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Abstract – This work presents the dynamic modeling of ball bearing which uses multibody dynamic for-
malism. Such formalism allows immediate integration of the model in dynamic simulations of helicopter
main gear boxes. Ball bearing is considered non-lubricated in order to predict its behavior in case of lubri-
cation system failure. Rolling contacts are treated with the method proposed by Kalker. This approach is
based on polynomial approximation of relative displacement on the contact ellipse. For low computational
cost and without any spatial discretization, it gives a good estimation of tangential traction and creep.
Also, a regularization of the Kalker linear creep theory is proposed. It is used here to facilitate the global
convergence of the Newton iterative process. It is well suited for multibody dynamic simulations which do
not need a very fine treatment of rolling contact. A numerical example of a ball bearing under thrust load
is presented.
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Résumé – Cette étude présente un modèle dynamique de roulement à billes utilisant le formalisme de la
dynamique multicorps. Ce dernier permet l’intégration immédiate du modèle dans les simulations dyna-
miques de bôıtes de transmission de puissance d’hélicoptères. Le roulement est considéré non lubrifié afin
de prédire son comportement en cas de défaillance du système de lubrification. Le modèle mis en place pour
les contacts roulants pseudo-ponctuels, issu des travaux de J.J. Kalker, se fonde sur une approximation po-
lynomiale du déplacement relatif sur l’ellipse de contact. Ce dernier fournit, pour un temps de calcul réduit
et sans discrétisation spatiale, une bonne estimation des efforts et micro-glissements au contact. Aussi, une
régularisation de la théorie linéaire de Kalker est proposée. Elle est utilisée pour faciliter la convergence
globale de l’algorithme de Newton. Elle est également bien adaptée aux simulations dynamiques multicorps
qui ne nécessitent pas une modélisation très fine du contact roulant. Un roulement à billes soumis à un
effort axial est présenté comme exemple numérique.

Mots clés : Dynamique multicorps / Roulement à bille / Contact roulant / Theorie de Kalker

1 Introduction

In helicopters, the mechanical transmission of power
is achieved by the Main Gear Boxes (M.G.B). Rolling
bearings are the most critical component in such mechan-
ical system since it permits the relative rotation motion
between shaft and housing, and it carries high load and
speed. The understanding of such components is essential.
Thus the local behavior of rolling element bearings has
been widely studied. Notable works include quasi-static
analysis [1] and dynamic analysis with the well-known
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computer code ADORE c© [2]. The use of rolling bearings
brings some nonlinearity to the mechanical system. Such
nonlinearity results from various phenomena as, for exam-
ple, radial clearance or friction [3, 4]. Some contributors
developed rolling bearing model in order to highlight spe-
cific defects. Localized defects on rolling bearing races and
balls were studied [5]. Distributed defects as race surface
waviness are of interest too [6]. Defects produce vibra-
tion noises which lead to unacceptable dynamic behavior
of mechanical systems. In M.G.B, the power weight ratio
must be as low as possible. Such design rule leads to more
flexible shafts and housings. This increasing flexibility as-
sociated with the nonlinearity of rolling bearings, forbids
the only use of local analysis [7]. The flexibility of the
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Latin letters

a, b Hertzian half-contact length [m]

amn, bmn Kalker polynomial coefficient

c =
√

ab Equivalent contact radius [m]

cx, cy , cz Adimensionalized creep velocities –

c0, c� Equivalent adim. creep –

c0 = (c2
x + c2

y + c2
z)

1
2 Equivalent adim. creep –

c� = (‖cy‖ + ‖cz‖) Equivalent adim. creep –

Cij Linear Kalker creep coefficient –

Ct Tangent damping matrix

B, Bnh Constraint gradient

dpq, epq Kalker polynomial coefficient

FT = (Fx, Fy) Tangential force [N]

Fn Normal force [N]

f = (fx, fy) Tangential traction [Pa]

g Force vector

G Reduced shear modulus [Pa]

k Scaling factor –

kh Hertz contact rigidity [N.m
−3
2 ]

Kt Tangent stiffness matrix

M Mass matrix

Mz Spin moment [N.m]

p Penalty coefficient –

p0 Maximum contact pressure [Pa]

pz Normal traction [Pa]

Pdiss Dissipated power [W]

q Generalized coordinates

r Dynamic residual

R Cartesian fixed frame

R Ball radius [m]

