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Abstract – The ensemble empirical mode decomposition (EEMD) was largely used in the diagnosis of
the rotating machines, this method could detect the defect at an early stage in the case of non variable
speed or slightly variable, but when the speed of the machine varies in acceleration or deceleration the
use of the EEMD under these conditions shows a limitation with the detection of the impulses, that
are influenced by the presence of the mode mixing, and the end effect. To detect the shocks due to the
defect where the variation of speed is forced by the working conditions, we propose to use the Variational
Mode Decomposition (VMD) which was recently proposed by Konstantin Dragomiretskiy. This method
gave promising results in the detection of the defects on machine elements under non stationary conditions
imposed by the variation of speed and torque. In this work, first we show by simulated signal the advantage
of VMD compared to the EEMD in the detection of impulses in the case of variable speed and load. Then,
we analyze vibration signals given by a dynamic modeling of a gear transmission in the case of non
stationary load and speed, for healthy gear and two different of localized faults (early and advanced). The
modes are extracted using VMD and followed by calculation of spectrogram and statistics values, which
give more information about the defect and allow us to detect it at an early stage.

Key words: Vibration analysis / non stationary operation / time-varying frequency / variational mode
decomposition (VMD) / ensemble empirical mode decomposition (EEMD) / intrinsic mode functions
(IMFs) / gear fault detection / rotating machines

1 Introduction

Gears are mechanisms widely used for power transmis-
sion in rotating machinery. The malfunctions and defects
of gears are inevitable. The faulty gear is usually the ma-
jor source of noise and vibration [1] and may result in
the abnormal operation and failure of the system. The
early detection of gear faults is very important to prevent
the system from damage. Vibration analysis is the most
commonly used method for diagnosing gear faults since
the vibration signals give plentiful information related to
machines [1, 2].

When a local gear fault occurs, both amplitude and
phase of the tooth meshing vibration signals are modu-
lated [3–5]. If the rotating speed of the shaft is invariable
the gear-fault-induced modulation phenomenon manifests
as frequency sidebands equally spaced around the mesh-
ing frequency and its harmonics in vibration spectra [3–5].
However, under variable rotating speed of the shaft, the

a Corresponding author: mahafida006@yahoo.fr

meshing frequency and its harmonic and the sidebands
vary with time and hence the vibration signal is non-
stationary [2, 6–8]. The use of methods which decompose
the signal into bands is very useful in these situations.

The ensemble empirical mode decomposition (EEMD)
method [9] was largely applied in fault diagnosis of rotat-
ing machinery [5, 7, 8, 10, 11] because it does not use a
priori determined basis functions and can iteratively de-
compose a complex signal into a finite number of intrinsic
mode functions (IMFs). Each resulting elementary com-
ponent IMF can represent the local characteristic of the
signal [9,12]. But all these papers used the EEMD to an-
alyze signals collected from test bench which works under
stationary conditions, where the speed of the shaft is con-
stant or slowly variable.

Recently, Variational Mode Decomposition (VMD)
method was proposed as a multiresolution technique [13]
that overcomes some limits of the EEMD [14–17] which
highly depends on the choice of an interpolation method;
the number of iterations. VMD technique faces the dif-
ficulty of having no mathematical model besides its
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Algorithm: Complete optimization of VMD

Initialize
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, λ̂1, n← 0

repeat

n← n + 1

for k = 1 : Kdo
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Fig. 1. Algorithm of VMD [13].

algorithm and other problems like sensitivity to noise,
the choice of sampling frequency [17,19] and the problem
of mode mixing [14, 16, 17]. VMD algorithm is very simi-
lar to empirical mode decomposition (EMD) in structure,
but is substituted by more robust constraint optimization
techniques, can detect close tone vibration signatures and
takes less computation time than EEMD [13].

In this work, first, we will show by simulated signals
the advantages of VMD compared to EEMD in the detec-
tion of impulses in the case of variable frequency content.
Then, we will use VMD to analyze a one stage bevel gear
transmission subjected to time varying loading conditions
and in the presence of a local damage.

The structure of the paper is as following: Section 2
introduces the basics of VMD. In Section 3, we present
simulated signals to illustrate the non stationary phenom-
ena due to the variation of the speed; these signals are
analyzed by using the two methods EEMD and VMD. In
Section 4, the VMD method is applied for gearbox faults
diagnosis. In Section 5, a conclusion of this paper is given.

2 Variational mode decomposition (VMD)

The purpose of VMD [13] is:
• Decompose a signal x (t) into an ensemble of band-

limited intrinsic mode functions Mi that have specific

sparsity properties while reproducing the input signal.
The sparsity prior of each mode was chosen to be its
bandwidth.

