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Abstract – This paper presents the mechanical properties of carbon nanocone-based polymer composites
in the presence of interphase layer. Some representative volume elements are considered to study the elastic
behaviors of the transversely isotropic nanocomposite and the effects of the interphase layer on four of five
independent constants related to this model. The finite element method is applied to obtain the results for
different elastic moduli and thicknesses of the matrix.
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1 Introduction

Development of composite materials during the past
decades can be accounted a great progression in engineer-
ing. Mechanical and material engineers have attempted
to enhance the quality and applicability of these ma-
terials from all possible facets. These activities lead to
application of the composite materials in different engi-
neering fields such as aviation technology, chemical and
petrochemical complexes, refineries, car industries, etc.
With increasing the demands of mentioned industries,
researchers try to improve the mechanical behaviors of
the composite materials with introducing and applying
novel theoretical and experimental techniques such as
application of new materials as matrix or filler of the
composites. One of the main influential materials for
this purpose is nanomaterials. Nano Al2O3, nano Si3N4,
nano clay and nano SiO2 are some exemplary nanoscale
samples for fillers which were used and investigated by
some researchers [1–3]. Although these nanomaterials en-
hance different aspects of the mechanical behaviors of
the nanocomposites, one of the most underlying types of
these nanomaterials is carbon nanostructures such as car-
bon nanotubes (CNTs), carbon nanocones (CNCs), buck-
yballs and carbon nanobuds (CNBs). They can be applied
as fillers embedded in matrices such as polymers (resin,
rubber, etc.) or metals (aluminum, titanium, etc.) to
make up their deficiencies and enhance their operational
properties. It is worth noting that these nanomaterials
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do not affect the advantages of the matrices effectively.
For instance, low density, high elastic modulus and high
tensile strength of CNTs made them be important candi-
dates to be used in nanocomposites [4]. This fact can be
generalized to other carbon nanostructures due to their
similar properties. Because studying the effects of CNC
as one of the carbon nanostructures on the mechanical
properties of nanocomposites is the goal of this paper, we
only review the carbon-based composites.

Liu and Chen estimated the effective material prop-
erties of CNT-based composites through a nanoscale rep-
resentative volume element (RVE) [5]. They supposed a
transversely isotropic cylindrical RVE and applied finite
element method (FEM) to evaluate four of five indepen-
dent constants related to this model using several loading
cases which are to be discussed in next sections. Another
research was about application of square RVEs to study
the effective material properties of CNT-based compos-
ites [6]. In this article, the effects of short and long CNTs
on the mechanical properties of nanocomposites are pre-
sented in detail.

The length of CNTs possesses underlying effects
on the efficiency of the nanocomposites. Shokrieh and
Rafiee investigated this fact using a multiscale model-
ing method [7]. In their paper, a continuum model for
matrix, a discrete model for CNT and linear elements in-
stead of van der Waals interactions between the matrix
and filler were applied. In an other study, Mokashi et al.
investigated tensile response and fracture in CNT-based
polyethylene composites via molecular mechanics (MM)
approach [8]. The systems under investigation consisted
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of amorphous and crystalline polyethylene composites
with embedded single-walled CNTs. They calculated the
elastic moduli of amorphous and crystalline polyethylene
through the mentioned method and verified them by ex-
perimental data.

Beside the elastic properties of CNT-based compos-
ites, other behaviors such as vibrations and thermal prop-
erties of these materials were studied. Formica et al. in-
vestigated the vibrations of three kinds of CNT-reinforced
composites including epoxy, rubber, and concrete [9].
They applied an equivalent continuum model based on
Eshelby-Mori-Tanaka method and evaluated the effective
constitutive law of the elastic isotropic matrix with dis-
persed elastic CNTs. Furthermore, the effects of the CNT
alignment and volume fraction were investigated to as-
sess how the modal properties were influenced by these
factors. In an other paper, Ke et al. studied the nonlin-
ear free vibration of functionally graded CNT-reinforced
composite beams based on Timoshenko beam model and
von Karman geometric nonlinearity [10]. The material
properties were considered to be graded in the thick-
ness direction and estimated through rule of mixture.
The Ritz method was applied to obtain the governing
equation which was then solved by a direct iterative ap-
proach to derive the nonlinear vibration frequencies of the
CNT-reinforced functionally graded micro beam.

