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Cost optimization of reliability testing by a Bayesian approach
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Abstract – The Bayesian approach is a stochastic method, allowing to establish trend studies on the
behavior of materials between two periods or after a break in the life of these materials. It naturally
integrates the inclusion of the information partially uncertain to support in modeling problem. The method
is therefore particularly suitable for the analysis of the reliability tests, especially for equipment and
organs whose different tests are costly. Bayesian techniques are used to reduce the size of estimation
tests, improving the evaluation of the parameters of product reliability by the integration of the past
(data available on the product concerned) and process, the case “zero” failure observed, difficult to treat
with conventional statistical approach. This study will concern the reduction in the number of tests on
electronic or mechanical components installed in a mechanical lift knowing their a priori behavior in order
to determine their a posteriori behavior.
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1 Introduction

Tests for estimating the reliability are to assess the
reliability phase of design and production. Determining
the parameters of a reliability law for a system requires
knowledge of the failure time of a sample of n size of
systems in sufficient number. But, in the case of a very
reliable system, it will be necessary to wait very long to
get all the failure time. In an industrial application, it
is inconceivable to have important test duration. Thus,
among the tests that estimate the reliability; one finds
the accelerated and Bayesian tests.

Reliability is defined as the probability that a system
performs its function in a given period and under given
operating. It has become an essential element for safety
and performance issues in companies. In order to improve
the reliability of industrial equipment, as well as its avail-
ability, one solution is to carefully analyze the history
of their behavior over time, in an operational situation.
These are feedback experience analyses called FEX. Be-
sides the difficulty in obtaining reliable information on
the readiness concept, one must also know how to handle
data, so how to choose the appropriate statistical method.
Among these existing techniques, the Bayesian statistic
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techniques (using Bayes’ theorem), are interesting and
make possible the combination of these different types
of information.

Bayesian techniques [1], are used to reduce the size
of estimation tests, to improve the parameters estima-
tion of product reliability by the integration of the past
(data available on the product concerned) and handle the
case “zero” failure observed, difficult to treat with con-
ventional statistical approach which would require a large
sample size. There are many works dealing with Bayesian
methods. The following fundamental project works [2–8]
are related to the reliability applications: [9–12]. In a
Bayesian test plan, the test results carried out during the
development cycle are combined with a reliability model
“a priori”, to obtain a model “a posteriori”, by means
of Bayes theorem. The prior model is constructed using
known information acquired before the implementation of
the first test (expert opinion, information from previous
studies such as predictive analytics, FMEA. . .).

The reliability standard testing is intended to provide
samples to estimate reliability characteristics (parameters
of a law of life, failure rates, etc.). The information con-
tained in these samples is called objective information.
The Bayesian methods may be given in a dynamic dimen-
sion. This characteristic allows the modeling of complex
systems reliability for optimizing maintenance strategies,
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Fig. 1. Failure rates in compounded tests.

and the simulation of the behavior evolution of a system
in a prognostic approach.

2 Failure rates

The failure rate is a reliability estimator ratio often
noted λ(t) and represents a proportion of devices still
operational at time t. It should not take into account
the intrinsic defects. At a certain threshold λ, the de-
vice is not in use. It is then downgraded, then repelled
and sometimes repaired. The decision of its reform or re-
newal, results from a techno-economic study. Failure rates
are variable following the considered system [13]:

• In mechanics λ(t) ∼ 10−7 à 10−4 fail/h.
• In electronics λ(t) ∼ 10−9 à 10−6 fail/h.
• Human failure λ(t) ∼ 10−4 à 10−2 fail/h.

Today, several tests are used to assess the equipment reli-
ability in particular for equipment with an important life
span. The most performed tests are presented below.

2.1 The compounded tests

They are also called highly accelerated tests; they are
used in the design phase before the qualification phase
of the first sub sets available to the state models (very
recent design components). Their application, allows in a
short time to accelerate the maturation of product perfor-
mance, built and improve their robustness, to accelerate
the growth of reliability, from the first prototypes, and so
control the failure sources so as to make corrections.

The principle of this type of test is to apply to the
product a step stress, progressive and increasing, until the
occurrence of a failure, and then perform technological
and corrective analysis of that failure in order to increase
the product reliability and therefore reduce the failure
rate (see Fig. 1).

2.2 The accelerated tests

When the material is considered very reliable, failures
are rare events and the feedback processing for estimation

Fig. 2. Failure rates in accelerated tests.

parameters of reliability does not allow obtaining a sam-
ple involving failures. This will be more sensitive to the
population size of the material.

Thus, the necessity to know the product behavior with
a long life span before being put into service, often leads to
apply accelerated experiments or accelerated life testing
in qualification and production.

The principle of accelerated testing is to subject the
product to operating stresses or amplified environment
with respect to the expected values in operational use
to estimate behavioral characteristics (law of reliability,
operational performance, . . .) of the product in normal
conditions of use from accelerated conditions of use and
that within a calendar compatible with the constraints
associated with the development phase.

The passage under accelerated conditions (or severe)
under normal conditions regarding life span occurs with
a law called the law of acceleration [14–17]).

