des ondes axiales lentes. La résolution
numérique est effectuée par la méthode des différences finies conservatives de Lax-Wendroff et la méthode
des éléments finis. Les résultats obtenus ont permis d’analyser 1’évolution, dans le temps, des déformations
et des vitesses en différentes sections du ressort suite a des excitations sinusoidales de la vitesse axiale
a l'extrémité du ressort et de montrer l'effet de l'interaction entre les ondes axiales et angulaires. Ces
résultats montrent bien le phénomene de résonance et d’autres phénomenes liés a la propagation des ondes
stationnaires comme les phénomenes de réflexions d’ondes et de battement.

Mots clés : Ressort hélicoidal de compression / méthode d’impédance / méthode de Lax-Wendroff /
méthode des éléments finis / phénomenes de résonance et battement / couplage de Poisson

1 Introduction torques, to support moving masses, etc. Helical springs
are important mechanical components in many industrial

The springs are elastic elements very widespread in a  applications [2]. According to different types of loading
variety of machinery and equipment [1]. The main role of applied, the coil springs can be classified into three cat-

the springs is to absorb energy and shock, apply forcesand ~ egories: compression springs, tension springs and torsion
springs and they are usually circular or square section.
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Nomenclature and Symbols
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C  Wave velocity (m.s™') Uz
w Pulsation (rd.s™!) Vi
C; Rapid angular wave celerity (m.s™') U
Cs  Celerity of slow axial waves (m.s™') Vi
E  Young’s modulus (GPa) Uz
G Shear modulus (GPa) Up
v Poisson’s ratio Ut
F  Axial force (N) Tz
T  Axial torque (mN) U’
h Height of the spring (m) vy’
m  Elemental mass of the spring (kg) ug’
M Total mass of the spring (kg) vy’
n Number of turns Uto
r Radius of the coils (m) !
ry  Wire radius (m) )
x Axial coordinate (m) A
t Time (s) 0
I Second moment (m*) N
J Polar moment (m*) Az
%) Rotation angle of the spring (rd) At
U Axial displacement Y
v Angular displacement F
uy  Axial strain (m) H
Uy =€ = Ou/Ox B
vy  Angular deformation (rd) B!
Ve = 3 =0v/0xr = rdp/0x A
u;  Axial velocity (m.s™') i, 5,k
us = Ou /ot ot
Vg Angular velocity (rd.sfl) Zh
vy = 0v/Ot = rdp/Ot A
T Function of ¢ only D

Spatial component of the axial deformation (m)
Spatial component of the angular deformation (rd)
Spatial component of the axial velocity (m.s™")
Space component of the angular velocity (rd.s™")
Mean component of axial deformation (m)

Mean component of angular deformation (rd)
Mean component of axial velocity (m.s™')

Mean component of angular velocity (rd.s™!)
Oscillatory component of axial deformation (m)

Oscillatory component of angular deformation (rd)

(
Oscillatory component of axial velocity (m.s™!)
Oscillatory component of angular velocity (rd.s™*)
Amplitude of the sinusoidal excitation (m.s™')
Angle of the helix (rd)

Radial expansion (m)

Static elongation (m)

Static rotation (rd)

Number of sections

Space division Az = h/N (m)
Time division (s)

Unknown vector

Vector function Y

Vector function Y

Matrix function

Inverse matrix of B
Eigenvalues of the matrix B
Coordinates of any grid point
Time step (s)

Mechanical impedances
Matrix solution

Determinant

Several accidents have been explained by different forms
of resonance oscillations of the springs. For this reason,
the frequency study must be carefully done.

Resonance is a phenomenon that occurs when the
spring is excited by a periodic signal whose frequency is
equal to the natural frequency. This phenomenon may
be initiated very gradually and that builds up a steady-
oscillatory regime in real situations. Moreover, a beating
of a transient nature develops when the period of the ex-
citation is not fundamental or harmonic.

Love [3] developed the equations to study the static
response of helical springs subjected to large deforma-
tions. Given their important role, modeling the behavior
of the springs was a very interesting objective in research
work in dynamic. Stokes [4] investigated the case of a he-
lical spring subjected to sudden shock loads, significant
vibration can occur there. Gironnet and Louradour [5] de-
termined the natural frequencies of helical springs. Var-
ious numerical and analytical methods were applied to
determine the natural frequencies of resonance of the
spring. These include for example; the method of transfer
matrix [6], the formulation of the dynamic stiffness [7]
and the pseudo spectral method [8]. Becker et al. [9]

determined the resonance frequencies of a helical spring
subjected to an axial load of static compression using the
method of transfer matrix. Jiang et al. [10] studied the
forced vibration and wave propagation in helical springs.
They based their study on the method of Laplace trans-
form to find an analytical solution in the form of a numeric
sequence that describes the vibrations along the spring.