S Slip velocity [m.s−1]

s = (sx, sy) Adim. slip velocity –

T Tangent operator

u = (u, v, w) Relative elastic displacement [m]

ui Elastic displacement of body i [m]

V Creep velocity [m.s−1]

V d Particle velocity [m.s−1]

V u Undeformed particle velocity [m.s−1]

V r = (Vrx, Vry) Rolling speed velocity [m.s−1]

Vr Norm of rolling speed velocity [m.s−1]

x Particle position [m]

z Axis of rotation

Greek letters

αi, βi Reg. function extra parameters

δ Contact deflection [m]

εij Reg. function parameters –

E Contact area

λ Lagrange multipliers

μ Coefficient of limiting friction –

ϕz Adim. spin velocity –

φij Regularization functions

Φ, Φh , Φnh Constraint vectors

ωd Prescribed angular velocity [rad.s−1]

Ω Material angular velocity vector

Superscript

˙ Time derivative
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environment cannot be neglected. For instance, misalign-
ment induced by housing deformation may cause damages
to rolling bearings and a premature failure [8].

Dynamic modeling of multibody systems allows analy-
sis, design, optimization and control of complex mechan-
ical systems. Usually, joints are assumed to be ideal or
simplified [9,10]. Studies dealing with the use of physical
joint in multibody dynamic simulation are of growing in-
terest. In multibody simulation, real cylindrical or spher-
ical joint have been used [11,12]. A recent work proposes
a model of planar deep groove ball bearing that can be
used in planar multibody system [13].

The purpose of this study is to introduce a non-planar
dynamic model of non-lubricated ball bearing with clear-
ance which can be used in dynamic simulation of M.G.B.
This model is directly integrable in multibody dynamic
simulations. Its utilization is not limited to simplified
shaft architecture as could be specialized codes for bear-
ing simulation [14]. Also, specialized codes for gearboxes
simulation are often limited to quasi-static analysis. Some
of them, as RomaxDESIGNER c©, propose a coupling with
an external multibody dynamic software. In such simu-
lations, rolling bearings are treated as nonlinear stiffness
matrices. It allows efficient vibration analysis of gearboxes
but it is unable to predict internal behaviour of the rolling
bearing. The present model is dedicated to direct time in-
tegration of the equations of motions. Then, it furnishes
the internal dynamic behaviour of the ball bearing.

Non lubricated model is useful to predict behavior of
rolling bearings in case of lubrication system failure. In
such model, the description of rolling contact is of prior
importance. The number of simulated contacts becomes
very important, which could lead to long CPU time.
Kalker’s approach [15] has been chosen since for low com-
putational cost and without any spatial discretization, it
gives an accurate estimation of tangential traction and
creep. A simplified model, based on a regularization of
Kalker linear theory has been developed in order to fa-
cilitate the convergence of the global nonlinear dynamic
resolution. Rolling contact model deriving from Kalker
linear theory has been studied [16].

2 Description of multibody formalism

Several formalisms are available in multibody dy-
namic. The present work uses the finite element ap-
proach [10]. A fundamental aspect in spatial multibody
dynamic is the representation of large finite rotation.
Most approaches use Euler angles or Euler parameters.
The first method provides intuitive description of rota-
tional motion but has the drawback to exhibit singular-
ity. The second method avoids this singularity but needs
one redundant variable. Their use requires imposing addi-
tional nonlinear constraint of normality. The present work
employs Conformal Rotation Vector. This parameteriza-
tion is free of any singularity over one full rotation and
uses only three independent parameters [17]. A correction
procedure of the Conformal Rotation Vector is used to
allow rotation of any magnitude. Thus, each body needs

the use of six parameters. All generalized coordinates are
collected in a column vector q.

Bodies are usually interconnected with joints. These
connections are expressed as algebraic equations. Holo-
nomic constraints Φ are formulated as implicit func-
tions of the generalized coordinates and time (1). Non-
holonomic constraints Φnh encountered in this work are
always linear in velocities and can be expressed in the
form (2) where q̇ notation denotes for time derivative of q.

Φ(q, t) = 0 (1)

Φnh(q, q̇, t) = Bnh(q)q̇ + gnh(t) (2)

The constrained dynamic problem is treated with the aug-
mented Lagrangian method. Non-holonomic constraints
are considered using a dissipation function D, where p is
a penalty coefficient and k is a scaling factor. λ is a set of
Lagrange multipliers. The superscript T is the transpose
operator.

