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Abstract – This paper presents an improved higher order solid shell element for static and buckling analysis
of laminated composite structures based on the enhanced assumed strain (EAS). The transverse shear strain
is divided into two parts: the first one is independent of the thickness coordinate and formulated by the
assumed natural strain (ANS) method; the second part is an enhancing part, which ensures a quadratic
distribution through the thickness. This allows removing the shear correction factors and improves the
accuracy of transverse shear stresses. In addition, volumetric locking is completely avoided by using the
optimal parameters in the EAS method. The formulated finite element is implemented to study the static
and buckling behavior of shell structures and to investigate the influence of some parameters on the
buckling load. Comparisons of numerical results with those extracted from literature show the acceptable
performance of the developed element.
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1 Introduction

In the last decades, the use of composite materials
is becoming more widely used since they provide many
advantages to structural designers. The stress and the
strain fields in these structures are very complex; there-
fore, numerical methods have been developed to give an
accurate prediction. In fact, in the case of plate and shell
structures, to solve the shear locking problems in thin
limit cases, the assumed natural strain method (ANS)
have been used by several authors in the literature e.g.
MacNeal [1], Bathe and Dvorkin [2] and Bucalem and
Bathe [3] among many others.

Hauptmann et al. [4] assumed a linear distribution of
the strain in thickness direction and developed a solid
shell element formulation. The same assumption was
taken by Sze and Yao [5] to formulate a locking-free solid
shell element.

Another method was proposed by Simo and Rifai [6]
named the enhanced assumed strain method (EAS). It
allowed avoiding the thickness locking caused by coupling
on the in-plane and transverse normal stress and normal
strain responses [7].

Based on this method, Alves de Sousa et al. [8] pro-
posed a volumetric and shear locking-free solid element
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formulation. The application of the EAS method for wide
range of geometrically linear elastic structural analyses
was presented in the works of Andelfinger and Ramm [9]
and Rah et al. [10, 11]. The extension to non-linear as-
pects was carried out by Büchter et al. [12] and Bischoff
and Ramm [13] among others.

The use of a single method cannot entirely solve the
locking problems in solid shell element. Therefore, many
studies have combined them for a better prediction of
the structure behavior. Klinkel et al. [14] and Vu-Quoc
and Tan [15] developed three-dimensional locking-free
solid shell elements by using the EAS and ANS meth-
ods. Hajlaoui et al. [16] presented a solid shell finite ele-
ment based on the classical ANS method to compute the
shear locking effect and a nine parameters EAS method,
which avoided completely the volumetric locking to study
the bucking behavior of laminated composite plate with
delamination.

In the literature, to the author’s knowledge up to now,
there is no solid shell formulation with high-order trans-
verse shear enhancement. The only exception is the work
of Quy and Matzenmiller [17], where the authors devel-
oped a finite element based on the theoretical foundations
of high-order shear deformation theories. In this work, the
authors decomposed the transverse shear strains into two
parts: the first one is compatible and continuous, which
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can present a shear locking in thin limit structures, the
second part is based on the EAS with parabolic function
in terms of natural thickness coordinate. The membrane
part in this work is not enhanced, which can present a
numerical locking in the case of in-plane bending and in
the nearly incompressible elasticity.

However, in the case of plates and classical shells, the
higher order shear deformation theory (HOSDT) has been
widely used by some authors e.g. [18–20] to improve the
transverse shear strain and stress distributions. Recently,
Wali et al. [21] present an efficiency three-dimensional
double directors shell element for the analysis of func-
tionally graded shell structures. The vanishing of trans-
verse shear strains on top and bottom faces is considered
in a discrete form inspired from the work of Dammak
et al. [22]. Thus, the third-order shear deformation plate
theory (TSDT) is a particular case of the developed for-
mulation. Nevertheless, the treatment of delamination
with this HOSDT is complicated which is not the case
with the solid shell elements.

This paper is an improvement of the solid shell for-
mulation developed by Hajlaoui et al. [16]. In the present
formulation, the assumed natural transverse shear strain
is enhanced with two parabolic functions in term of
natural thickness coordinate as proposed in Quy and
Matzenmiller [17]. In addition, the enhancements of the
membrane part and the transverse strain were used to
avoid the in-plane bending and volumetric locking.

The remainder of this paper is organized as follows.
Fundamental and finite element formulations are de-
scribed in section two. In section three, numerical results
and discussions of the finite element model are investi-
gated in detail. Finally, some concluding remarks are pre-
sented in section four.