• Each mode has limited bandwidth.
• Replace the empirical shifting process of EMD by

a classical alternate direction method of multipliers
(ADMM).

In order to assess the bandwidth of a mode, the following
steps were proposed:
1) For each mode Mk, compute the associated analytic

signal by means of the Hilbert transform in order to
obtain a unilateral frequency spectrum.

2) For each mode, shift the mode’s frequency spectrum
to “baseband”, by mixing with an exponential tuned
to the respective estimated center frequency ωk.

3) The bandwidth was estimated through the H1 Gaus-
sian smoothness of the demodulated signal, i.e. the
squared L2-norm of the gradient.

4) The reconstruction constraints used in VMD are based
on the combination of the two terms: the quadratic
penalty term and the Lagrangian multipliers λ, where
their update parameter is τ .

The variational mode decomposition model is essentially
based on the three concepts:
a) On the concepts of the Wiener filter for denoising,

where the variance of the white noise is α.
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Fig. 2. The stationary simulated signal, (a) the periodic component, (b) the transient component, (c) the signal.

b) The Hilbert transform which is used in the construc-
tion of a single-side band analytic signal.

c) On the frequency shifting that is obtained by multi-
plication with pure complex harmonics.

The VMD algorithm is given in Figure 1.
The advantages of the VMD method are:

a) The relative reconstruction error is largely indepen-
dent of the harmonic’s frequency. Moreover, the rela-
tive error is nicely controlled by the tolerance level ε.

b) The proposed VMD achieves good tones separa-
tion [13].

3 Simulation

In order to verify the validity of the VMD and to
compare the two methods, EEMD and VMD, we sug-
gest analyzing two simulated signals. In the first one, the
frequency content is constant, whereas it is variable for
the second signal. This comparison will highlight the ad-
vantages of applying VMD in fault diagnosis when non-
stationary conditions occur.

3.1 Stationary case

Let us consider a vibration signal xs(t) consisting of
two components xs1(t) and xs2(t) (Fig. 2), where xs1(t)
represents the periodic components in the vibration sig-
nal, given by:

xs1 (t) = 10 (sin (2πf1t) + sin (2πf2t)) 0 ≤ t ≤ 0.6 s.
(5)

With f1 = 50 Hz and f2 = 120 Hz.

xs2 (t) represents the transient component produced
by the fault, given by:

xs2 (t) = A1 (t)A2 (t) 0 ≤ t ≤ 0.6 s (6)

where,
A1 (t) = 0.05 sin (2π2000t) (7)

and

A2 (t) = exp
(

(t − 0.05)2

106

)
+ exp

(
(t − 0.25)2

106

)
+ exp

(
(t − 0.45)2

106

)
(8)

The sampling period is: Te = 0.0001 s.
The impacts occur at the times of 0.05 s, 0.25 s and

0.45 s.
The FFT spectrum of the signal is given in Figure 3.

It shows only the frequencies which represent the periodic
part of the signal. We cannot observe any frequency that
represents the transient part given by xs2 (t).

By using EEMD, the signal xs(t) is decomposed us-
ing the ensemble number of 100 and for different added
noise amplitudes (0, 0.001 and 0.006) time standard de-
viation of the signal. The results obtained are shown in
Figures 4–6. From these figures, it can be noticed that the
components included in the signal are perfectly decom-
posed into separate IMFs only when we use amplitude of
noise different to zero. For Figure 4 we haven’t detect the
impulses because we haven’t use any noise in the decom-
position which is similar to the idea of EMD. In Figures 5
and 6, the first IMF corresponds to the transient compo-
nent; the second IMF, the third IMF and the fourth IMF
indicate the periodic components, and the last one corre-
sponds to the residue. But when we use a high amplitude
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Fig. 3. The spectrum of the stationary signal.
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Fig. 4. Results of EEMD for stationary signal (added noise amplitude is zero).

of noise (Fig. 6) the impulses are masked by the noise.
Then, the different components embedded in the signal
are extracted perfectly if controlled noise is used in the
EEMD method.

By using VMD, the signal xs(t) is decomposed us-
ing α = 200, K = 3, τ = 0 and ε = 10−7. The results
obtained are shown in Figure 7 in which it can be ob-
served that the components included in the signal are per-
fectly decomposed into separate VMFs. The first and the
second VMFs indicate the periodic components, whereas
the third VMF corresponds to the transient component.
Then, the different components embedded in the signal
are also extracted perfectly using the VMD method.

If we compare the results, we can observe that the
first IMF (transient component) given by EEMD is noisy,
because the noise used in the EEMD algorithm, (noise
amplitude generally greater than 0), occurs generally in

the first IMF (Figs. 5 and 6), we can observe that this
noise does not exist in the first VMF (transient compo-
nent) (Fig. 7) because the VMD does not use any noise
in its algorithm.