As mentioned before, some researchers studied the ef-
fects of CNTs on the thermal properties of nanocompos-
ites with different matrices [11, 12]. But due to their less
relation to the target of this paper, we do not review them
in detail.

The reviewed papers were some exemplary samples
of several papers related to CNT-based nanocomposites.
These papers show that the mechanical behaviors of the
CNT-based nanocomposites were studied well. But, these
properties for other carbon nanostructures-based compos-
ites such as CNCs, carbon nanobuds and buckyballs were
not researched in detail. C60 is a spherical molecule com-
posed of sixty carbon atoms on the periphery of a hollow
sphere [13]. Jing and Pan studied the molecular vibra-
tional modes of C60 and C70 through FEM [14]. Appli-
cation of C60 in nanocomposites was presented by Khalid
et al. via investigation of the properties of C60 buckyball-
aluminum nanocomposites [15]. They studied the mi-
crostructure and interfacial reactions in the mentioned
nanocomposite produced by pressurized liquid metal in-
filtration (squeeze casting) of a tap-packed C60 powder
via some experimental techniques.

Carbon nanobuds which can be supposed a newly dis-
covered combination of CNT and C60 is an other impor-
tant candidate to be used in nanocomposite [16,17]. This
fact can be attributed to the presence of C60 molecules on
the wall of the CNTs that can act as cleats between CNTs
and matrix and prevent from their slips under different
loading conditions.

An other important carbon nanostructure is CNC
which is the issue of this paper. As mentioned before,
the mechanical properties of CNC-based nanocomposites
were not studied in detail. But, application of CNCs in

Fig. 1. Schematic representation of the nanocomposite.

nanocomposites can be an interesting field which Momeni
and Yassar investigated partially [18]. They studied the
stress distribution on a single-walled CNC embedded in
an epoxy matrix under a tensile force. Their work was
performed using analytical elastic equilibrium equations
in cylindrical coordinate system for both of the composite
and its inner CNC. They showed that the stress distri-
butions of the CNCs embedded in the matrix were not
symmetric and tended to shift toward their tips.

Following the research performed by Momeni and
Yasser [18], we are to study the effects of CNCs on the
mechanical behaviors of polymer composites more com-
pletely. Because their work was only about investiga-
tion of stress distribution on CNC-based composite un-
der an axial force, we believe that there are still other
main facets related to this nanocomposite which should
be studied. The transversely isotropic model under three
various loading cases is employed to estimate these effects
and evaluate four of five independent constants related to
this model. In addition, the variations of these constants
vs. different elastic moduli and thicknesses for the poly-
mer matrix are studied in detail. The research is presented
for CNC with 19.2◦ apex angle and 0.34 nm thicknesses.
Furthermore, the effects of interphase layer [19] on the
mechanical properties of the nanocomposite are studied.
Schematic representation of this layer in the interaction
surface between the CNC and polymer matrix is shown
in Figure 1 and is discussed in the following section.

2 Formulation and modeling

Both the CNC and polymer matrix are considered to
be in a cylindrical RVE as shown in Figure 2.

There is a layer between the CNT/CNC and matrix
which is known as interphase layer [20–27]. In order to ex-
plain the interaction between the nanotubes and the outer
polymer matrix at the atomic level, Hu et al. conducted
the molecular mechanics computations to estimate the
thickness of the transition layer in a CNT/polymer com-
posite [22]. Their simulations revealed that after putting
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Fig. 2. 2D RVE of a CNC based polymer composite with
interphase layer.

Table 1. Elastic constants of the constituent materials of the
nanocomposite.