D =
1
2
pΦT

nhΦnh + kλ̇
T

Φnh (3)

Dynamic equilibrium equations of constrained system are
then obtained. M , B are respectively the mass matrix
and the matrix of holonomic constraint gradient. The
force vector g is the sum of external, internal and comple-
mentary inertia force. r is the dynamic residual vector.⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

r(q, q̇, q̈, λ, λ̇) = Mq̈ + BT (pΦ + kλ)

+BT
nh(pΦnh + kλ̇) − g (q, q̇, t) = 0

Φnh(q, q̇, t) = 0

Φ(q, t) = 0

(4)

This nonlinear second order differential-algebraic sys-
tem (4) is solved using HHT scheme [18]. As New-
mark method, it allows a direct resolution of second
order differential system. It is unconditionally stable,
second order accurate and induces less numerical dissi-
pation than damped Newmark algorithm. This scheme
needs the linearized form of the dynamic equilibrium (4).
Knowing an approximate solution (q�, q̇�, q̈�, λ�, λ̇

�
)

at time t and considering a correction of the solu-
tion (Δq, Δq̇, Δq̈, Δλ, Δλ̇), the differentiation of (4)
provides:

[
M 0
0 0

] [
Δq̈

Δλ̈

]
+

[
Ct kBT

nh
kBnh 0

] [
Δq̇

Δλ̇

]
+

[
Kt kBT

kB 0

] [
Δq
Δλ

]

=
[ −r�

−Φ�

]
+ O(Δ2) (5)

where Kt and Ct are the tangent stiffness and the tan-
gent damping matrices. Finally, the nonlinear equation of
motion is solved iteratively by Newton method.

Kt =
∂r

∂q
and Ct =

∂r

∂q̇
(6)



338 C. Bovet et al.: Mechanics & Industry 14, 335–345 (2013)

3 Rolling contact model

The description of rolling contact is of prior impor-
tance because net traction force defines the time evo-
lution of the ball bearing. Boussinesq has solved elastic
contact between non-conforming surfaces. Relative elastic
displacement u = (u, v, w)T , contact pressure pz and tan-
gential traction f = (fx, fy)T are linked through integral
equations. The local Coulomb model is used, let μ be the
friction coefficient. In this work, the coupling between nor-
mal and tangential contact problems is neglected. It is ex-
act if both bodies have the same elastic properties. Thus,
in case of contact between two non-conforming bodies,
pressure distribution and contact area E are given by the
Hertz theory of frictionless contact. The contact area is
an ellipse, a and b are its semi-minor and semi-major axes
respectively. The pressure distribution is of the form (7).

pz(x, y) = p0

√
1 −

(x

a

)2

−
(y

b

)2

(7)

The normal load Fn is linked with the contact deflection
δ by (8). kh is the contact rigidity which depends on cur-
vatures of contacting surfaces and material properties of
contacting bodies. More information about Hertz contact
theory can be found in [19]. Once the contact area and
the contact pressure are obtained, the tangential problem
of contact is solved.

Fn = khδ3/2 (8)

3.1 Tangential contact problem

Kinematic description of contacting surfaces is needed
to solve the tangential problem of contact. Let R be a
fixed Cartesian coordinate system. Consider a particle M
of body i which lies at time t in x in the undeformed state,
and at x + ui in the deformed state. For each contacting
body, the velocity of the particle is found by differentiat-
ing particle position with respect to time.

V d(M, t) = V u(M, t) + ∇ui(M, t)V u +
∂ui(M, t)

∂t
(9)

Assuming small strains and neglecting second order
terms, the relative velocity of micro-slip between contact-
ing points S(M, t) is given by:

S(M, t) = V (M, t) −∇u(M, t)V r +
∂u(M, t)

∂t
(10)

In case of stationary rolling contact and dividing by the
rolling speed Vr, (10) becomes:⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

sx

Vr
= cx − ϕz y −

(
Vrx

Vr

∂u

∂x
+

Vry

Vr

∂u

∂y

)

sy

Vr
= cy + ϕz x −

(
Vrx

Vr

∂v

∂x
+

Vry

Vr

∂v

∂y

) (11)

where, Vr is the rolling speed. s = (sx, sy)T , c = (cx, cy)
and ϕz are respectively micro-slip, creep and spin veloc-
ities adimensionalized by the rolling speed. A classical
assumption is to assume that the rolling direction fol-
lows the x axis of the contact ellipse which means that
Vrx = Vr and Vry = 0. For ball bearings, such condition
cannot be asserted.

