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Abstract – This study aims to investigate the true stress and the plastic shakedown behavior of a cyclically
loaded pressure vessel. To serve this study, an experimental platform has been built up, which comprised of a
self-made thin-wall cylinder pressure vessel, a water pressure loading system to simulate the actual working
loading condition, and strain gauge sets for strain measurement. A number of experiments have been done
by cyclically loading and unloading the vessel at different strain levels of plastic deformation to shakedown
state in different experiments respectively. The relationship between plastic strain and shakedown range has
therefore been obtained. The true stress-strain constitutive model of the vessel under large deformation
condition has also been derived. The experiments lead to three observations: (1) the strain hardening
technology can effectively reduce the residual stress of stainless steel pressure vessel. (2) The shakedown
range is less than 2000 με for a total strain under 4%, and yet the shakedown range increases fast to more
than 3000 με for a total strain higher than 6%. (3) It is also found that the true stress-strain constitutive
model given in this paper describes the multi-axial stress-strain state of pressure vessels, and validates the
engineering practicability of conventional uniaxial tensile shakedown constitutive curve.
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1 Introduction

How to establish shakedown design criteria in consid-
eration of strain hardening technology to design pressure
vessels has been focused in recent years. Shakedown anal-
ysis is a study of plastic behavior of engineering struc-
ture subjected to cyclic loading. The shakedown critical
load of a structure can be obtained based on shakedown
and accumulated plastic strain analysis. A structure cycli-
cally loaded within its critical load will get into shake-
down state. If cyclically loading the structure beyond its
critical load, an increment plastic collapse or alternating
plastic collapse will occur to the structure due to the con-
tinuously accumulated plastic strain. Shakedown theory
is widely applied to analytical design method of pressure
vessels and it has been introduced into ASME VIII-2 [1].
The basic principle of strain hardening technology is that
overload the pressure vessel to plastic stage so that the
elastic limit of pressure vessels can be improved. How-
ever, for a pressure vessel subjected to cyclic loading,
the strain accumulation with continuous plastic deforma-
tion should be noticed. Hence, it has great theoretical
and practical significance to apply shakedown analysis to
strain hardening technology.

a Corresponding author: yjzeng@bjut.edu.cn

It is known that an elastic-plastic metallic material
subjected to a cyclic loading may reach three differ-
ent types of steady-state responses after a certain finite
number of cycles:
(1) Elastic shakedown. The plastic accumulation no

longer occurs, the plastic strain rate and all internal
variable rates vanish and thus the structural response
to loads becomes purely elastic due to self-balance
residual stress field developed inside the structure.

(2) Plastic shakedown. The plastic accumulation is a non-
trivial one, but the plastic strain field resulting in the
cycle is nought, since the plastic strains are periodic
in the cycle.

(3) Ratchetting. The plastic accumulation is a nontrivial
one, and the ratchet strain is non-vanishing due to the
plastic strain to progressively increase [2–5].

A lot of work on shakedown and ratcheting of differ-
ent structures and materials [6–18] has been done by
Chen et al. etc. Xu has presented a perturbation method
for shakedown analysis of elasto-plastic structures un-
der quasi-static loading [19]. Guozheng Kang has devel-
oped a unified viscoplastic constitutive model to describe
uniaxial ratcheting of 304SS [20]. Press has used a new
method to make shakedown analysis of nozzles [21]. Ah-
madzadeh has studied the ratcheting response of steel
alloys under step-loading conditions [22]. ManSoo Joun
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Fig. 1. Experimental pressure vessel.

has presented a new method for acquiring true stress-
strain curves over large range of strains using engineering
stress-strain curves obtained from a tensile test with a
finite element analysis [23]. Masayuki Kamaya has ob-
tained the true stress-strain curves of cold worked stain-
less steel over a large range of strains by using a specific
testing method [24]. Liu has presented that cyclic hard-
ening is one of the factors resulting in shakedown [25].
Although shakedown theory has been discussed in a large
number of papers, but few experimental research for
pressure vessel shakedown analysis has been published.
Meanwhile, how to apply shakedown analysis to strain
hardening technology to design pressure vessel is further
concerned by more and more scholars.