In this paper, we study the numerical propagation of
elastic waves in a helical spring following a sinusoidal ex-
citation of the axial velocity. The analytical and numer-
ical models describing wave propagation, in the case of
gradual excitations in time, have been prepared by Sinha
and Costello [11]. The mathematical model is based on
those established by Phillips and Costello [12]. The strain
evolutions, in different sections of the spring, due to an
excitation of the instantaneous velocity, are studied. The
impedance method is applied to the mathematical model
consisting of four partial differential equations of order
one. The frequency spectra are shown in impedance di-
agrams. The numerical solution is carried out by the fi-
nite difference method of Lax-Wendroff and finite element
method. The effect of dynamic coupling, result of Pois-
son’s ratio, between axial and angular waves in the spring
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Fig. 1. Static deformation of a helical compression spring.

is studied. The results were used to examine the evolu-
tion of angular and axial strains function of time at special
points of the spring to different vibration frequencies and
to show concepts related to the wave propagation phe-
nomena such as resonance and beat.

2 Mathematical formulation

The mathematical model representing the equations of
the wave propagation in the helical springs, is obtained
by the application of the theory of dimensional analysis,
the general theory of bending and twisting of thin rods
and the elementary strength of materials formulas to an
element of the spring between two sections x and x + dx
submitted to axial force F and torque T' (see Figs. 1-3).
This leads to the following system [13]:

% = a% + b% (1a)
% = b% + c% (1b)
% - a_? (1d)

This model is a system of four first order partial differ-
ential equations of hyperbolic type. It takes into account
all the four unknowns wu;, u,, v; and v, that depend on
the abscissa z and time ¢, including the dynamic coupling
between the axial and angular waves.

In the case of linear behavior and when the strains
are small, i.e. |u,|] < 1 and |v,| < 1, the coefficients
appearing in equations (la) to (1d) are defined by:

Elh v\ L
a_M—’I“Z(l_l—I-UCOS a)sma (2a)
EIh
=210 _t " sin? v cos o (2b)
ETh
C:M—r?(l_l—tvSiHZQ)Sina (2¢)

R X
— j 1
s
-
—
Fig. 2. Spring element.

Fig. 3. Directions of the forces applied to the section of a
helical spring.

3 Numerical solution
3.1 Lax-Wendroff method

The numerical solution of the problem for hyperbolic
partial differential equations described by {(1a) to (1d)}
can be obtained by the method of Lax-Wendroff [14]
which is applied to transform the system of partial
differential equations into a system of finite difference
equations. The method of Lax-Wendroff scheme is a
three-point explicit accuracy method of two-steps: the
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Fig. 4. Lax-Wendroff scheme.

prediction and the correction. It is easily applied to the
resolution of conservative formulations [15]. The conser-
vative formulation is written as:

Yy  OG(Y)

— =H (Y

ot + ox (¥) (3)
F and H are two vector functions of the unknown vector
Y defined by:

Uy Ut
_ | V= _ | v _
Y = w | G= au, + bu, and H=0
Vg by, + cvu,

The spring is divided into N equal elements of length
Az. Indeed, with the notations of Figure 4, we can write:
YF =Y |[(i—1) Az, kAt] and GF = G (Y}).

Moreover, the unknown vector Y (x,t + At) can be
approximated with the first terms of its Taylor expansion
about t, as:

oY
Then, by introducing the physical laws of the dynamic
response given by equation (3), that is:

oy  0G (Y)
ERT ®)
we obtain the finite difference form:
Y (z,t+0t) =Y (x,t) — 5tZ—G (6)
T

Following the techniques described by Lerat and
Peyret [16], the two-steps Lax-Wendroff scheme [17] used
on conservative equation (3), for any grid point (i, k+ 1),
can be deduced from (6) and are as follows:

For the first step or prediction phase [instant (k +
1/2)At]:

A
2Ax

And for the second step or correction phase [instant (k +
1) At

1
Y =5 (Y + Y

k k
i+1/2 ) Git1 — Gz’)

(7a)

YA+ — vk At (Gk+1/2 B Gi;+1/2) (7b)