3.1.1 Kalker nonlinear creep theory

Kalker’s approach makes use of the fact that in case
of material elastic symmetry, the load displacement equa-
tion is valid [15]. If we assume a traction of the form (12),
then the relative displacements inside the elliptical area E
are polynomials in x and y of the same degree. Polynomial
coefficients (amn, bmn) and (dpq , epq) are linked linearly.

(u, v) =
m+n≤M∑
m,n≥0

(amn, bmn) xm yn

⇔ (fx, fy) =
(

1 −
(x

a

)2

−
(y

b

)2
)−1/2

×
p+q≤M∑
p,q≥0

(dpq, epq) xp yq (12)

Classical methods [19] assume a priori the stick and slip
zones and often lead to a closed form for the traction and
creep. Nevertheless, it breaks down when the spin motion
becomes large. The difficulty of such a problem lies in
the different boundary conditions which have to be sat-
isfied in slip and stick zone. Those areas are not known
in advance. Kalker’s approach avoids this difficulty by
combining boundary conditions. Let T and S be defined
by (13). In the stick area, S is null, whereas in the slip
area tangential traction is equal to the maximal Coulomb
value and T is null. Finally on the whole contact area E ,
the product (TS) must be null. Thus, the tangential con-
tact problem is solved by minimizing the integral of (TS)
over E . Since the value of the integrand of (TS) over E
has no physical interest, the minimization process is made
on an elliptical grid. Such an approach blurs the distinc-
tion between stick and slip zones, which are now identified
a posteriori. A polynomial degree of M = 3 is satisfactory
for most situations. This method gives net traction forces
and power dissipation of the rolling contact.

T =
∥∥∥∥ f

μpz
− s

‖s‖
∥∥∥∥ and S = ‖s‖ (13)

Figure 1a compares net traction between rolling contact
models and experimental data. Except the present model
curve, other curves arise from [19]. The test case is a ball
rolling on a plane with increasing longitudinal creep. Strip
theory [19] gives also good results but it cannot be used
when spin motion is present. Classical traction distribu-
tion induced by longitudinal creep is shown in Figure 1b,
the stick zone is close to the leading edge (right) whereas
slip zone is close to the trailing edge (left).
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Fig. 1. Rolling contact model results. (a) Net traction com-
parison for increasing longitudinal creep [19]. (b) Distribution
of ‖f‖/μpz for a ball rolling on a plane with longitudinal creep
cxR/μa = 0.8.

Even if this rolling contact model gives good estima-
tion of net traction for a slight computational cost, the
underlying minimization process can break down for very
unnatural situations. Unfortunately, such unnatural sit-
uations can arise from the Newton-Raphson process of
dynamic resolution. Indeed, at each time step, first it-
erations of the Newton-Raphson process frequently lead
to excessive unbalance, which produces convergence diffi-
culties of nonlinear rolling contact models. To solve this
problem, a simplified and more robust rolling contact
model has been developed. This model is used until the
dynamic residual has decreased sufficiently to avoid un-
natural situations. These cases correspond to inconsistent
values of (cx, cy, ϕz).

3.1.2 Kalker linear creep theory

Linear creep theory is limited to infinitesimal creep
and also derived from load displacement equation [15].
It assumes complete stick of the contact area (11). The
minimization of the surface traction on the leading edge

of the contact area leads to a linear system. Finally, tan-
gential forces are linear in creep and spin velocities. Creep
coefficients Cij depend only on ellipse ratio a

b and friction
coefficient. ⎧⎪⎨

⎪⎩
Fx = G c2 C11 cx

Fy = G c2 (C22 cy + c C23 ϕz)

Mz = G c3 (C32 cy + c C33 ϕz)

(14)

A simplified approach based on Kalker linear creep theory
is compared to an exact approach by Chevalier [16]. This
model needs very low computational cost. It is only valid
for an infinitesimal creep since net traction can exceed
the force of limiting friction. If contact curvatures are
not changing, as in the case of contact between balls and
cage pockets, creep coefficients Cij are calculated only one
time. In ball bearings, the range of variation of creep and
spin velocities is large. Such model is not applicable as it
is, however it is a physical starting point of a regularized
rolling contact model.