Constituent Elastic modulus (GPa) Poisson’s ratio
Polymer matrix 2.5 0.3

CNC 1000 0.3
Interphase layer 100 0.3

the polymer chain closely to the nanotube, the chain
started to encircle it. The results proposed that the equi-
librium distance between H atoms of the polymer and C
atoms of the nanotube varies from 0.2851 to 0.5445 nm.
Based on this research and [21], we take the average value
of this range as the thickness of the interphase layer,
i.e., 0.42 nm. Using RVEs to investigate the behaviors of
nanocomposites is customary [5, 6, 18, 19, 23, 25]. In fact,
the RVE is a simplified model to study the effects of the
CNC and interphase layer on the mechanical behaviors of
the polymer matrix. It is assumed that matrix, filer and
interphase layer are elastic, isotropic and homogeneous
materials which their elastic moduli and Poisson’s ratios
are given in Table 1.

The length, thickness, half of apex angle and top ra-
dius of the CNC are considered L, tc, α and rc respec-
tively whereas the matrix has length L and radius R
Moreover, the length and thickness of the interphase layer
are supposed L, ti respectively. With the above assump-
tions, the composite behavior can be modeled as a single
transversely isotropic material which has four of five in-
dependent constants; namely, two elastic moduli and two
Poisson’s ratios. The governing equation is the general 3D
stress-strain relations in Cartesian or cylindrical coordi-
nate system [5, 19] as presented in equation (1). The z
axis is supposed to be along with the composite length
and two other axes (x,y) are considered on the circular
cross section.
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where, εx = Δx
R = εy = Δy

R and εz = Δz
L are respectively

strains along x, y and z directions, R is the radius of the
RVE, σx, σy and σz are stresses along x, y and z coor-
dinates and finally Ex, Ez, υxy and υzx are elastic mod-
uli and Poisson’s ratios along coordinates determined by

Fig. 3. Three required loading conditions to obtain effective
constants of the composite.

their subscripts. This equation can be generalized for the
cylindrical coordinate system which z axis is along with
the RVE axis and the two other directions, radial and
tangential coordinates (r, θ) are on the cross section as
depicted in Figure 3.

For cylindrical coordinate system, εθ = ΔR
R , υxy = υrθ

and υzx = υzr = υzθ, where υrθ, and υzr are respec-
tively the Poisson’s ratios along their subscripts. Finally,
Er in cylindrical coordinate system is the elastic mod-
ulus along radial direction. In order to estimate four of
five constants, the RVE should be under at least three
different loading conditions. The procedure of evaluating
the coefficients under various loading conditions is to be
discussed below [5, 6].

2.1 Cylindrical RVE under an axial loading

In this loading case, as illustrated in Figure 3a, the
applied stress is axial and does not have any component
along x and y (or r and θ) directions. Therefore, the stress
and strain components at any point on the surface of the
RVE are:

σx = σy = σr = σθ = 0

εz =
ΔL

L
, εθ =

ΔR

R

where, ΔR is the radial (lateral) displacement under an
axial force. From the third relation in equation (1), we
have:

Ez =
σz(= σ0)

εz
=

L

ΔL
σave (2)

where, σave is the averaged stress along z direction that
can be estimated for the RVE through FEM.

Furthermore, from equation (1) (in cylindrical coordi-
nate system) and above relations, we can write:

εθ = −υzx

Ez
σz = −υzx

ΔL

L
=

ΔR

R
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Therefore, from above equation, we obtain:

υzx = υzr = −
(

ΔR

R

) /(
ΔL

L

)
(3)

Using FEM, we can compute ΔR and then equations (2)
and (3) can be used to estimate the elastic modulus Ez

and Poisson’s ratio υzx(= υzr). Hence, with the first load-
ing case, we can estimate the two constants out of the
four of five effective constants of the transversely isotropic
RVE. Other constants are evaluated from other loading
cases which will be studied in the following subsections.