3.2 Nonstationary case

Now if we take the stationary signal given in Equa-
tion (5) and consider a linear variation of its frequency
according to time as:

f1Ns = f1t and f2Ns = f2t, the periodic component
becomes a chirp signal as following:

xNs1 (t) = 10
(
sin
(
2πf1t

2
)

+ sin
(
2πf2t

2
))

0 ≤ t ≤ 0.6 s (9)
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Fig. 5. Results of EEMD for stationary signal (added noise amplitude is 0.001).
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Fig. 6. Results of EEMD for stationary signal (added noise amplitude is 0.006).

Then, the resulting nonstationary signal xNs (t) shown in
Figure 8 will be composed of the two components xNs1 (t)
and xNs2 (t) (transient component). By using EEMD, the
signal xNs (t) is decomposed into eleven IMFs. Figure 9
shows only the first five IMFs which give the important
information about the signal. The lasts IMFs represent
only the trend of the signal.

The results shown in Figure 9 give an idea on the prob-
lem of the mode mixing and the end effect (the region sur-
rounded by black) presented in the first IMF, this prob-
lem was not completely removed by the use of the EEMD.
Figure 10 shows a zoom on the first IMF and gives an idea
on the presence of noise which is generally arisen in the
first IMF. The impulses (the region surrounded by the
red) are generally obtained also in the first IMF. These

207-page 5



H. Mahgoun et al.: Mechanics & Industry 17, 207 (2016)

0 0.1 0.2 0.3 0.4 0.5
-2

-1

0

1

2

V
M

F
1

0 0.1 0.2 0.3 0.4 0.5
-1

-0.5

0

0.5

1

V
M

F
2

0 0.1 0.2 0.3 0.4 0.5
-0.05

0

0.05

Time(s)

V
M

F
3

Fig. 7. Results of VMD for stationary signal.
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Fig. 8. The nonstationary simulated signal, (a) the chirp, (b) the transient component, (c) the signal.

impulses are indicator of the presence of fault. If the im-
pulses amplitude is too small, the presence of noise and
other parts of the signal due to mode mixing in the first
IMF can mask the impulses.

When we apply VMD method to analyze the signal,
we obtain six VMFs that correspond to several frequency
bands as shown in Figure 11. As can be clearly seen, VMD
achieves good modes separation without mode mixing

phenomenon and noise in the first mode which allows a
good detection of the impulses.

4 Application

In order to highlight the efficiency of VMD method, we
implement it on simulations issued from a dynamic model
of a gear transmission running under non-stationary
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Fig. 9. Results of EEMD for nonstationary signal.
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Fig. 10. The first IMF zoomed.

conditions (variable load and speed). It was shown in
literature that the analysis of simulated vibration sig-
nals from gear models using Wigner Ville [20] or spec-
trogram [21,22] does not make it possible to detect teeth
defects at an early stage. This is mainly caused by the
fact that impacts induced by this localized defect are
masked by the part of the signal with simultaneous am-
plitude and frequency modulation induced by speed and
load variation. A bevel gear transmission model is consid-
ered. It is driven by a squirrel cage electric motor [20] and
have the characteristics given in Table 1. The transmis-
sion is loaded with a torque having sawtooth shape with
frequency fL = 5 Hz as presented in Figure 12a.

The variation of load leads to a fluctuation in the ro-
tational speed (Fig. 12b) and a variation of the gearmesh
frequency. The mean value of the motor rotational speed
is nr = 1130 rpm which corresponds to a mean gearmesh

frequency fgm = 263 Hz. The sampling frequency is
30 800 Hz for all signals. A crack in one pinion tooth is
simulated by a periodic decrease in the gearmesh stiffness
function corresponding to the mesh of the defected tooth.
The acceleration signals for healthy gear and faulty gear
for early and advanced stage are given in Figure 13. From
literature the spectrum of a gear transmission submitted
to a constant load is dominated only by the gearmesh
frequency and its harmonics. However in the case with
time varying load, a family of sidebands appeared around
the gearmesh frequency fgm and its harmonics induced
by the non uniformity of the gearmesh period (Fig. 14)
and this can be thought to be a frequency modulation of
the gearmesh stiffness.

The zoom of this spectrum around the mesh frequency
shows many side lines around of this frequency, which
indicate a frequency modulation.
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Fig. 11. Results of VMD for non-stationary signal.

Table 1. Parameters of the bevel gear transmission [23].