3.1.3 Regularized Kalker linear creep theory

It was shown in 3.1.1 that a simplified rolling con-
tact model is needed to facilitate the global convergence
of the Newton-Raphson procedure. This simplified model
will be used until the absolute dynamic residual ‖r‖ is be-
low a certain value εswitch. Then, Kalker nonlinear model
is used in order to get accurate values of contact forces.
To avoid a huge increase of the global dynamic residual
after model switching, the simplified model has to be close
enough to the nonlinear model. Also, the threshold has to
be well chosen. A too high value of εswitch may lead to
convergence difficulties of the contact model. It increases
also the computational cost since more contacts will be
treated with the nonlinear model. A too small value may
cause a huge rise of the dynamic residual after model
switching. Usually, the dynamic convergence threshold
is 10−6. From numerical experiments, it appears that, a
threshold εswitch of the order of magnitude of 10−1 is
sufficient to avoid convergence problems of the nonlinear
contact model.

In the example presented in Section 5, the dynamic
convergence threshold was 10−6. The threshold εswitch

was fixed at 10−3, in order to avoid lack of convergence
of the nonlinear contact model and save computational
time. This choice is based on empirical considerations.
Naturally, this value depends slightly on the ball bearing
studied.

F = μFzφ(c, ε)

φ(c, ε) =

{
(2 − c

ε )
c
ε if ‖c‖ ≤ ε

1 other way

(15)

Contact models used in multibody dynamic are often
a regularization of the Coulomb model. The regulariza-
tion function (15) proposed by [20] is especially interest-
ing since it guaranties function and derivative continuity.
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A key point of such model is to choose the parameter ε.
Very often, this choice is only based on numerical consid-
erations because of its direct influence on the numerical
behaviour of the model. Since it defines the tangent at
zero creep, this regularization parameter has also a real
physical meaning. The approach proposed here is to com-
pute the regularization parameter which gives the slope of
the Kalker linear theory for infinitesimal creep. Then, the
model developed combines linear creep theory and reg-
ularization functions in order to get a fast and accurate
rolling contact model. It is summed up in (16).

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Fx = μFn
cx

c0
φx(cx, εx)

Fy = μFn

(
cy

c0
φy(cy, εy) + cz

c0
φyz(ϕz , εyz)

)
Mz = Mmax

z

(
cz

c�
φz(ϕz , εz) + cy

c�
φzy(cy, εzy)

) (16)

where (cz, c0, c�) are equivalent creep parameters (17),
and φij are regularization functions. If the coupling be-
tween transverse creep and spin is neglected φyz ≡ φzy ≡
0, the model never exceeds maximal friction force if φx ≤
1 and φy ≤ 1. In our case, it is more interesting to take
into account such coupling. Then, an artificial renormal-
ization, with preservation of the force direction, is used
when resulting force exceeds maximal friction force. The
maximal spin moment is computed assuming complete
slip of the contact area.⎧⎪⎪⎪⎨

⎪⎪⎪⎩
cz =

√
abϕz

c0 = (c2
x + c2

y + c2
z)

1
2

c� = (‖cy‖ + ‖cz‖)
(17)

For φx and φy , it appears that regularization functions
of the form (15) were sufficient. For both functions, regu-
larization function parameters are chosen to equal Kalker
linear model at zero creep. Other regularization functions
are rational fractions. Some of them need extra parame-
ters which have been identified by minimizing the least-
squares error between regularized model and Kalker non-
linear model. Each identification process is made with
only one creep parameter not null. For instance, param-
eters identification of φyz is done by minimizing trans-
verse tangential force error for rolling contacts with spin
but without transverse creep. Fifty uniformly spaced spin
values were used for this identification. A similar proce-
dure was followed for the identification of φzy and φz .

It seems that these extra parameters are sensitive to
friction coefficient but not to ellipse ratio. Then, for a
ball bearing dynamic simulation, only one identification
process of these extra parameters is needed. A detailed
expression of regularization functions can be found in
Appendix A.