This paper investigates the relationship between plas-
tic strain and shakedown range, as well as the relation-
ship between plastic strain and residual stress based on
experiments. An experimental platform has been built
up, which comprised of a water pressure loading system,
strain gauge sets for strain measurement, and a thin-wall
cylinder pressure vessel to simulate the actual working
loading condition. Numerous experiments have been done
to get the load and strain of the vessel under cyclic loading
and unloading. Therefore, the shakedown strain and the
relationship between plastic strain and shakedown range
have been obtained. The residual stresses were tested for
6 times during cyclic loading, from which the relation-
ship between plastic strain and residual stresses was ob-
tained. The true stress calculated formulas of pressure
vessel under multi-axial stress state were derived. A true
stress-strain constitutive model to describe the multi-
axial stress-strain state of pressure vessel has been derived
from these experiments based on Ramberg-Osgood rela-
tionship. Meanwhile, the engineering practicability of con-
ventional uniaxial tensile shakedown constitutive curve
has been validated.

2 Experiments

2.1 Experimental design and procedure

2.1.1 Experimental pressure vessel

The left part of the vessel is made of 316L stainless
steel and the right part is made of 304 stainless steel.

Chemical composition of 316L is C, 0.026%; Si, 0.72%, P,
0.042%; Ni,12.5%; Cr, 16.2%; Mo: 2.1%. Chemical com-
position of 304 is C, 0.046%; Mn 1.21%, P, 0.029%; S,
0.006; Cr, 17.56%; Ni, 8.07%. The vessel has a length of
1600 mm, diameter of 600 mm and thickness of 5 mm.
The experimental vessel, similar with the fabricated in-
service vessel, consists of head, tube, manhole, axial welds
and circumferential welds (see Fig. 1).

2.1.2 Strain gauge layout scheme and the arrangement
of residual stress measuring points

The strain gauges (YEFLA-5) for large strain mea-
surement were used. The special adhesive (NP-50) and
advanced UCAM-10A data collector (produced by KY-
OWA) were applied to guarantee measurement accuracy.
Seven strain rosettes were stuck respectively on base ma-
terial (1#, 2#, 7#), weld heat-affected zone (3#), head
(4#, 5#) and tube (6#) of the vessel (see Fig. 1).

The residual stresses were measured by MSF-2 X-ray
diffraction stress measurement. As Figure 1 shows, 14
measuring points were arranged respectively on base ma-
terial, axial welds, circumferential welds and weld heat-
affected zone of 316L (part I), the junction of 316L and
304 (part II), and 304 (part III).

2.1.3 Experimental scheme

The strain control method was used to apply the
loads and the strain of base material was used as the
control criterion. The vessel was loaded to target strain
at first and then cyclically loaded and unloaded until it
got into shakedown state, which was applied at 9 plastic
strain levels of 2.2%, 4.4%, 5%, 5.5%, 6%, 7.3%, 8%, 10%,
respectively.

The hoop and axial residual stresses of the vessel were
measured for 6 times which was applied at plastic strain
levels of 0%, 0.01%, 2.2%, 4.4%, 7.3%, 10%.

2.1.4 Shakedown judgment criterion

In this paper, the ratcheting strain is defined as the
maximum strain of each cycle. When the increment of
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Fig. 2. 316L material (1#) load-strain curve.
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Fig. 3. Weld heat-affected zone (3#) load-stress curve.

ratcheting strain was lower than 20 micro strain, the ves-
sel is considered going in shakedown state. At this time,
the ratcheting is considered to stop and the accumulated
strain is calculated.

2.2 Experimental results

2.2.1 Strain measurement results

Seven load-strain curves of the vessel subjected to
cyclic loading were obtained. Some typical curves are
shown in this paper.

The load-strain curve for 316L base material (1#) is
shown in Figure 2. The load-strain curve for weld heat-
affected zone (3#) is shown in Figure 3.

2.2.2 Residual stress measurement results

According to the residual stresses distribution of the
vessel, the hoop residual stress is set as σ1, the axial resid-
ual stress is set as σ2, and σ3 = 0.
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Fig. 5. The residual stresses distribution of II.

Thus, the equivalent Von Mises stress is:

σ̄ =
1√
2

√[
(σ1 − σ2)

2 + (σ2 − σ3)
2 + (σ3 − σ1)

2
]

(1)

The equivalent residual stresses of every heat-affected
zone at every plastic level (I: 2# and 4#; II: 6# and 8#,
III: 11# and 13#) have been averaged, as shown from
Figures 4 to 6. The equivalent residual stresses of weld at
every plastic level (I: 3#; II: 7#, III: 12#) are also shown
in Figures 4 to 6.