Ag \Tit1/2 i—1/2

The X are the eigenvalues of the matrix B which is such
L 0GY) _ poay
Under these conditions:

0alb

1000
B=- 0bOc
0010

and det (B — X)) =\ — (a + c)\? + (ac — b?)
With g =1/, we can write:
(ac—b%) p*—(a+c) p*+1=0 (8)

which admits four roots {—Cy, —Cs, CsC}, where, Cy is
the rapid angular wave celerity defined in the spring by:

(a+c)+\/(a—c)2+4b2 _ [BIh 0
5 = “MTQ sina (9a)

Cr =

and C is the slow axial wave celerity defined by:

o — (a+c)—\/(a—c)2+4b2_ EIh sina (9b)
o 2 V1o

3.2 Finite element method

For the present work, the finite element method, based
on the Galerkin formulation [18-20], was used. The spring
is divided into n equal elements with two nodes and four
degrees of freedom per node (ug, Uy, v, V).

For each node i, the adopted shape functions Ni(j ) (x)
are the linear ones of the roof form plotted in Figure 5.
These functions are defined by:

T—T;_ 1 -
——=L if
Ti—Ti—1

j=1—1
Ni(j)(a;):

T—x, .
Lt Gf
Tip1—Ts

j=i (10)

0 ifj#i—1 and j#i

x; and x;41 indicates the node abscissa bounding the el-
ement ().

As it can be seen, Ni(j) = 0 for all element (j) not
bounded by node 3.

The variables u;, u;, v; and v, and the non constant
coeflicients a, b and ¢ are assumed to be linearly variable
with z in each element i, e.g.:

Uy = Ni(i)uti + Ni(jr)lutiﬂ a= Ni(i)a’i + Ni(jr)la’iJrl (11)
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Xi-1 (i-1) X; (i) Xitl
Fig. 5. Functions of linear interpolation.

The Galerkin procedure, as applied to equations {(la)
to (1d)} using finite elements, requires that [21]:

G) [ Oue B Ouy B Ovg B
g /L N; ot a—m- b 5 } dzr =0 (12a)
(5) -811@ B 3ut o
ZLJ_Ni ot ax}dx_o

o) [Ove Ous  Bva)
Z»/LNz K bax cax]dx—o (12¢)

(5) _87)9; a’Ut
N — =
Z/L v ot 8x} de=0

In which L; = Az is the length of the spring element (j).
Note that the sums of integrals in equations (12a)
to (12d) are equivalently given as:
Jdx=0

/ NETY | ]dx+6/ TN
(13)

In which @« = 8 = 1 for all interior nodes, « = 0 and
B =1 for the first node i = 1 and o = 1 and g = 0 for
i =n + 1, the last node point.

For interior node points:

(12b)

(12d)

um) + bi—1/3 (UmFl — Umi)

Ouy, Ouy,
— Aaj ( ti—1 —92 Utl) + ai+1/3 (’Uﬂm - uxi+1)

ai—1/3 (uﬂ?i—l -

ot ot
Ouy, duy,
+ bi+1/3 (Uu - U-’L‘i+1) — Az ( ot -2 8t+ ) =0
(14a)
ﬂ Oug, , 24z duy, Az Oug,,,
6 Ot 3 ot 6 ot
1
-3 (ut,y —ue,_,) =0 (14Db)
bi—1/3 (umi,I - uwl) + Ci—l/B (Ua:,i,1 - UIi)
31}“ 1 ov i
— Az < ot 8; ) + bi+1/3 (umi - uwi+1)
8vt 31}“ 1
+Ci+1/3 (Ua:,i - Uwz‘+1) — Az < ot - 8t+ ) =0
(14c)

Az Qv 240z 0v,, Az Oug,,

6 ot 3 o 6 o

1
- 5 (Uti+1 — Uti—l) =0 (14d)

In which a;+1/3 = 2a;+aix1, biz1/3 = 2bi+bix1, Ciy1/3 =
2¢; + ¢;i+1 and Ax = x; — x;-1 = T;4+1 — ©; is the space
step size.

Since a;, b; and ¢; are functions of u,, and v,,, equa-
tions (14a) to (14d) form a coupled set of non-linear or-
dinary differential equations in time. In the linear case
a; = a, b; = b and ¢; = c are constants and a;+,/3 = 3a,
bi:l:l/3 = 3b and Ci:l:l/3 = 3c.