Figure 2 compares the nonlinear creep theory and reg-
ularized contact model for ball rolling on a plane with
only longitudinal creep. A good agreement is found be-
tween models even if it appears that the regularized model
slightly overestimates the friction force. Figure 3 shows

−1.0 −0.5 0.0 0.5 1.0
(cxR)/(μc)

−1.0

−0.5

0.0

0.5

1.0

(F
x
)/
(μ

F
n
)

Linear Kalker
Non lin. Kalker
Regularized model

Fig. 2. Net traction comparison for increasing longitudinal
creep.
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Fig. 3. Net traction comparison for increasing transverse
creep with cx = 5e − 4.

the case of combined creep. The longitudinal creep re-
mains constant while the transverse creep increases. A
good agreement is also found. One can remark that Kalker
linear model grossly overestimates net traction.

Figure 4 shows an arbitrary test case which combines
longitudinal creep, transverse creep and spin. One can
note that both Kalker nonlinear model and regularized
model reproduce well camber thrust phenomenon. This
effect is not predicted by complete slip theory [19] since it
is due to tangential elastic compliance of the surface. The
increase of creep case complexity leads to a higher dis-
crepancy between regularized model and Kalker nonlinear
model.

Even if an estimation of the dissipated power can be
defined as (18), this estimation is inconsistent since lin-
ear model assumes complete stick of the contact zone.
Moreover, due to the coupling between transverse creep
and spin, this dissipated power could become positive
which enforces its non-physical meaning. Anyway, the
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Fig. 4. Results for increasing spin, with cx = 5e − 4 and
cy = 2e − 4.

main objective of such a simplified model is to facili-
tate global convergence of the Newton-Raphson proce-
dure. However, this rolling contact model can be used in
multibody dynamic simulations which do not need a very
fine treatment of rolling contact.

Pdiss = Vr(cxFx + cyFy + Mzϕz) (18)

3.2 Rolling contact in multibody dynamic context

The rolling contact model presented previously is re-
placed in the multibody dynamic formalism. Contact
force is still separated in normal and tangential compo-
nents. The normal force only depends on generalized co-
ordinates whereas FT depends also on generalized coordi-
nates derivatives. The normal load Fn is expressed in the
form (19). Again, δ is the contact deflection. The contact
rigidity kh depends on curvatures of contacting surfaces
and material properties. Finally, contact force F is ex-
pressed in the form (20) where n is the normal vector.

Fn(q) = kh(q) δ(q)3/2 (19)

F (q, q̇) = Fn(q) n(q) + FT (q, q̇) (20)

The resolution of equilibrium equations (4) needs the
computation of tangent operators. If the computation of
such operators is exact, the convergence of the Newton-
Raphson procedure is quadratic. However, such exact lin-
earized form is often too costly to obtain. An approxi-
mate linearized form is frequently more efficient in terms
of computational cost. The contribution of the normal
load in the tangent stiffness operator is computed consid-
ering a small variation of the normal load (21). In this
expression, the influence of contact rigidity variation is
neglected. Since geometrical interactions are computed
analytically, explicit expressions of δ and n are available.

Thus, an approximate explicit form of this contribution
is obtained.

ΔFn(q) = ΔFn(q) n(q) + Fn(q) Δn(q)

� 3
2
kh(q) δ(q)

1
2 Δδ(q) n(q) + Fn(q) Δn(q)

(21)

The contribution of the tangential load in tangent opera-
tors is more cumbersome to derive. The tangential force
can be expressed in the form (22). The variation of tan-
gential load is then given by (23). The first term in (23)
is already computed from (21). Because of the underly-
ing minimization process in the nonlinear rolling contact
model, an explicit expression of the contribution of ΔF �

T
is really hard to achieve. This contribution can be approx-
imated by finite differences. From numerical experiments,
it appears that a numerical evaluation of this contribution
is costly and does not improve so much the convergence
of the Newton-Raphson process. Thus, this contribution
is neglected.

FT (q, q̇) = μFn(q) F �
T (q, q̇) (22)

ΔFT (q, q̇) = Δ(μFn(q)) F �
T (q, q̇) + μFn(q) ΔF �

T (q, q̇)
(23)

4 Dynamic ball bearing model description

Ball bearing consists of three parts: a number of rolling
elements, the outer and the inner races and the cage. The
interaction between the bearing elements constitutes the
basic formulation of the dynamic model. In case of local
computation, specific boundary conditions are applied on
races. For global simulation, the races are linked with the
shaft and the housing. In case of incompatible model e.g.
rigid races and finite element shaft and housing, rigid link
can be used.