2 Solid shell finite element formulation

The developed solid shell element is an eight nodes
hexahedral element with 3 degrees of freedom per node.
Parameterizations of the solid shell material points
are carried out in terms of curvilinear coordinates
(ξ1, ξ2, ξ3) = (ξ, η, ζ). The strain field is enhanced with
the introduction of internal variables [6], as following:

E = Ec + Ẽ (1)

where Ec and Ẽ are respectively the compatible part and
the enhanced part of the Green-Lagrange strain tensor.

2.1 Compatible strains

The compatible part is arranged in (6 × 1) column
matrix as follows:

Ec = [Ec
11, E

c
22, E

c
33, 2E

c
12, 2E

c
13, 2E

c
23]

T (2)

For the compatible part of the strain tensor, and to avoid
shear locking, an assumed natural strain (ANS) method

is used for the transverse shear strains Ec
13, Ec

23 as pro-
posed by Bathe and Dvorkin [2] where the transverse
shear strains are evaluated at four mid-points of the ele-
ment edges A = (–1,0,0), B = (0,–1,0), C = (1,0,0), D =
(0,1,0), see Figure 1.[

2Ec
13

2Ec
23l

]
=

[
(1 − η)EB

13 + (1 + η)ED
13

(1 − ξ)EA
23 + (1 + ξ)EC

23

]
(3)

Also, an ANS method is used for the thickness strains Ec
33

as used in references [14–16] where the transverse strain
is evaluated using four collocation points defined in the
reference surface : A1 = (–1,–1,0), A2 = (1,–1,0), A3 =
(1,1,0), A4 = (–1,1,0) (Fig. 1).

Ec
33 =

4∑
A=1

1
4

(1 + ξξA) (1 + ηηA)EA
33 (4)

Then the compatible part of the Green-Lagrange strain
tensors takes the following form:

Ec =T−T

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2

(g11 −G11)

1
2

(g22 −G22)
4∑

A=1

1
4

(1 + ξAξ) (1 + ηAη)
1
2
(
gA
33 −GA

33

)
(g12 −G12)

1
2
[
(1 − η)

(
gB
13 −GB

13

)
+ (1 + η)

(
gD
13 −GD

13

)]
1
2
[
(1 − ξ)

(
gA
23 −GA

23

)
+ (1 + ξ)

(
gC
23 −GC

23

)]

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(5)
where Gij = Gi.Gj and gij = gi.gj are the metric co-
efficients of the reference and current configuration re-
spectively. Here Gi and gi are the covariant base vectors
obtained by partial derivative of the position vectors with
respect to convective coordinate (ξ1, ξ2, ξ3) = (ξ, η, ζ)
in reference and current configuration respectively. Ma-
trix T , in Equation (5), is the transformation of the strain
tensor from parametric coordinates to the local cartesian
coordinates [14], written as

See equation (6) next page.

where tij = Gi.T j and T j (j = 1, 2, 3) are a local or-
thonormal base vectors.

The position vectors, within each element domain, in
reference and current configurations are respectively

X = N Xn, x = N xn (7)

where N is the tri-linear shape functions matrix, xn and
Xn are nodal coordinates. The displacement field, with
the corresponding variation and increment, is interpo-
lated in a same manner as follows

u = N Un, δu = N δUn, Δu = N ΔUn (8)

where Un = [u1, v1, w1, . . . u8, v8, w8]
T is the vector of

nodal displacements at the element level. Using Equa-
tion (5) and approximations (7) and (8), the virtual and
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Fig. 1. Transverse shear strain and thickness strain interpolation points.

T =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

(t11)
2 (t21)

2 (t31)
2 2t11t21 2t11t31 2t21t31

(t12)
2 (t22)

2 (t32)
2 2t12t22 2t12t32 2t22t32

(t13)
2 (t23)

2 (t33)
2 2t13t23 2t13t33 2t23t33

t11t12 t21t22 t31t32 t11t22 + t12t21 t11t32 + t12t31 t21t32 + t22t31

t11t13 t21t23 t31t33 t11t23 + t13t21 t11t33 + t13t31 t21t33 + t23t31

t12t13 t22t23 t32t33 t12t23 + t13t22 t12t33 + t13t32 t22t33 + t23t32

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(6)

incremental compatible Green Lagrange strain tensors are
then given by

δEc = B δUn, ΔEc = BΔUn (9)

where B is the strain interpolation matrix, relative to a
node (I) and denoted BI is given by:

BI = T−T

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

gT
1NI,1

gT
2NI,2

4∑
A=1

1
4

(1 + ξAξ) (1 + ηAη) gT
3NI,3

gT
2 NI,1 + gT

1NI,2

1
2

[
(1 − η)

(
gBT

3 NB
I,1 + gBT

1 NB
I,3

)
+ (1 + η)

(
gDT

3 ND
I,1 + gDT

1 ND
I,3

)]
1
2

[
(1 − ξ)

(
gAT

3 NA
I,2 + gAT

2 NA
I,3

)
+ (1 + ξ)

(
gCT

3 NC
I,2 + gCT

2 NC
I,3

)]

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(10)

2.2 Enhanced strains

The enhanced part is related to the vector of the in-
ternal strain parameters α as:

Ẽ = M̃ α, δẼ = M̃ δα, ΔẼ = M̃ Δα (11)

where Ẽ, δẼ and ΔẼ are total, virtual and incremen-
tal enhanced Green Lagrange strain tensor respectively.
The crucial assumption of the EAS method is the en-
forcement of the orthogonality conditions for the assumed

stress field S̃ and the enhanced strain Ẽ (Sect. 2.3). This
orthogonality conditions impose the following choice for
the interpolation function matrix M̃ to be expressed as
follows

M̃ =
detJ0

detJ
T−T

0 M ξηζ ,

∫ 1

−1

∫ 1

−1

∫ 1

−1

M ξηζdξdηdζ = 0

(12)
where the subscript “0” means evaluation at the center of
the element in the natural coordinates, J = [G1, G2, G3]
is the Jacobian matrix. The interpolation matrix M ξηζ ,
in Equation (12), is expression in term of the parametric
coordinates (ξ, η, ζ). The choice of matrix M ξηζ will be
considered with 11 parameters

M11
ξηζ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ξ 0 0 0 0 0 0 0 0 ξη 0

0 η 0 0 0 0 0 0 0 0 ξη

0 0 ζ 0 0 0 0 ξζ ηζ 0 0

0 0 0 ξ η 0 0 0 0 0 0

0 0 0 0 0
1
5
− ζ2 0 0 0 0 0

0 0 0 0 0 0
1
5
− ζ2 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(13)

Since the shear strain interpolation in thickness direction
is parabolic, at least 2×2×3 Gauss quadrature integration
rule is used. After including interpolation functions for
enhanced strain fields, we obtain the solid shell element
enhanced with 11 incompatible modes (C3D8C11).

2.3 Weak form and linearization

The variational framework of the enhanced assumed
strain method (EAS), which is based on the three-field
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variational functional, in Lagrangean formulation, is given
in references [14–16] among others. The expression of the
variational functional, Π , is written as

Π
(
u, Ẽ, S̃

)
=
∫

V

[
ψ
(
Ec + Ẽ

)
− S̃ : Ẽ

]
dV

−
∫

V

F V .udV −
∫

∂Vf

F S .udA = 0 (14)

where ψ is the strain energy function and u, Ẽ and S̃
are the independent tensorial quantities which are: dis-
placement, enhanced assumed strain and assumed stress
fields respectively. Vectors, F V and F S , in Equation (14)
are the prescribed body force and surface traction re-
spectively. When invoking the classical orthogonality
condition, ∫

V

S̃ : Ẽ dV = 0 (15)

the number of independent variables in the original func-
tional is reduced to just two

(
u, Ẽ

)
. The weak form of

this modified reduced function may be obtained with the
direction derivative leading to

W
(
u, Ẽ

)
= δΠ =

∫
V

S :
(
δEc + δẼ

)
dV

−
∫

V

F V .δudV −
∫

∂Vf

F S .δudA = 0 (16)

where S is the Piola-Kirchoff stress tensor given by:

S =
∂ψ

∂E
(17)

Equation (16) is a nonlinear equation that will be solved
iteratively by the Newton-Raphson method which needs
linearization. Using the enhanced approximation (11), lin-
earization of Equation (16) is

W +DW. (ΔUn, Δα )
[
δUT

n δαT
]