To complete the development, it is necessary to re-
peat the preceding steps for the boundary equations. Ap-
plication of (13) to equations (1a) to (1d) for ¢ = 1 and
1 =n+1 gives:

Ugy — Uz, Uy — Vs,
A1/37 A +b141/3 ~ Ar

8Ut2

3ut1 o
—Am<2 5t + 5 >—O (15a)

0 0
3 (w2 —up) — Az (2 gzl + gx2t> =0 (15b)
Uz — Uzl Vg2 — Uzl
s e T

Ovga

8’Ut1 -
— AJ? <27 + W) =0 (150)

Ovg1  Ovug
3 (vig — 1) — Ax <2 gtl + gﬁ) =0

(15d)

- uxn] + bn+1/3 [an+1 - 'UmN]

Oy, 8utn+1 o
Ax[ 9 +2 T ]—O (16a)

an+1/3 [umn—i-l

8umn 8u.ﬂcn—i—l
Ax( o TP

) -3 (utn-i-l — utn) =0 (16b)

- uxn) + Cnt1/3 (Umn+1 - 'Umn)

81}1571 8Utn+1 -
Ax( 9t +2 9 )—0 (16¢)

bn+1/3 (uxn-',-l

OV OV
Ax( ven at“)—swmﬂ—vm):o (16d)

The final step in setting up equations (14a) to (14d) for
solution is the formulation of the scheme for integration
over time. A flexible and relatively simple technique in-
volves approximate integration over a set of finite time
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[ My Mi2 0 0O 0 1 _ql 1 [ 1
M1 Mz Mas O Us f2
~~~~~ 0 Miyi—1 My My O [:]z _ | Ji (19)
~~~~~~~~~ 0 Mit1i Mitrit1 Mivii42 0 Uit | | fira
: 0 - :
O Mnn—l Mnn Mnn+1 gn fn
_0 0 Mn+ln Mn+1n+l_ _Un+1_ _fn+1_

intervals. The approximation results from assuming that
the variation in time for variables not in a time derivative
can be accounted for by writing the variables as weighted
averages over time, e.g.:

ar, =ui '+ 0 (uf, — w7 (17)
In which @, is the weighted average between time levels
k—1 and k; and 0 is a parameter which affects the stability
of the solution; 0 < 6 < 1. As an example, the first term in
equation (14a) would be written @;_(1/3) (g, — Ua,_,) =
(2a; + Gj—1) (Us, — Uz,_, ). Semi implicit Euler method is
used to integrate the time derivatives over the time step
(k — 1+ 0) At to yield terms of the form:

i /kAt 8uti dt . ui’; - ufiil _ ’U’ti - u?i71 (18)
At J ot At Y

k—1)At
In this expression, equation (17) was used to replace ufz

Time integration of equations (14a) to (14d), which
involves the use of equations (17) and (18), yields a set of
non-linear equations that are frequently solved by using
iterative algorithms.

After assembly, we obtain the non-linear matrix sys-
tem:

See equation (19) above.
where:

— M, is (4 x 4) matrix which is null if £ < ¢ — 1 or
k > i+ 1 else it depends of the unknowns of the
problem {@y;—1, Ugi—1U%;, Upilizit+1, Uzit1} at the time
(n—146)At and (n — 1) At.

- {Ui}t = (U, Uy,, Ut,,Vg,) is the unknown vector at
the node i and the time (n — 1 + 0) At.

— fi is a second member vector which depends of the
unknowns of the problem at the time (n — 1) At.

— My, Mio, Myi1n, Myyins1 are (4 x 4) matrix which
depends of the boundary conditions in the nodes 1 and
n+ 1.

— f1 and f,,41 contain the boundary conditions.

The final step in the procedure is the solution of the non-
linear matrix system (19) written as a compact form:

(& (@)]{U} =1/}

where U is the solution at the time (n — 1+ 6) At.
The solution of the system (20) is obtained using
an iterative algorithm based on the Gauss substitution

(20)

method [22]. In this method a succession of solutions
{Ul},{U2}, e {Um} is constructed. {Um} is calculated
from {U m’l} by solving the following linear system:

KOOy =y, m=12. @
with {U}O = {U}"! ({U}"" is the solution at the time
(n—1) At).

The process is repeated until the convergence of so-
lution. This is obtained when H{U}m - {ﬁ}m_lH <
c H {ﬁ}m—l

The speeds Cs and Cy are used to define the time step
At = t*F — t*=1 from the Courant-Freidrichs- Lewy [23]

stability condition for finite difference approximations of
hyperbolic equations:

, where ¢ < 1.