4.1 Boundary conditions

For a local study, the outer race is linked to a reference
frame using hinge joint [10]. The reference frame could be
an absolute frame or a fixed frame which consider housing
misalignment due to housing flexibility. Such reference
frame is derived from static FEM analysis of M.G.B. The
inner race is submitted to external load and is free to move
to obtain dynamic equilibrium. Any force or moment can
be applied to the inner race. Both races have prescribed
rotation velocities around their own rotation axis via non
holonomic constraint of type:

Φnh(q, q̇, t) = zT Ω(q, q̇) − ωd(t) = 0 (24)

where Ω, z and ωd(t) are respectively the vector of ma-
terial angular velocity, the axis of rotation of the race
and the prescribed angular velocity. According to rota-
tion parametrization, a matrix T links angular velocity
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Fig. 5. Dynamic ball bearing model description.

Dim. (mm) Outer race Inner race
d 45.69 46.13
r 4.13 4.06
D 62. 30.
h 50.65 43.2
B 12. 12.

Rolling elements
diameter 7.938
number 6

Fig. 6. Geometry and dimensions of ball bearing.

of the body with rotation parameters and its derivatives.
Identification with (2) gives:

Ω(q, q̇) = T (q)q̇ then

{
Bnh(q) = zT T (q)

gnh(t) = −ωd(t)
(25)

4.2 Internal interactions

Internal interactions are classified into two main parts,
interaction between rolling elements and races or cage,
and interaction between cage and race. These interac-
tions are treated with compliant contact models. With
such models, contact forces are expressed as continuous
functions of contact parameters and contact geometry.
Knowing positions and velocities of contacting bodies, the
calculation of geometric interactions gives these contact
parameters as for example, indentation, slip and rolling
velocities. The geometric model of the ball bearing is
shown in Figure 6. All geometric calculations are done an-
alytically. Then interaction model provides contact forces
and moments.

4.2.1 Rolling elements and races or cage interactions

Normal load Fn of point contacts between balls and
races or cage is obtained with the classical Hertz theory of
elastic contact (19). The computation of tangential forces
FT and moments is done using rolling contact models
based on the work of Kalker. The approach followed is
detailed in Section 3.

4.2.2 Cage and race interactions

Unlike punctual contact, Hertz theory does not pro-
vide a uniquely defined load deflection relation for cage
race interaction. The treatment of the interaction be-
tween cage and race follows the one proposed in [2]. It
employs Lundberg empirical load deflection relation to
determine normal load. Tangential forces are obtained as-
suming complete slip of the contact area.

5 Results and discussion

This section presents a local study of a ball bearing
which dimensions are summarized in Figure 6. Outer race
is fixed rigidly with the housing. A thrust load of 1500 N
is applied on the inner race. The rotation velocity of the
inner race is 6000 rev.min−1. Estimated friction coeffi-
cient between balls and races is 0.08. Quasi-static sim-
ulation provides initial values of generalized coordinates
and initial velocities are obtained assuming pure rolling
at contact points. Because of approximate initial values,
the ball bearing behavior exhibits a stabilization period
(see Fig. 7). In order to facilitate convergence, a simplified
contact model is used during this period. This simplified
model is the regularized rolling contact model presented
in 3.1.3 in which coupling between transverse creep and
spin was neglected. The HHT method is used to inte-
grate the equation of motion. The damping parameter
αf , which has to be in (0, 1

3 ] is chosen equal to 0.05. The
time step is selected automatically. The automatic step
size control is based on the computation of an estimate of
the local truncation error (see Chap. 11 in [10]). For this
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Fig. 7. Ball race contact time evolution. (a) Net traction and
creep velocities of ball race contacts. (b) Spin moment and
velocity of ball race contacts.

simulation the time step was initialized at 10−6 s , it lied
between 10−8 s and 10−5 s.

Since the present study focused on contact power dissi-
pation, only absolute dynamic residual was adapted. Es-
pecially here, power dissipation of rolling contacts was
small quantities since contact conditions were close to
pure rolling. The absolute unbalance allowed is 10−6 N.
For constraints, the convergence threshold is 10−8.