Pinion Gear

Pitch (m) 0.0095

Number of teeth Z 14 45

Teeth width b (m) 0.064

Pressure angle α 20

Mass (kg) 24.7 122.6

Moment of inertia (kg.m2) 0.0585 1.91

Axial stiffness kx1, ky2 (N.m−1) 109 2.3× 109

Lateral stiffness ky1, kz1, kx2, kz2 (N.m−1) 8.8 × 109 1.3× 1010

Torsional stiffness kθ1, kθ2 (Nm.d−1) 1.2 × 104 7.4× 104

It is well-known from references [3–5] that the fre-
quency content of a faulty gear in stationary conditions is
dominated mainly by the mesh frequency and its harmon-
ics surrounded by sidebands. From the presented zoomed
spectrum (Fig. 14a) for healthy case, it is well observed
the high activity of sidebands around mesh frequency and
its harmonics. Sidebands can be a serious indicator of the
presence of some kind of local damage on teeth or in bear-
ings in stationary conditions. So it can be concluded that
for non-stationary operating conditions separated time
and frequency analysis for the studied case may induce
in error during condition monitoring process.

In order to overcome this difficulty, we propose to use
VMD to analyze such signals. Figures 15–17 present the
VMFs of each studied signal. The first VMF of the sig-
nal without defect show only the position of the varia-
tion of the load, the spectrogram of this VMF gives an
idea on the variation of the load (Fig. 18) but the first
VMFs of the signals of the faulty gear show periodical

impulses. The spectrograms (Figs. 19 and 20) of these
VMFs give information of the position of the maximum
load and show clearly the position of the impulses due
to the fault. The periodicity of the defect can be clearly
observed: it is that of the faulty pinion (T = 0.05 Hz).

A statistical study based first, on calculation of the
correlation between the signals, (Healthy gear, faulty gear
for early and advanced stage), and modes (VMFs) and
secondly, on the kurtosis of each VMFs, shows (Tab. 2)
that correlation’s coefficients do not give any significant
information about the faulty gear, however the last three
VMFs give more information than the first ones whereas
their correlation’s coefficients are less than 0.1.

But for kurtosis we can see that the kurtosis of each
signal is around 3, this value doesn’t indicate any fault,
however the kurtosis of the three last VMFs, which
correspond to the two types of fault is very large com-
pared to the ones which correspond to the healthy gears.
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Fig. 12. (a) Evolution of the applied load, (b) evolution of the instantanous rotational speed.
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Fig. 13. Acceleration signals (a) healthy gear, (b) and (c) faulty gear.
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Fig. 15. VMD of the acceleration signal for healthy gear.
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Fig. 16. VMD of the acceleration signal for early fault.
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Fig. 17. VMD of the acceleration signal for advanced fault.
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Fig. 18. Spectrogram and spectrum of the first VMF for healthy gear.

Fig. 19. Spectrogram and spectrum of the first VMF for early fault.

Fig. 20. Spectrogram and spectrum of the first VMF for advanced fault.
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Table 2. Statistical study.

Signal healthy gear Faulty gear (early) Faulty gear (advanced)

VMFs
Correlation coeff.

Kurtosis
Correlation coeff.

Kurtosis
Correlation coeff.

Kurtosis

3.18 3.14 3.26

VMF1 0.0357 5.8504 0.0265 40.2272 0.0330 262.1139

VMF2 0.0677 3.4868 0.0466 8.4364 0.0579 90.8767

VMF3 0.1183 3.3088 0.0906 4.2081 0.1313 14.7359

VMF4 0.5232 2.3124 0.1501 3.8247 0.4893 2.4117

VMF5 0.3801 4.2710 0.5527 2.4871 0.4961 2.6189

VMF6 0.7232 3.1702 0.7292 2.8372 0.7650 3.8673

VMF7 0.5483 2.2762 0.6058 2.5786 0.4609 4.3059

5 Conclusion

In this study we have used the VMD method to an-
alyze non-stationary signals that give information about
the variable conditions such as variable speed and load.
The VMD method achieves good tones separation and
does not require the use any noise in its implementation.
This was one of the drawbacks of EEMD method which
needs adding noise leading to probable mask of the impul-
sions due to impacts that are generated by the presence
of a defect.

To detect the fault masked by simultaneous variation
of load and presence of defect, VMD showed successful
separation of the different modes that correspond to the
variation of load and the effect of fault. We have also used
the spectrogram to detect the period of the impulses due
to the fault, and we have observed that the kurtosis cal-
culated for raw signals cannot give any information about
the presence of the defect. However, when we computed
the kurtosis after decomposition with VMD which sepa-
rates the different parts of the signal, we have observed
that it can be used as an indicator of the fault in such
conditions.
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