×
([

K LT

L H

]{
ΔUn

Δα

}
+
[

f int − fext

h

])
= 0 (18)

where L, H and K are given by

L =
∫

V

M̃
T

C B dV , H =
∫

V

M̃
T

C M̃ dV ,

K = KD + KG (19)

with C =
∂2ψ

∂E∂E
the 6 × 6 three dimensional material

tangent moduli, and KD is given by:

KD =
∫

V

BT
C B dV (20)

In Equation (18), f int, fext and h, are given by the fol-
lowing expressions

f int =
∫

V

BT S dV , fext =
∫

V

NT F V dV +
∫

∂Vf

NT F SdA,

h =
∫

V

M̃
T
S dV (21)

KG is the geometric stiffness matrix

δUT
n KGΔUT

n =
∫

V

ST .ΔδEcdV (22)

Relative to a couple of nodes (I, J)

KIJ
G =

∫
V

diag
[
GIJ GIJ GIJ

]
dV (23)

GIJ = ST T−T

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

NI,1NJ,1

NI,2NJ,2

4∑
L=1

1
4 (1 + ξLξ) (1 + ηLη)NL

I,3N
L
J,3

NI,1NJ,2 +NI,2NJ,1

1
2
[
(1 − η)

(
NB

I,1N
B
J,3 +NB

I,3N
B
J,1

)
+ (1 + η)

(
ND

I,1N
D
J,3 +ND

I,3N
D
J,1

)]
1
2
[
(1 − ξ)

(
NA

I,2N
A
J,3 +NA

I,3N
A
J,2

)
+ (1 + ξ)

(
NC

I,2N
C
J,3 +NC

I,3N
C
J,2

)]

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(24)

The strain parametersΔα must be eliminated from Equa-
tion (18) at the element level, which leads to the element
tangent operator, KT given by its classical partition into
material and geometrical parts

KT =
(
KD − LT H−1L

)
+ KG (25)

and the residual vector

R = LT H−1h+fext − f int (26)

The basic equation of the buckling analysis is in the form
of an eigenvalue problem(

KD − LT H−1L
)
φ = λKGφ (27)

where φ is the generalized global displacement eigenvec-
tor. This eigenvalue problem is solved using the subspace
iteration method.

3 Numerical results and discussion

In this section we present several representative nu-
merical simulations in order to illustrate efficiency of the
proposed higher order shear strain enhanced solid shell el-
ement. All the numerical simulations have been performed
with an in house nonlinear finite element program.

The performance of the proposed solid shell element
is evaluated with several problems. The convergence of
the results is compared to other well-known formulations.
A listing of these elements, and the abbreviations used
to identify them henceforth, are given in Table 1 (Ap-
pendix).
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Table 1. Listing of solid shell elements.

Name Description Remarks
Q8A3E5 Klinkel et al. [14], ANS with E33,

E13, E23 and 5 parameters
Avoided the in plane shear locking, trans-
verse shear locking and transverse locking

Q8A3E7 Vu-Quoc and Tan [15], ANS with
E33, E13, E23 and 7 parameters

Avoided the in plane shear locking, trans-
verse shear locking and transverse locking

Q8S12 Quy and Matzenmiller [17], with
12 parameters

Quadratic distribution of transverse shear

C3D8C11 Present work, ANS with E33,
E13, E23 and 11 parameters

Avoided the volumetric locking, in plane
shear locking, transverse shear locking and
transverse locking.
Quadratic distribution of transverse shear

Table 2. Stiffness Matrix eigenvalues for solid shell elements (ν = 0.499) (×103).

Mode Q8A3E5 Q8A3E7 Q8S12 C3D8C11 Mode Q8A3E5 Q8A3E7 Q8S12 C3D8C11
7 0.0000 0.0000 0.0000 0.0001 16 0.0003 0.0003 0.0003 0.0003
8 0.0000 0.0000 0.0001 0.0001 17 0.0003 0.0003 0.0003 0.0003
9 0.0001 0.0001 0.0001 0.0001 18 0.0003 0.0003 0.0926 0.0003
10 0.0001 0.0001 0.0001 0.0001 19 0.0003 0.0003 0.0926 0.0003
11 0.0001 0.0001 0.0001 0.0001 20 0.0003 0.0003 0.0926 0.0003
12 0.0002 0.0001 0.0002 0.0001 21 0.0926 0.0003 0.5556 0.0003
13 0.0003 0.0001 0.0003 0.0001 22 0.0926 0.0003 0.5556 0.0003
14 0.0003 0.0002 0.0003 0.0001 23 0.0926 0.0926 0.5556 0.0003
15 0.0003 0.0003 0.0003 0.0002 24 2.5000 2.5000 2.5000 2.5000

3.1 Analysis of stiffness matrix eigenvalue

In order to investigate the behaviour of solid shell el-
ements in the incompressible range, an eigenvalue analy-
sis for one cubic element with a side length 10 mm and
Young modulus E = 1.0 MPa is performed. Since the ma-
terial is assumed to be incompressible a Poisson coefficient
ν = 0.499 is used.