2.2 Cylindrical RVE under a torsional torque

This loading case is shown in Figure 3b. As shown in
this figure, the axisymmetric RVE is under an antisym-
metric torsional torque. The torsional angle of the free
end of the RVE can be calculated via equation (4).
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, with Gxy =

Ex
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⇒ Ex
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= Gxy

(
=
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where,

ϕ, T0, Gxy (= Grθ) , J, Ex (= Er =Eθ)

and
υxy (= υrθ)

are respectively torsional angle, applied torsional torque,
shear modulus, moment of inertia of the cross sec-
tion, elastic modulus along radial (lateral) direction and
Poisson’s ratio in (x,y) or (r, θ) plane.

Estimating ϕ resulted from the applied T0 from FEM,
there remain two unknown constants in equation (4):

Ex(= Er = Eθ) and υxy (= υrθ)

2.3 Cylindrical RVE under a uniform radial pressure

In this case, the RVE is constrained in axial direc-
tion from both ends and under a radial (lateral) uniform
pressure as shown in Figure 3c. Due to the type of this
loading case the strain in z direction εz is zero and then
the plane strain condition is maintained. Displacement
along the radial direction is ΔR

R which can be estimated
from FEM. From the third relation of equation (1), we
have: σz = υzx (σθ + σr). Thus, on the outer surface of
the RVE which σr = P0, the following formula can be
derived from equation (1):
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If σθ and ΔR are evaluated from FEM there are only two
unknown constants Ex(= Er = Eθ) and υxy (= υrθ) With
attention to the unknown values in the previous loading
case (torsional torque) and this loading case (radial pres-
sure), we find that the unknown constants are same and
then, they can be calculated from concurrently solving of
equations (4) and (5).

3 Results and discussion

The above modeling approaches were performed on
different RVEs in the presence of interphase layer in-
cluding different polymers as matrices and several values
for thicknesses of a certain polymer. The results are to
be presented in this section. The considered numerical
values of the elastic moduli and Poisson’s ratios of the
CNC, polymer matrix and interphase layer are reported
in Table 1 [6, 19, 20, 27]. The motivation to estimate the
elastic modulus of the interphase layer equaling 100 GPa
is that this value is not actually a fixed value. As discussed
in reference [21], it depends on the material of the polymer
matrix. For example, for the CNT/PMMA composite the
value was reported 93.67 GPa [21]. For other polymers, it
may be a bit larger or smaller. Since we do not want to
limit our research for a certain polymer, it was considered
100 GPa (compared to 93.67 GPa). In addition, the CNC,
in this paper, is considered as an isotropic material with
the same elastic properties in all directions. However, the
CNT and CNC are not actually isotropic materials and
this is a simplifying assumption [5–7,19,21,26,27]. More-
over, the thickness of the CNC is considered 0.34 nm and
the smaller thickness of the matrix (tm in Fig. 1) varies
from 3 nm to 10 nm. These values are fed into FEM to
compute the four of five unknown constants. The FEM
is extensively used in nano modeling and for this special
case, nanocomposite material, other researchers, for ex-
ample, references [5–7,19,21,26,27], applied this method.
Applying described three loading cases, we can estimate
the constants of the nanocomposite based on the explana-
tions discussed earlier. The results are presented for vari-
ous matrix elastic moduli and thicknesses in the presence
of interphase layer.

3.1 Determination of constants for different matrix
elastic moduli

In this section, the discussed four of five constants are
evaluated for different matrix elastic moduli. In this mod-
eling, the thickness of the polymer matrix is supposed
3 nm and its elastic modulus varies from 2.5−100 GPa
Also, the apex angle and thickness of the CNC are consid-
ered 19.2◦ and 0.34 nm. As mentioned before, the thick-
ness of the interphase layer is 0.42 nm. The variations of
Ez/Em and Er/Em vs. matrix elastic moduli are depicted
in Figure 4.