2.3 The Bayesian tests

Bayesian techniques are used to reduce the size of test
estimation, improve the parameters estimation of product
reliability by the integration of the past (data available on
the product concerned) and handle the case “zero” fail-
ure observed difficult to treat with conventional statistical
approach which would require a large sample size.

There are many works dealing with Bayesian tech-
niques. The fundamental can be shown as follows: [18]. . .
and the work on reliability applications: [19]. . . In a
Bayesian test plan, the achieved test results during the de-
velopment cycle are combined with a reliability model “a
priori”, to obtain a model “a posteriori”, using the Bayes
theorem. The prior model is constructed using known in-
formation acquired before implementation of the first test
(expert opinion, information from previous studies such
as predictive analytics, the FMEA. . .).

The conventional reliability testing is intended to pro-
vide samples to estimate reliability characteristics (pa-
rameters of life span law, failure rates, etc.). The in-
formation contained in these samples is called objective
information. In addition to objective information, there
is sometimes additional information of subjective nature
(subjective information) such as data on equipment of
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Fig. 3. Principe of Bayesian test.

technologies similar to that of the equipment being stud-
ied. If it is possible to translate this subjective informa-
tion by assigning parameters to estimate a probability
distribution of “a priori”, it is possible, using Bayes the-
orem, to combine subjective information and objective
information in order to build a distribution “a posteri-
ori” of the considered parameters. It is necessary to use a
simple model “a priori” allowing analytical treatment of
the model “a posteriori”. The procedure to be followed in
the implementation of a Bayesian test plan is a combined
procedure using the expertise and previous results. It can
be summarized in three main steps:
– Collect all available data on the product concerned:

expert opinion, foresight studies, system architecture,
equipment similar technologies. . .

– Translate these data into a reliability model “a pri-
ori” (Construction of a prior distribution law on the
parameters). It is noted that the most difficult prob-
lem to solve in the Bayesian techniques is the a priori
knowledge modeling.

– Combine this model “a priori” with test results (infor-
mation from tests) to obtain the model “a posteriori”
using the theorem of Bayes. Figure 3 summarizes the
main steps of the Bayesian approach.

At the end of a Bayesian test, the distribution of the pa-
rameter θ given by Bayes theorem can be obtained. The
distribution is given, in the case of continuous random
variables, by the formula:

g (θ/T ) =
f (T/θ) g (θ)

∫

D(θ)

f(T/θ)g(θ)dθ
(1)

In our case θ is none other than the failure rate λ, and
the expression (1) becomes:

g (λ/T ) =
f (T/λ) g (λ)

∫

D(λ)

f(T/λ)g(λ)dλ
(2)

where:

λ : failure rates, repair rates, etc.;
T : experiment results (times of failure . . .);
g(λ): a priori probability density of parameter λ;
f(T/λ): likelihood function of the sample;
g(λ/T ): posterior probability density of parameter λ
(this is a conditional probability that depends on the
available information);
D(λ): domain of the random variable λ.

A posteriori estimation of the parameter λ can be calcu-
lated by conventional methods as well as the optimal size
of the sample to be tested.

The Bayesian test results allow:

1. To improve the estimation of unknown parameters
and its accuracy (minimizing the variance estimators).

2. To propose a region (or range) of credibility to a cer-
tain level (1 − α), is a sub set of accessible values of
parameter θ such that the probability to contain θ is
equal to à (1 − α). This region can therefore be con-
cluded when the parameter is close to a critical value
established by contract between the supplier and the
customer.

3. To demonstrate that assumptions made by analysis
concerning parameter θ are accurate or no by making
a posteriori assumption tests (e.g.: “the failure rate is
less than 10−8”).

4. To make better decisions (decision analysis) such as
the choice of a corrective action from a set of possible
actions (maintenance policy, acceptance of material,
invest in new equipment, etc.) taking into account the
different costs.

λ is the probability distribution parameter being sought
to be estimated and is the failure rate in the case of an
exponential law.

The likelihood function gives the probability of each
possible outcome of the test for a value of λ.

The law gives the combined probability density λ
knowing that test result was obtained.

The Gamma is defined as follows:

g(λ/k, T ) =
λkT k+1e−λT

k!
(3)

if k failures occurr during the total duration T .
The gamma distribution is widely used in the Bayesian

approach; it is the combination of the natural exponen-
tial parameter λ. From the expression (6) expressions of
conjugated laws of probability densities can be defined.

g(λ/K, T ) =
λK0T

(K0+1)
0 e(−λT0)

K0!
(4)

g(λ/K, T ) =
λK1T

(K1+1)
1 e(−λT1)

K1!
(5)

g(λ/K, T ) =
λKT (K+1)e(−λT )

K!
(6)
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Table 1. Data of test at K0 = 1.