Effective elements have a zero valued eigenvalue asso-
ciated with each rigid body motion (the first six modes)
and smaller ones for a particular deformation mode. To
avoid the volumetric locking behaviour, it is important
that the elements contain only one incompressible mode
with a high valued eigenvalue (about 2500) for incom-
pressible material. Table 2 shows the eigenvalues for 18
modes; the six zero eigenvalues for the six rigid body
modes are omitted.

The elements Q8A3E5, Q8A3E7 and Q8S12 have un-
desirable high eigenvalues. The developed eleven param-
eters solid shell element C3D8C11 provides the correct
eigenvalues. This proves the volumetric locking-free be-
haviour of the proposed C3D8C11 element that can be
readily employed for the nearly incompressible analyses.

3.2 Cooks membrane problem

This linear example consists in a trapezoidal mem-
brane clamped on one side while the other side is loaded
(Fig. 2).

The panel has been analyzed assuming an elastic-
ity modulus of E = 240.565 MPa, a Poisson’s ratio of

ν = 0.499 and a thickness of h = 1 mm. The vertical dis-
placements of the top edge node for various meshes and
various element formulations are shown in Figure 2.

It can be observed from Figure 2, that the results ob-
tained with C3D8C11 elements are considerably more ac-
curate than those obtained with Q8A3E5, Q8A3E7 and
Q8S12 elements. Our formulation exhibits much better
accuracy for coarse meshes. The results obtained with
Q8A3E5 and Q8A3E7 elements are nearly identical. Our
developed formulation provides excellent results for the
near-incompressible situations. This is due to the absence
of volumetric locking.

3.3 Pinched hemispherical shell with 18◦ hole

To investigate the capability of the developed elements
to model the in-extensional bending and rigid-body mo-
tions and to overcome membrane and shear locking phe-
nomena, we consider this classical pinched hemispherical
shell. A hemispherical shell with an 18◦ hole at the top is
loaded at the free edge with two inward and two outward
forces located 90◦ apart (Fig. 3).

Material and geometric properties for this test are
E = 6.825 × 107 MPa, ν = 0.49, radius R = 10 mm,
and thickness h = 0.04 mm. Due to symmetry of the
problem, only one quarter of the shell is modeled. The
results obtained for the linear case are listed in Table 3
and shown in Figure 3.

The values for the displacements at the point of appli-
cation of the force are compared to those obtained with
Q8A3E5, Q8A3E7 and Q8S12 elements. It is well ob-
served that the present results with C3D8C11 and those
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Fig. 2. Cooks membrane problem; the vertical displacement of the top edge node.

Table 3. Hemispherical shell: displacement under the force
(×10−1).

Node per side Q8A3E5 Q8A3E7 Q8S12 C3D8C11
3 0.6147 1.0521 0.2468 1.0339
5 1.1357 1.0946 0.6969 1.0911
9 0.9908 1.0682 0.9495 1.0674
17 1.0381 1.0627 1.0146 1.0625
33 1.0559 1.0633 1.0339 1.0633

obtained with Q8A3E7 exhibits better accuracy even with
coarse meshes.

3.4 Pinched cylinder with end diaphragms

To investigate the capability of the developed elements
to model the in-extensional bending and complex mem-
brane states of stress, we consider one of the more severe
tests for shell and solid shell formulations.

A short cylinder, with two pinching vertical forces at
the middle section, and two rigid diaphragms at the end,
is modeled using one octant with appropriate symmetry
boundary conditions (Fig. 4). The length of the cylinder
is L = 600 mm, the radius is R = 300 mm, and the
thickness is h = 3 mm. The material properties are :
E = 3.0 × 106 MPa, ν = 0.3. The results are listed in
Table 4 and shown in Figure 4.