3 Analysis of true stress and strain
of the vessel

3.1 Equivalent stress formula of the vessel
subjected to cyclic loading

The stress state of a thin-wall cylinder pressure vessel
subjected to internal pressure is biaxial stress state. The
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Fig. 6. The residual stresses distribution of III.

stress state is shown as following:

σ1 = σy =
PD

2t
, σ2 = σx =

PD

4t
, σ3 = 0 (2)

where σx is longitudinal stress; σy is hoop stress.
Maximum and minimum principal strain

ε1,2 =
ε0 + ε90

2
±

√
2

2

√[
(ε0 − ε45)

2 + (ε45−ε90)
2
]

(3)

Equivalent Von Mises strain

ε̄ =
√

2
3

√[
(ε1 − ε2)

2 + (ε2 − ε3)
2 + (ε3 − ε1)

2
]

(4)

The principal stress (σ1, σ2) of measurement points can
be obtained by substituting their loading values into
Equation (2). Thus, their equivalent stress can be ob-
tained by Equation (1). Hence, the equivalent stress-
strain curves for measurement points (1#, 2#, and 7#)
subjected to cyclic loading and unloading at different
strain levels of plastic deformation to shakedown state
can be obtained. Figure 7 shows such a curve for the
point (1#).

3.2 True stress experimental formula of the vessel
subjected to cyclic loading

When the vessel gets into large deformation condition,
the vessel will expand for the accumulated plastic strain,
which will result in a bigger diameter and a thinner wall.
There will be an error in stress calculation with the use
of the theoretical diameter (D) and thickness (T ). There-
fore, the real diameter and wall thickness of the vessel
should be considered for the true stress calculation.

In view of geometric large deformation, the circum-
ferential and axial true stresses are calculated as follows:

σ̃1 =
PD̃

2t̃
, σ̃2 =

PD̃

4t̃
(5)
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Fig. 7. 316L material (1#) equivalent stress-strain curve.

In this equation, D̃ and t̃ represent the instantaneous
diameter and thickness respectively. Plastic mechanics
states that pure plastic deformation leads to the change
of the vessel’s shape, but no change of its volume. Hence,
we have

I1 = ε1 + ε2 + ε3 = εx + εy + εz = 0 (6)

So:
εz = ε3 = −(ε1 + ε2) (7)

Variation of thickness:

Δt = εtt = εzt = −(ε1 + ε2)t (8)

Real thickness:
t̃ = t − Δt (9)

Variation of diameter:

ΔD = εDD = εzD = −(ε1 + ε2)D (10)

Real diameter:
D̃ = D + ΔD (11)

The instantaneous real diameter and thickness can be ob-
tained according to equations above. And then the two
principal true stresses can be obtained by substituting
Equations (8)–(11) into Equation (5):

σ̃1 =
PD̃

2t̃
=

PD(1 + ε1 − ε2)]
2t (1 + ε1 + ε2)

σ̃2 =
PD̃

4t̃
=

PD (1 − ε1 − ε2)
4t (1 + ε1 + ε2)

(12)

where ε1, ε2 represent the two principal strains. Then the
equation of equivalent true stress can be obtained by sub-
stituting terms in Equation (12) to Equation (1):

¯̃σ =
1√
2

√[
(σ̃1 − σ̃2)

2 + (σ̃2 − σ̃3)
2 + (σ̃3 − σ̃1)

2
]

(13)

Therefore, the true stress-strain curve of the vessel sub-
jected to cyclic loading can be obtained based on the
above analysis. The true stress-strain curve of measure-
ment point (1#) is shown in Figure 8.
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3.3 The relationship between true stress
and equivalent stress under large deformation

The equivalent stress-strain curve and true stress-
strain curve of measurement point (1#) subjected to
cyclic loading at different strain levels of plastic defor-
mation to shakedown state were put together into one
graph for comparative analysis (see Fig. 9). In this pa-
per, the true stress-strain curve of the vessel subjected to
cyclic loading to shakedown state is defined as multiaxial
cyclic shakedown constitutive curve. The general uniax-
ial tensile true stress-strain constitutive curve of 316L is
also shown in Figure 9 to investigate the difference be-
tween multiaxial cyclic shakedown constitutive curve and
general uniaxial tensile constitutive curve.

3.3.1 The difference between true stress-strain curve
and equivalent stress-strain curve of 316L

The equivalent stress-strain curve and the true stress-
strain curve are almost identical for a total plastic strain
less than 2%, and yet the difference between true stress
and equivalent stress increases to 17.1% when the total
plastic strain reached 10%. Therefore, the influence of
large plastic deformation on stress state cannot be ignored
in this condition (see Fig. 9).