λ90% = 3.890 h−1

Integration of Gamma law Inverse Chi-square
λ90% expert = 3.0 h−1

λ80% a priori 3.0 × 10−6 h−1 2.994 × 10−6 h−1

λ80% trials 4.1 × 10−6 h−1 4.103 × 10−6 h−1

λ80% a posteriori 2.5 × 10−6 h−1 2.474 × 10−6 h−1

3 Application

84 inductive proximity sensors of the cable car sta-
tion of serial 19-302-3BBPKG/SS-000-K/PG36have been
tested for 1 year. One brokes down after 0.3 year. The fail-
ure rate at 80% confidence defines that this test is used
to justify the upper bound of the confidence interval uni-
lateral to risk α = 20%.

For modeling this interval, The Chi-square law is not
used to directly model, but essentially for the calculation
of confidence limits during estimates of the confidence
interval. Let

χ2
1−α(2k+2)

2T = χ2
80% (4)/(2 × 83.3 × 365 ×

24) = 4.103 × 10−6 h−1 with T1 = 83.3 years and k1 = 1
breakdown.

The failure rate of this type of equipment was esti-
mated at 10−6 h−1 [20] according to the standard and
considering that the risk that the actual failure rate is
less than three times the value of this estimation is lower
than 10%.

This expert judgment can be converted into virtual
testing such as:

λmoy = k0/T0 = 10−6 h−1 and

λsup90% � 3 × 10−6 h−1.

λsup90% = χ2
90%(2k0 + 2) × λmoy/2k0

= 3.890 × 10−6 h−1 for k0 = 1

Only the configuration k0 = 1 breakdown and T0 =
1 000 000 h satisfies this condition. Table 1, gives
the values of λsup90% depending on the number of
breakdowns K0.

4 Results and discussion

The tests were carried out according to experts’ opin-
ion relating to product examined. The curve in Figure 4
expresses the result of the test failure (K0 = 1), where
λsup90% � 3 × 10−6 h−1. Table 1 gives the correspond-
ing values. According to the expert judgment this is the
most favourable case because it saves time estimated at
60.30%. Figure 5 shows the densities evolution in terms
of percentage of test failures and a good agreement can
be noted.

To check the consistency of product information, ac-
cording to expert opinion, other configurations that are
not available have been tested. The density values and

0,0 3,0x10-6 6,0x10-6 9,0x10-6 1,2x10-5
0

100000

200000

300000

400000

500000

de
ns

ity
 o

f p
ro

ba
bi

lit
y

Failure rate

 a priori
 trials
 a posteriori

K0=1
K1=1

Fig. 4. Density of probability at K0 = 1.
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Fig. 5. Pourcentage of densities at K0 = 1.

their percentage are shown in Figures 6 and 7 respec-
tively. Table 2 gives the corresponding values.

If the test is done with a number of virtual tests dif-
ferent from that suggested by the experts for this kind of
material, it can be noted, from Figures 8 and 9, the non-
conformity of results and in particular the testing. This
confirms the hypothesis for the equipment behavior to
the actual testing. The data of this are summarized in
Table 3.
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Table 2. Data of test at K0 = 5.

λ90% = 1.855 h−1

Integration of Gamma law Inverse Chi-square
λ90% expert = 3.0 h−1

λ80% a priori 1.6 × 10−6 h−1 1.581 × 10−6 h−1

λ80% trials 4.1 × 10−6 h−1 4.103 × 10−6 h−1

λ80% a posteriori 2.5 × 10−6 h−1 1.584 × 10−6 h−1

Table 3. Data of test at K1 = 2.

λ90% = 3.890 h−1

Integration of Gamma law Inverse Chi-square
λ90% expert = 3.0 h−1

λ80% a priori 3 × 10−6 h−1 2.994 × 10−6 h−1

λ80% trials — 5.864 × 10−6 h−1

λ80% a posteriori 2.9 × 10−6 h−1 3.188 × 10−6 h−1
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Fig. 6. Densities at K0 = 5.
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Fig. 7. Percentage of density at K0 = 5.
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Fig. 8. Densities at K1 = 2.
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Fig. 9. Percentage of densities at K1 = 2.
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5 Conclusion

The Bayesian approach has the advantage of inte-
grated components in the past. It applies to more complex
components and with high reliability.

The Bayesian modeling has allowed to obtain a failure
rate of 2.474×10−6 h−1 at 80% instead of 4.103×10−6 h−1

after testing. A gain of 60.30% is therefore obtained. The
Bayesian estimation allows also:

• To improve the evaluation of unknown parameters and
accuracy (minimizing the variance estimators).

• Propose a credibility region (or interval) to a certain
level (1 − α), with a sub set of accessible values of
the parameter λ such that the probability to contain
λ be equal to (1−α). This region can therefore be con-
cluded when the parameter is close to a critical value
established by contract between the supplier and the
customer.

• Demonstrate that the assumptions made by the analy-
sis on the parameter λ are accurate or not by carrying
out of tests a posteriori hypothesis (e.g.: “the failure
rate is less than 10−7”).

• Make better decisions (decision analysis) such as the
choice of a corrective action from a set of possible ac-
tions (maintenance policy, acceptance of equipment,
invest in new equipment, etc.) taking into account
different costs.
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installations industrielles. Ed. Eyrolles, (1996)
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