The subscript “i” denotes the behaviors of the
nanocomposite in the presence of interphase layer. This
figure shows that the presence of this layer increases both
of the mentioned ratios. Of course, we do not change the
values of the elastic modulus of the interphase layer with
increasing the elastic modulus of the matrix. With in-
creasing the elastic modulus of the interphase layer, we
will certainly observe higher values for the discussed ra-
tios. Furthermore, the figure proposes that all of the men-
tioned parameters decrease remarkably with increasing
the elastic modulus of the matrix. Of course, these are
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Fig. 4. Variations of Ez/Em and Er/Em vs. matrix elastic
moduli.

Fig. 5. Variations of the Poisson’s ratios of the RVE vs. the
elastic modulus of the matrix.

ratios and it is worth noting that the values of axial and
radial elastic moduli of the RVE increase with increas-
ing the elastic modulus of each constituent if matrix or
filler. The main point is that with increasing the elastic
modulus of the polymer, the mentioned ratios approach
each other. Therefore, in this loading case the gradient
of variations decreases with increasing the matrix elastic
modulus and the axial and radial elastic moduli of the
RVE become closer to each other.

On the other hand, Figure 5 depicts the variations of
the Poisson’s ratios in two zr or rθ planes vs. the elastic
modulus of the matrix.

In this case, the figure proposes that the presence of
the interphase layer does not have any effective influence
on υzr whereas it increases υzθ. In addition, increasing the
elastic modulus of the matrix does not affect υzr tremen-
dously. On the contrary, υrθ increases with increasing the
elastic modulus of the matrix up to a maximum value
and decreases after it. The effect of the interphase layer
on υzr increases with increasing the elastic modulus of the
matrix up to a certain value that is shown in Figure 5.
For this case, according to the figure, Em = 70 GPa and
υrθ = 0.42 is the maximum point for without interphase
layer and Em = 70 GPa and υrθ = 0.42 is maximum
point for the model with this layer that is closer to the
real value.

Fig. 6. Variations of the axial and radial elastic moduli of the
RVE vs. matrix thickness.

Fig. 7. Variations of the Poisson’s ratios of the RVE vs. the
matrix thickness.

3.2 Determination of constants for different matrix
thicknesses

In this subsection, the variations of the four of five con-
stants of the RVE vs. the thickness of the matrix are in-
vestigated. The values of CNC angle and interphase layer
elastic modulus are the same as the previous case and the
elastic modulus of the matrix is considered 2.5 GPa.

Figure 6 illustrates the values of axial and radial elas-
tic moduli of the RVE vs. variations of the thickness of
the polymer matrix.

The figure shows that the existence of the interphase
layer does not have remarkable effects on radial elastic
modulus of the RVE in comparison with the axial elastic
modulus. In addition, it proposes that with increasing
the thickness of the elastic matrix, the values of both of
the elastic moduli decrease Of course, the variation in
the RVE axial elastic modulus is more appreciable. The
important point is that with increasing the thickness of
the matrix, the values of the elastic moduli approach each
other.

On the other hand, Figure 7 demonstrates the varia-
tions of the Poisson’s ratios in zr and rθ planes vs. the
thickness of the matrix.

The results show that the presence of the interphase
layer does not affect υzr at all whereas it increases υrθ.
Moreover, υrθ increases with increasing the thickness of
the matrix greatly. In contrast, the variations of the ma-
trix thickness does not have effective influence on the
values of υzr. Thus, it can be concluded that the value
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of υzr is approximately independent of the matrix thick-
ness value.

4 Conclusion

In this paper, the elastic behaviors of a transversely
isotropic polymer composite with CNC fillers were stud-
ied. The RVEs including matrix, CNC ad interphase layer
extracted from the nanocomposite were situated under
some loading cases to evaluate their four of five constants
related to the motioned model. In addition, the effects of
different elastic moduli and thicknesses for matrix on the
four of five elastic constants were investigated. In general,
the results proposed that the presence of interphase layer
which is closer to the real conditions increases the elastic
properties of the CNC-base polymer nanocomposites and
it can be considered as a main distinction between carbon
nanostructures as fillers with others.
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