The difference between true stress and equivalent
stress of measurement point (1#) was obtained and was
plotted along with the corresponding strain in Figure 10.
The curve can be fitted by the following equation:

Δσ = 613.55ε− 6.25 (14)

Equation (4) reveals that the difference between true
stress and equivalent stress increases linearly as the accu-
mulated plastic strain increases. Hence, the concept of
true stress is important for strength check of pressure
vessel under large deformation.
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3.3.2 The difference between multiaxial cyclic shakedown
constitutive curve and general uniaxial tensile
constitutive curve

As Figure 9 shows, the difference between multiaxial
cyclic shakedown constitutive curve and general uniaxial
tensile constitutive curve is significant in plastic phase.
Due to the ratcheting in cyclic loading, the plastic strain
accumulates continuously. Therefore, the multiaxial cyclic
shakedown constitutive curve is lower than the general
uniaxial tensile constitutive curve.

3.4 The true stress-strain constitutive model
under large deformation

The true stress-strain constitutive curve of 316 base
material is obtained and the mathematical model is de-
duced in Figure 9. As Figure 9 shows, the offset yield
stress (σ0.2) of the vessel under cyclic loading is 188 MPa;
modulus of elasticity is 210 GPa.

The Ramberg-Osgood equation is usually used to de-
scribe the stress-strain curve of nonlinear materials, such
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as stainless steel [26, 27]. It is shown as follows:

ε = εe + εp, εe =
σ

E
, εp = α

σ

E

(
σ

σs

)n

ε =
σ

E
+ α

σ

E

(
σ

σs

)n

(15)

where ε is the total strain, εe is elastic strain, εp is plastic
strain, σ is stress, σs is yield stress, E is modulus of elas-
ticity, α and n are constants that depend on the material
being considered.

MacDonald et al. [28–30] presented that Equation (15)
can accurately describe the true stress-strain constitutive
curve when the total strain is less than 2%, yet the true
stress-strain curve indicates the obvious linear relation-
ship when the total strain is more than 2%. It is shown
as follows:

ε =

⎧⎪⎨
⎪⎩

σ

E
+ α

σ

E

(
σ

σs

)n

σ ≤ σ2.0

σ − a

b
σ > σ2.0

(16)

where a and b are constants that depend on the material
being considered.

Taking natural logarithm of Equation (15), it can be
obtained:

ln
Eε − σ

σ
= lnα + n ln

σ

σs
(17)

Substituting the measurement point (1#) experimental
data of stress and strain (0.2% < ε < 2.0%) into Equa-
tion (17). Then, the function curve of Equation (17) is
plotted in Figure 11 with ln (σ/σs) as horizontal coordi-
nate and ln[(Eε-σ)/σ] as vertical coordinate. After that,
it is fitted by linear model, as shown in the following:

ln
Eε − σ

σ
= 0.5287 + 6.1117 ln

σ

σs
(18)
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Fig. 12. True stress-strain constitutive curve theoretical
model.

It can be obtained from Equation (18): n = 6.1117, α =
e0.5287 = 1.6967.

The true stress-strain curve of measurement point
(1#) is fitted by linear model with ε > 2.0%. The result
is shown as follows:

σ = 1623.4ε + 241.23 (19)

Therefore, the theoretical true stress-strain constitutive
model of 316L subjected to cyclic loading is obtained as
shown in the following:

ε =

⎧⎪⎨
⎪⎩

σ

210 000
+ 1.6967× σ

210 000

( σ

188

)6.1117

σ ≤ σ2.0

σ − 241.23
1623.4

σ > σ2.0

(20)
The theoretical true stress-strain constitutive curve based
on Equation (20) and the experimental true stress-strain
constitutive curve of 316L base materials (measurement
point 1#) are put together into Figure 12. It can be seen
from Figure 12 that the experimental curve is well agree-
able with the theoretical curve got by Equation (20).

4 The shakedown analysis of the vessel
and the engineering application
of ratcheting

4.1 The relationship between the total strain
and shakedown range

Figures 2 and 3 show that the occurrence of ratcheting
is obvious when the vessel is subjected to cyclic loading
and unloading to shakedown state. It can be seen that the
ratcheting strain gets lower and lower with cyclic load-
ing and unloading until the vessel gets into shakedown
state. In this paper, the shakedown range is defined as
the accumulated plastic strain of the vessel when it gets
to shakedown state in each experiment (see Fig. 13). The
relationship between total strain and shakedown range is

410-page 6



Xiaoliang-Jia et al.: Mechanics & Industry 17, 410 (2016)

 

 

 

 

 

 

 

 

 

 

 
0.0% 0.5% 1.0% 1.5% 2.0% 2.5% 3.0% 3.5%
0

50

100

150

200

250

300

350

400

st
re
ss
/M
P
a

strain

Ratche�ng strain Shakedown range 
Cyclic loading 

stable point

Fig. 13. Cyclic stress-strain stable point definition.