At
I Ar <1 (22)
The stability and the speed of convergence depend of
three parameters which are the time increment At, the
number of finite elements n and the value of # which must
satisfy the relation (22) and 6 > 0.5 [24].

When the solution {U } is obtained at the time
(n — 1+ 60) At, equation (17) permits us to obtain the so-
lution {U}" at the time nAt.

3.3 Impedance method

The partial differential equations considered are lin-
ear; they are solved for sinusoidal perturbations with the
same frequency throughout the system. Static behavior
of the variables being initially zero, (A = 0 and § = 0),
the instantaneous quantities are terms of fluctuations. It
is advantageous to separate the total instantaneous me-
chanical variables (u, ¢, Uy, v¢) into two parts, the mean
variables (4, @, U, Ut), and the oscillatory variables (ul;,
uy, vh, vy) so that (uy = Uy + uly ... ).

The mean variables are given by the initial condi-
tions represented by the static deflection of the spring
(see Fig. 2):

é B r6
h

Uz = 7 and 0 =0 (23)
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Using this notation, the equations of motion (1a) to (1d)
become:

88—7? - a%zf - 881;% =0 (24a)
88—1% - %—Zf =0 (24D)
a;; - %—Tj =0 (24d)

One may solve the linearized equations of the coupled
free vibration of helical springs by using the separation-
of-variables technique which assumes that [25]:

ul, =l (z,t) = U, (2) T (1), (25a)
uy = uy (z,t) = Uy () T (t), (25b)
vy = v (,t) = Vi (2) T (t), (25¢)
o) = o (2,1) = Vi (2)T (1) (254)

where U, (z), V. (z), U;(z) and V;(z) are nontime-
varying complex functions of strains and velocities and
T is a function of ¢ only.

The impedance method consists in solving the equa-
tions of system (8) by the method of separation
of variables Y (z,t) = X (2)T(t), where X' (z) =

By restricting the solution for T to the steady-
oscillatory case, that is, by assuming a particular solu-
tion for 7" as a harmonic oscillation, the solution can be
expressed:

T = Ce™t (26)
After substituting and rearranging;:
dX
where:
U, 0010
Va 0001
X (z) = U, and B = ab00
Vi bec0O
0 0 10
0 0 01

2 (1 + vsin? a) —c2vsinacosa 00

—ctvsinacosa c? (1 + v cos? a) 00

The solution of equation (26) can be written [26]:

X (z) =P X (0) = [A(2)] X (0)  (28)

The inverse of the matrix B can be easily found by the
Gauss’ elimination method:

vsin o cos

00 c —b 00 1+v Cgs2 «

ac—b2 ac—b2 C? C_%
B*l _ 00 ac_—bb2 — _ 00 L singgcosa 1+ugi?n2a
100 0 100 0
010 0 010 0
(29)

The eigenvalues of B~! are the roots of the characteristic
equation:

a+c 1
ac — b?

det (B7' = AI) = A* — =0 (30)

ac — b2

Since B~! is a four-by-four matrix, then, from algebraic
theory, equation (28) can be written:

apl + a1 (iwa_l)
+ as (iwa_l)Q + as (iwa_1)3 X (0) (31)

where a, are defined by using the determinants: a, = %
with:

1 1 1 1
IWTAL WAy WITA3  WIA4

D =1 (iwzA)? (iwzhs)? (iwzds)® (iwzhy)?

(iwzA1)? (iwzda)® (iwzds)® (iwzis)®

= 4Tt o (“C’—:)G (32)

D, is obtained by replacing the elements (iwz)1)", ...,
(iwxAy)" in D by ewzr | elwrda

The eigenvalues of the matrix B are {—Cy, —C,
Cs,Cr} and those of the matrix izwB™! are {\; =
—twx/Cy, Ao = —twx/Cf, Ag = iwz/Cy, Ay = iwz/Cs}

Using a software MATHEMATICA treatment and the
coefficients of the matrix [A (z)] shown in equation (28)
we obtain the mechanical impedances in the helical spring
defined as the ratio of complex axial and angular strains
to the complex axial and angular velocities as follows:

See equation (33) next page.