Only results of the first ball are shown since each
ball gets the same behavior. Figure 7a shows time evolu-
tion of adimensionalized creep velocities and net traction.
Switching between simplified model and Kalker model
produces, essentially, transverse creep. It was expected
since in this model, spin motion and transverse tangen-
tial force are not uncoupled anymore. Even when creep
velocity tends to zero, net traction is not null because
spin motion produces transverse tangential force. This
is coherent with experimental observations [19]. As can
be seen in Figure 7b, the simplified model overestimates
spin moment. The system exhibits oscillating behavior
which amplitude slightly decreases over time because of
numerical damping and friction. The oscillating behavior
is mainly due to Hertz contact theory. This contact force
model is equivalent to a nonlinear spring which rigidity
depends on geometry and material properties. Balls are

compressed between two nonlinear springs. Therefore, the
system is prone to oscillating behavior. In order to limit
this phenomenon, a possibility is to use dissipative con-
tact force models. A study of some of relevant compliant
contact force models for multibody systems dynamics can
be found in [21].

Mean power dissipation of the rolling contact between
ball and inner ring is 74 mW; outer contact 3 mW.
Greater dissipation of inner contact was expected since
inertial force tends to unload inner contact. Thus it is
more disposed to get relative motion.

6 Conclusions

This work presented the dynamic modeling of non-
planar ball bearing. It combined multibody dynamic for-
malism and realistic rolling contact model. Ball bearing
was considered non-lubricated in order to predict its be-
havior in case of lubrication system failure. Normal con-
tact forces on rolling elements were computed using Hertz
contact theory. Kalker nonlinear creep theory was used
to solve tangential rolling contact problems between balls
and races. Without spatial discretization, it gave accurate
estimation of net traction, moment, creep and power dis-
sipation of rolling contacts. In order to facilitate global
convergence of the Newton-Raphson algorithm used to
solve dynamic equilibrium, a new rolling contact model
has been developed. This model combines Kalker linear
creep theory and regularization function. Such model is
used until the dynamic residual is below a certain value.
It enforces robustness of the simulation and saves CPU
time. Ball bearing dynamic behavior was integrated us-
ing HHT scheme and boundary conditions were imposed
with augmented Lagrangian method. A numerical exam-
ple of a ball bearing under thrust load was used to show
its dynamic behavior and rolling contact characteristics.

The use of realistic joint in multibody dynamic simula-
tion becomes essential especially for flexible mechanisms.
The model presented is immediately usable in multibody
dynamic simulations. It is the starting point for integra-
tion of dynamic behavior of helicopters main gear boxes.

Appendices

A Details on regularization functions

The rolling contact model is summed up in (A.1).

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Fx = μFn
cx

c0
φx(cx, εx)

Fy = μFn

(
cy

c0
φy(cy, εy) + cz

c0
φyz(ϕz , εyz)

)
Mz = Mmax

z

(
cz

c�
φz(ϕz, εz) + cy

c�
φzy(cy, εzy)

) (A.1)
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Fig. 8. Identification of φyz function parameters.

(φx, φy) are chosen of the form (A.2). (εx, εy) are chosen
to be tangent to Kalker linear model at zero creep (A.3).

φx(cx, εx) =

⎧⎨
⎩

(
2 − ‖cx‖

εx

)
‖cx‖
εx

if ‖cx‖ ≤ εx

1 other way
(A.2)

φy(cy, εy) =

⎧⎨
⎩

(
2 − ‖cy‖

εy

) ‖cy‖
εy

if ‖cy‖ ≤ εy

1 other way

εx =
2μFn

C11Gc2
and εy =

2μFn

C22Gc2
(A.3)

The regularization function which traduces spin influence
on transverse traction is of the form (A.4). Function pa-
rameters ηi are identified by minimizing error between
regularized model and Kalker nonlinear model for increas-
ing spin without creep. See Figure 8.

φyz(ϕz , εyz) =
2ϕz + η0ϕz

2

1 + η1ϕz + η2ϕz
2

with εyz =
2μFn

C23Gc3
and ϕz =

‖ϕz‖
εyz

(A.4)

Concerning spin moment regularization functions. Both
need parameter identification.

Function parameters βi are identified for increasing
spin without creep, and αi are identified for increas-
ing transverse creep only. Results after identification are
shown in Figures 9 and 10.

φz(ϕ̂z , εz) =
ϕ̂z(1 + β0ϕ̂z)
1 + ϕ̂z + ϕ̂2

z

with εz =
3Mmax

2C33Gc2
and ϕ̂z =

‖ϕz‖
εz

(A.5)

φzy(cy, εzy) =
α0ĉy

1 + α1ĉ2
y + α2ĉ4

y

with εzy =
Mmax

C32Gc3
and ĉy =

‖cy‖
εzy

(A.6)
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