0,15%

0,20%

0,25%

0,30%

0,35%

0,40%

4% 6% 8% 10%

sh
ak

ed
ow

n 
ra

ng
e

total strain

Fig. 14. Shakedown range and total strain.

shown in Figure 14, which shows the shakedown range in-
creases obviously with the total strain. The increase rate
of the shakedown range is very low at the beginning, but it
increases sharply when the total strain reaches 60 000 με;
and it gets into a steady state again at the 80 000 με. This
phenomenon occurs to both the base material and weld
heat-affected zone and can be summarized that both the
cycles to reach shakedown state and the shakedown range
increase with the increase of strain level when the vessel
is subjected to cyclic loading and unloading to shakedown
state.

4.2 The effects of strain hardening on residual stresses

It can be seen from Figures 4 to 6 that the initial resid-
ual stress of weld and weld heat-affected zone is about
80–250 MPa. The residual stress decreased at first and
then increased with strain hardening. By analyzing ex-
perimental data, the residual stress obviously decreased
when the total strain of base material reached 2.2%. And,
the residual stress reduced by 50%–70% when the total
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strain reached 4.4%. Yet, the residual stress obviously in-
creased when the total strain is more than 4.4%. The
results show that strain hardening technology can effec-
tively reduce the residual stress of stainless steel pressure
vessel. The reduction effect of residual stress is best when
the total strain of the vessel reaches 2%–4%.

4.3 The engineering application of ratcheting

In this paper, the cyclic loading stable point is de-
fined as the maximum cyclic stress of the vessel when it
gets into shakedown state (see Fig. 13). The shakedown
constitutive curve of 316SS subjected to uniaxial cyclic
loading and unloading at different strain levels of plas-
tic deformation to shakedown has been obtained by Sun-
Liang and JiangGongfeng (see Fig. 15) [31]. This uniaxial
cyclic shakedown constitutive curve is composed of stable
points at different strain levels of plastic deformation.

The cyclic loading stable points of the vessel subjected
to multiaxial cyclic loading were obtained in this study.
In order to observe the influence of stress state on consti-
tutive relation, the uniaxial cyclic constitutive curve and
the multiaxial cyclic loading stable points were plotted to-
gether for comparative analysis (see Fig. 16). In Figure 16
“�” indicates the uniaxial cyclic shakedown constitutive
curve and “×” indicates the multiaxial cyclic shakedown
constitutive curve. It can be seen that the uniaxial cyclic
constitutive curve and multiaxial cyclic constitutive curve
are almost identical when the multiaxial stress is trans-
formed to equivalent stress. Hence, the engineering practi-
cability of conventional uniaxial cyclic loading shakedown
constitutive curve is confirmed.

Based on strain hardening technology, in order to im-
prove the proportional limit and reduce residual stresses
of pressure vessel as most as possible, the vessel should be
loaded under a suitable load to the request plastic strain
(εrequest). As shown in Figures 9 and 15, if the request
plastic strain is obtained by single loading, the load of
single loading will be greater than the load of cyclic load-
ing. If the ratcheting is considered, the new request plastic
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strain (ε′request) could be calculated as follows:

ε′request = εrequest − εratcheting (21)

In this way, the request plastic strain could be obtained by
cyclic loading and unloading according to the shakedown
range characteristic. Therefore, the request plastic strain
is lowered so that the load is lowered and the risk of over
load is reduced.

5 Conclusions

1. Ratcheting effect was observed when the vessel was
subjected to cyclic loading and unloading to shake-
down state. The shakedown range is proportional to
the total strain. The shakedown range is less than
2000 με for a total strain under 4%, and yet the shake-
down range increases fast to more than 3000 με for a
total strain higher than 6%. The overload risk could
be reduced by the application of ratcheting effect.

2. The uniaxial cyclic shakedown constitutive curve and
multiaxial cyclic shakedown constitutive curve are well
coincident when the multiaxial stress is transformed
to equivalent stress, which confirms that the uniaxial
cyclic shakedown constitutive curve has practicability
in engineering.

3. The strain hardening technology can effectively reduce
the residual stress of stainless steel pressure vessel.
The residual stress reduced by 50%–70% when the to-
tal strain reached 4.4%.

4. The true stress-strain constitutive model of 316 base
materials under large deformation is deduced by the
following equations:

ε=

⎧⎪⎪⎨
⎪⎪⎩

σ

210 000
+ 1.6967× σ

210 000

( σ

188

)6.1117

σ ≤ σ2.0

σ − 241.23
1623.4

σ > σ2.0
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