In practice, we are interested to the mechanical
impedances at the extremity S (x = h) of the spring.
In the case where the spring is clamped at the extrem-
ity R (z = 0) and axially loaded at the extremity S, the
boundary conditions can be expressed (see Fig. 6):

Ue(0)=0,V; (0)=0, U (h) #0, Vi (h) =0 (34)
Impedance transfer functions are utilized to express the
impedance at one point in terms of conditions at another
location, usually a terminal condition. Although transfer
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7 (x) _ u_; _ A1l (l‘) Uz (0) + Ai2 (J? Ve (0) + Ais (x) U (0) + A1g (l‘) Vi (0) (33&)
! ué Az (.T) U (0) + Aszo (3} Ve (0) + Asz (3}) U, (O) + Asy (.T) Vi (0)
Zs (z) = U_; _ Aoy (2) Ug (0) + Agz (x) Vi (0) + Aoz (2) Uy (0) + Aoy (2) Vi (0) (33b)
’ up  Asi (2) Uz (0) + Asz (z) Vo (0) + Ass (x) Ut (0) + Ass (z) Vi (0)
Zs (z) = % _ A () Uyp (0) + Ara (z) Vo (0) + A1z (2) Ur (0) + A1a (2) V2 (0) (33¢)
’ vp  An (%) Us (0) + Aaz (@) Vo (0) + Aas (2) Ut (0) + Aaa (z) V4 (0)
Za () = Yz = A20(@) Uz (0) + Aza (2) Vi (0) + Aas () Us (0) + Aza (2) Vi (0) (334)
v Aar (2) Uz (0) + Asz (2) Va (0) + Aaz (z) Ur (0) + Aaa (z) V2 (0)
functions may be written to relate the impedance at any
position x in a spring to the boundary conditions, the R (x=0) Xy
transfer equation that relates impedance at the loaded -
extremity in terms of impedance at the clamped extremity w (ht)=w (1)
is particularly useful: L=V
=u,, sin(wr)

Ay (h) Aga (h) — Ara (h) Ay (h)
= As1 (h) Agz (h) — Asz (h) Agy (R)
_ Agy (h) Aga (h) — Agg (h) Aur (h)
= As1 (h) Agz (h) — Asz (h) Ags (R)

Zy (h)

and Zs (h)

(35)

In the case where the load is angular, one can define two
other impedances at the loaded extremity:

Ay (h) Agy (h) — Ava (B) Agy ()
= Ap (h) Asz (h) — Aga (h) Azp (h)
_ Agy () Asa (h) — Agy (h) Az (h)
= Ay (h) Ass (h) — Agz (h) Azp (R)

Z3 (h)

and Zy (h) (36)
The impedances vary with the frequency and are max-
imum for an infinite number of frequencies. These are
the natural frequencies of the helical spring system and
they correspond to the zero of the impedance denomina-
tor that is the zero of the expression: A4y (h) Asz (h) —
Az (h) Ago (R).
One can verify that:

A41 (h) A32 (h) - A31 (h) A42 (h) = CfCs sin <CZ—;L>

mmcg>(W)

The amplitudes of the impedances according to the pulse
diagrams are shown in the impedance diagrams (see
Fig. 7). The maximum values of the spectrum are on res-
onance frequencies, while the minimum values correspond
to anti-resonance frequencies. When the pulse perturba-
tions in the spring coincide with the pulsations of res-
onance, strain fluctuations are amplified and can cause
breakage of the spring.

4 Applications and results

The following application illustrates the steps in a fre-
quency response analysis, in which the impedance method

S (x=h)

Fig. 6. Ends of the helical spring subjected to axial loading
at x = h.

is used. The computations needed to evaluate the mechan-
ical impedances at a point in a spring are quite involved
when a computer is not used. The general applicability of
the method can best be indicated by discussing particu-
lar situations. In the following examples the receiving-end
impedance of the system is assumed definable by the fore-
going relationships, the problem being to determine the
impedance at other locations in the compression helical
spring.

4.1 Initial and boundary conditions

We assume that the spring is initially compressed at
a distance A (see Fig. 1). For all x € [0, ], the initial
conditions are defined by:

Uy (,0) = —A/h, vy (2,0) = 0r/h =0, u(x,0)=0
and v (z,0) =0 (38)

These conditions satisfy the ordinary differential equa-
tion system obtained after having annulled terms 0/0t in
partial differential equations {(1a) to (1d)}.

We consider a system spring shown in Figure 6. The

boundary conditions are expressed by:
ut (0,8) = 0,0 (0,¢) =0, and v (h,t) =0 (39)

4.2 System description

We consider a compression helical spring from the
tamping rammers (see Fig. 8), whose geometric and me-
chanical characteristics are shown in Tablel.
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(d) 1Zgsl = Vx/Vt

Fig. 7. Impedance diagrams.
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Fig. 8. Helical spring description from tamping rammers.