In comparison to other solid shell formulations in the
literature (Q8A3E5, Q8A3E7, and Q8S12), our devel-
oped formulation and those obtained with Vu-Quoc and
Tan [15] show superior convergence behavior. However,

the comparison of the present solid shell element with the
one presented in Rah et al. [10] confirms that 7 EAS pa-
rameters are sufficient for wide geometrically linear elas-
tic structural analyses. This proves the accuracy and effi-
ciency of the present solid shell formulation for the linear
elastic structural analysis of shells.

3.5 Buckling of isotropic plate

In this test, the performance of the method in incom-
pressibility is examined. For this purpose an isotropic sim-
ply supported plate subjected to in-plane uniaxial com-
pressive loads is considered (Fig. 5).

The material and geometric properties are: Young’s
modulus E = 1.0 × 107 MPa, edges a = b = 10 mm and
thickness h = 0.1 mm. The results obtained for this case
are listed in Table 5 and shown in Figure 5.

Figure 5 and Table 5 show the evolution of the normal-
ized buckling load (NCriNum/NCriAnaly) versus the Pois-
son’s coefficient. In the case of thin plate, the critical an-
alytic compressive force deduced from von-Karman plate
theory is expressed as [23]:

NCriAnaly = 4
π2D

a2
, with D =

Eh3

12 (1 − ν2)
(28)

The results obtained with C3D8C11 elements are consid-
erably more accurate than those obtained with Q8A3E5,
Q8A3E7 and Q8S12 elements especially nearly the incom-
pressible range (Fig. 5 and Table 5). This shows the per-
formance of our element to avoid the volumetric locking
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Fig. 3. Description and results of the pinched hemisphere with an 18◦ hole. Symmetry is used and only one quadrant is modeled.

Fig. 4. Description and results of the pinched cylinder with end diaphragms. Symmetry is used and only one eighth of the
cylinder is modeled.

Table 4. Pinched cylinder with end diaphragms: the transverse deflection (×10−5).

Node per side Q8A3E5 Q8A3E7 Q8S12 Reference [10] C3D8C11
3 0.077 0.077 0.071 0.184 0.078
5 0.727 0.721 0.647 0.700 0.725
9 1.378 1.382 1.230 1.372 1.385
17 1.697 1.701 1.507 1.715 1.703
33 1.801 1.701 1.595 1.812 1.805
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Fig. 5. Description and results of critical buckling load of isotropic plate.

Table 5. Buckling of isotropic plate: Normalized buckling load
(NCriNum/NCriAnaly).

Poisson’s Q8A3E5 Q8A3E7 Q8S12 C3D8C11
ratio
0.3 1.00333 1.00324 1.05976 1.00303
0.35 1.00366 1.00349 1.10596 1.00328
0.4 1.00420 1.00387 1.20460 1.00366
0.45 1.00529 1.00447 1.51294 1.00425
0.499 1.05587 1.00612 31.60237 1.00513

(Poisson-locking) in the near incompressibility limit and
proves the accuracy and efficiency of the present solid
shell formulation for the buckling analysis.

3.6 Buckling of laminate plate

The finite element model developed herein is validated
by comparing the results with the three-dimensional elas-
ticity solution given by Noor [24], Q8A3E5, Q8A3E7 and
Q8S12 as shown in Figure 6, where a simply supported
cross-ply [0/90/90/0] is considered, under uniform uniax-
ial loading. The material and geometric properties are:
E11/E22 = open, E22 = E33 = 3.35 GPa, G23 = 0.5E22,
G12 = G13 = 0.6E22 and ν12 = ν13 = ν23 = 0.25,
b/h = 10.

The present results with C3D8C11 have the closest
results with 3D elasticity solution. They show more ac-
curate values than those obtained with Q8A3E5 and
Q8A3E7 elements. Comparing with results obtained
with Q8S12 element our developed solid shell element
C3D8C11 gives the same values. This proves the accu-
racy and efficiency of the present solid shell formulation
for the buckling analysis of laminated structures.

3.7 Buckling of laminated plate with delamination

From the above results, we can conclude that the solid
shell C3D8C11 developed in this paper gives the most
accurate results comparing to other models. Thus, the
C3D8C11 element will be used to investigate the buckling
of laminated plate with delamination.

The following discussion extends the present analysis
to study the effect of some parameters on the behavior
of laminated composite plates with delaminations such
as the stacking sequences, delamination size and aspect
ratio.