Table 1. Mechanical and geometric characteristics of the con-
sidered springs.

Height of the spring A 1.1938 m
Helix angle o 0.198281 rd
Number of turns n 6
Poisson’s ratio v 0.25
Young’s modulus E  206.85 GPa
Shear modulus G 81.423 GPa
Mass of the spring M  2.12868 kg
Radius of the spring r  0.157607 m
Wire radius Ty 0.007 m
Initial compression A 0.254 m

A computer program in FORTRAN language is de-
veloped that computes the mechanical impedances over
a wide range of frequencies w. In general, the terminal
impedances are complex number and can be expressed:

Z1(h) = Zig + iZyp = | Z1] '

and Zo (h) = Zog + 221 = | Z2| ™2 (40)
These impedances vary with frequency and are at their
maximum for the infinite number of resonating frequen-
cies. These are the natural frequencies of the helical spring
system and, in the case of a spring originating in a
clamped extremity, they correspond to fundamental and
harmonics. Each natural frequency or resonance, however,
is separated on the frequency scale by an anti-resonance,
or frequency at which |Z;| and | Z2| become small or equal
ZEero.

The impedance diagram provides a very useful aid in
assessing the frequency response of a system. The most
useful plot is that of the modulus of the impedance ver-
sus angular frequency. The impedance diagrams for the
helical spring are shown in Figure 7 where the impedance
modulus is plotted.

The resonances and anti-resonances are visible as
points of high impedance and low impedance, respec-
tively. The fundamental, second, third and fourth har-
monics are easily identified as the frequencies associated
with large impedances. These frequencies correspond to
the maximum impedance modulus values, that is, to the

resonance frequencies and are proportional to Cs and C,
respectively. The two fundamental frequencies are given
by:

(ON
h

=98.035 rd.s™!

Wg =

C
and wy = f —109.607 rd.s™t

- (41)

As indicated in Figure 7, the number series of natural
frequencies correspond to the zero of the denominator of
|Z1| and |Zs|, that is the zero of the expression (37). The
other natural frequencies are the multiples of w, and wy:

(0N
h

=98.035 k, wsr = kw—gf = 109.607 k,

k=012 ... (42)

wSka

4.3 Resonance and beat phenomena

The response of the spring in terms of axial and an-
gular deformation following a sinusoidal excitation of the
axial velocity to a pulse of resonance or harmonic own
anti-resonance is studied for example for the spring shown
in Figure 6.

4.3.1 Excitation with fast frequency wy

The numerical results are shown in Figure 9. These
figures illustrate the dynamic response represented by the
forced vibration of the strains in the spring. This dynamic
response in different sections of the spring is due to a
sinusoidal excitation of the axial velocity of amplitude
1 m.s~' and of pulse corresponding to the fundamental
frequency wy = W—g’ = 109.607 rd.s~! that is to the faster
wave celerity.

The evolutions of axial and rotational strains, as func-
tions of time ¢, are plotted at some sections of the spring:
x =0,z =h/4,2 = h/2, x = 3h/4, and x = h. From
these results, the strains are maximal at the extremities
of the spring.



A. Hamza et al.: Mechanics & Industry 14, 253-265 (2013)

0.2

x=h/ x=h

ux

0.1 il

2.,
—

=
=

Time (s)

-0.2

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1
Beat phenomenon

263

02 :
=0 x=h/2| —— xEh

i

0.0

B

L

Tirne (§) i

0 01020304 0506 070809 1 1.1
Resonance phenomenon

-0.2

Fig. 9. Evolution of deformation following an excitation at the fast fundamental period wy.
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Fig. 10. Evolution of deformation following an excitation at the slow fundamental period ws.

Note that the resonance phenomenon occurs for the
angular deformation, because the pulse wy is a funda-
mental for this mechanical quantity. Therefore, it is am-
plified continuously until it reaches a steady-oscillatory
regime. One can notice that the angular deformation is
at its maximum at both ends of the spring. For the axial
deformation, a beat phenomenon of waves is rather oc-
curing. Again, the deformation is maximum at both ends
of the spring. The observed beat phenomenon develops
when two signals of the same type are energized with fre-
quencies close. In this case, the axial velocity of the wave
grows with the excitation pulse of wy = 109.607 rd.s~*
and the axial strain wave which is excited with the slow
pulse ws = 98.035 rd.s~!. So, the beat phenomenon re-
veals two characteristic times:

4
Ty = il

= —— =0.0605s
Ws1 + Wr1

2
T _0543s

dT, =
S ey

(43)

Ty, which is proportional to the inverse of the mean pulse
waves, corresponds to the period of the oscillations of the
resulting signal and T3, which is proportional to the dif-
ference of pulse waves, represents the period of the enve-
lope of these oscillations, that is the period of the beat or
of the modulation. Actually, the resonance phenomenon
can not be developed for axial waves with fast beat, as
they are quickly caught and then destroyed by the angular

wave [27]. It can be seen that the resonance phenomenon
manifests for rotational strains at all sections only at the
middle of the spring « = h/2. For the axial strain, the res-
onance is reduced to beat phenomenon which takes place
between the two waves: the excitation u; which fluctuates
at the fast frequency and the axial strain u, which prop-
agates at the slow wave celerity. This can be explained by
the fact that the excitation frequency is equal to the fun-
damental frequency of rapid rotational waves. So the rota-
tional strain resounds. Although the excitation frequency
is also a fundamental for the axial strain, the resonance
for this strain has not been occurred due the coupling
effect and competition of the axial and angular waves.

4.3.2 Excitation with slow frequency wy

Figure 10 shows the evolution of deformation due to
a sinusoidal excitation in terms of axial velocity of the
natural frequency on the slow speed. The results show
that the axial strain is increasing continuously and signif-
icantly reflecting the growing phenomenon of resonance
in the spring for this quantity. The results also show that
the resonance phenomenon expands to the angular defor-
mation. This can be explained by the dynamic coupling
between the axial waves and angular waves reflecting the
fact that the angular waves are induced in the spring by
the axial waves and are never caught by these waves.

However, as shown in Figure 11, the amplification
in this case is slightly higher despite the slow frequency
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Fig. 12. Validation of the frequency study by the impedance method and comparisons with finite élémnets method (FEM ).

fs = TL = 3= = 15.603 Hz is smaller than the fast fre-
quency fr = T% = ;’—fr = 17.445 Hz.

4.4 Comparisons and validation of results

Computed results obtained, for different frequencies,
by this method of the finite differences scheme of Lax-
Wendroff compare favorably well with the numerical
results based upon the finite element method in the
Figure 12.

This enables validating the results found in this pa-
per. It is clear, that the method of Lax-Wendroff is less
expensive than other methods. There is less computer cost
involved with this method because of the speed of calcu-
lations. This gives an explanation of the difference and
novelty of this document comparing to the related exist-
ing works.

5 Conclusion

This paper investigated resonance and beat phenom-
ena of strains due to forced sinusoidal excitation in he-
lical springs. To study vibrations in helical springs sub-
jected to a sinusoidal excitation, we propose a coupled
model. First, the natural frequencies of the spring were
predicted by the impedance method. The impedance ap-
proach has been used by restricting the solution to the
steady-oscillatory case, that is, by assuming harmonic os-
cillations. In this case, as the behavior of the mechanical
variables was governed by a linear system of partial differ-
ential equations, the separation of variables technique has
been used to develop the mechanical impedances of the
spring. Theses impedances vary with frequency and are
maximum for the infinite number of resonating frequen-
cies corresponding to fundamental and harmonics. The
obtained results permitted to show that the natural fre-
quencies are proportional to the two wave speeds in the
spring: the slow axial wave speed and the rapid rotational
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wave speed. Next, the evolution of axial and rotational
strains, at various sections of the spring, due to an axial
velocity harmonic excitation, was analysed and the phe-
nomena of resonance and beat was illustrated. Numeri-
cal solutions were obtained by the Lax-Wendroff scheme
when the vibrations were caused by harmonic forced ax-
ial velocity. As there were two different sets of natural
frequencies, because of the two different waves that prop-
agated through the spring, the dynamic behaviour of the
strains was conditioned by the wave that matched the
frequency of the excitation when resonance occurred. In
this sense, numerical results showed that the axial and
rotational strains resonated and followed the excitation
for slow frequencies. The amplification was more impor-
tant for the axial strain than for the rotational one which
was induced by the effect of Poisson coupling. Numerical
results of the example studied and simulated, have been
confronted with such physical explanations regarding the
dynamic coupling between the axial and angular waves
and the phenomena of wave reflections on both ends of
the spring. For excitation with rapid natural frequencies,
the resonance occurred only for rotational strains and the
beat phenomenon was observed for axial strain.
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