To study the influence of the delamination size on
the buckling behavior of a simply supported symmetric
laminated plate, we consider a cross ply square lami-
nated plate [0/90/90//0]. It is subjected to a uniform in
plan force with through-the-width delamination between
the two last layers, as shown in Figure 7. The delami-
nation in the through-the-width direction is performed
with separated nodes. Moreover, due to the symmetry,
only a quarter mesh configuration of the laminated plates
with through-the-width delamination is studied. The ma-
terial properties are: E11/E22 = open, E22 = E33, G23 =
0.5E22, G12 = G13 = 0.6E22 and ν12 = ν13 = ν23 = 0.25.

The buckling loads for different through-the-width
delamination sizes of square plate with various values
of (E11/E22) are plotted in Figure 8. It is shown that
the buckling load decreases as the delamination size in-
creases. However, the buckling load tends to decrease
slowly for small delamination (D/a ≤ 0.2), this phe-
nomenon confirms that the presence of delamination re-
duces the strength of the laminate and the global buckling
modes are converted into local buckling modes for small
delamination size.

In this section, a four-layer cross-ply laminated plate
subjected to in-plane uniaxial compressive loads, as
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Fig. 6. Comparison of critical buckling load in (N.mm−2) for symmetric cross-ply square plates subjected to uniaxial uniform
loads.

Fig. 7. Geometry of a cross-ply composite plate with delamination.

shown in Figure 9, is considered. It is assumed that
boundary conditions at the two unloaded ends are free
and at the two other ends simply supported. The mate-
rial properties are: E11/E22 = 30, E22 = E33 = 3.35 GPa,
G23 = 0.5E22, G12 = G13 = 0.6E22 and ν12 = ν13 =
ν23 = 0.25.

Figure 9 gives the buckling loads as a function of as-
pect ratio (a/b) and delamination size. It can be con-

cluded that the bucking load decreases as the aspect ratio
increases.

Figure 10 illustrates the variation of the buckling load
versus the delamination size for symmetric cross ply lam-
inated square plates. It is shown that the largest buck-
ling load is obtained for the case of symmetric laminated
[0/90/90//0], because the fiber orientation at the layer
with the delamination is parallel to the in-plane loads.
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From the plots, it can be concluded that the influence
of the delamination is more important for the symmetric
laminate [0/90/90//0].

4 Conclusion

In this study an improved solid shell finite element
based on the partition of transverse shear strain is de-
veloped. The first classical part, named ANS, is indepen-
dent of the thickness coordinate and used to avoid the

transverse shear locking in thin structures. The second is
an enhancing part which ensures a quadratic distribution
through the thickness. This later part allows removal of
the shear correction factors and improves the accuracy of
transverse shear stresses. The finite element formulation is
completely free from the volumetric locking phenomenon,
which occurs in the treatment of nearly incompressible
elasticity. Numerical results show good agreement with
analytical ones. The developed finite element model is
validated by comparing numerical results with the three-
dimensional elasticity solution and other results from
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M =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
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⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

literature. The buckling behavior of composite laminates
is investigated based on the use of solid shell element.
Comparisons of numerical results with those from liter-
ature show the acceptable performance of the developed
element. The influence of some parameters in the buck-
ling behavior of a laminated composite structure with
through-the-width delamination has been presented. The
accuracy of the present results is due to a new optimal
eleven-parameter solid shell element enhanced with the
EAS method with high-order shear strain for the trans-
verse shear strain linked to the ANS method. This formu-
lation is being extended to study more complicated cases,
especially those dealing with multiple delamination.

A Appendix

The 5 parameters interpolation matrix M (ξ, η, ζ) of
Klinkel et al. [14] is

M =

⎡
⎢⎢⎢⎢⎢⎣

ξ 0 0 0 0
0 η 0 0 0
0 0 ζ 0 0
0 0 0 ξ η
0 0 0 0 0
0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎦

The 7 parameters interpolation matrix M (ξ, η, ζ) of
Vu-Quoc and Tan [15] is

M =

⎡
⎢⎢⎢⎢⎢⎣

ξ 0 0 0 0 0 0
0 η 0 0 0 0 0
0 0 ζ ξζ ηζ 0 0
0 0 0 0 0 ξ η
0 0 0 0 0 0 0
0 0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎦

The 12 parameters interpolation matrix M (ξ, η, ζ) of
Quy and Matzenmiller [17] is

See equation above.
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