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Abstract – Traditional vibration isolation design often aims to suppress vibrations from machinery equipment, while vibrations in the foundation are usually ignored. In this paper, the “machinery equipment –
single-stage (double-stage) isolators – thin plate foundation” is considered as a composite vibration isolation system, with equipment deployed at four positions on the plate. The forces transmitted from the
equipment to the foundation were derived using a mechanical four-pole connection principle, and the
displacement admittance of the junctions between the equipment and the plate was used as the key intermediate variable. Multi-objective optimization for the proposed system was subsequently performed,
using ﬁtness functions to reduce the maximum power ﬂow transmitted to the plate and ensure a uniform
vibration of the machinery equipment. A multi-objective particle swarm optimization (MOPSO) algorithm
was used as the optimization tool which oﬀers the advantages of fewer parameter settings, fast convergence,
a strong optimization capability, and possession of a unique, global and optimal solution (gbest solution)
based on Pareto dominance. The power ﬂow that induced plate vibrations from the machinery isolation
system was introduced in this study, which was used to consider the transmitted force and velocity on the
plate simultaneously. An advanced theory of clamped plate vibration aptly supported this strategy, and
inspiration was also provided by an innovative optimization strategy based on artiﬁcial intelligence.
Key words: Machinery equipment / single-stage / double-stage / clamped thin plate / four positions
installation / composite vibration isolation system / admittance / power ﬂow / uniform vibration /
multi-objective particle swarm optimization

1 Introduction
In modern manufacturing and industrial engineering,
many types of machinery equipment are commonly used
in engineering applications, including machines for rotating, reciprocating, impacting and other typical functions. Advances in science and technology have gradually prompted equipment to move towards the high-tech
era. Vibration is a key problem when utilizing machinery equipment, and there has been signiﬁcant work done
to isolate and attenuate any harmful vibrations in the
equipment from the surrounding environment.
In traditional studies, the foundation is generally regarded as completely rigid, so its vibration is not taken
a
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into account. However, when there is a high-frequency
external stimulus and the foundation stiﬀness is low, traditional strategies of vibration isolation will not achieve
the desired eﬀects, and even the dynamic performance
will deteriorate seriously. Therefore, the vibration of the
foundation must be involved in the strategy used. A plate
is commonly used as the foundation in machinery equipment, which for computational simplicity is generally
viewed as being supported by a simple structure. However, the clamped form is used for a wide range of applications, such as the ﬂoors of industrial buildings, and
thus it cannot be ignored. Amabili et al. [1] performed a
study on large-amplitude forced vibrations of a clamped
plate excited by a centralized harmonic force. Another
study [2] conducted a comparative study of active and
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Nomenclature
 eiωt
External force on the structure
F

Velocity response of any point on the structure
V eiωt
P
Power ﬂow
T
Time period
ω
Circular frequency
PL
Power level
i
The ith particle
j
The jth dimension of each particle
vij
Flight velocity vector of particles
xij
Flight displacement vector of particles
t
The tth iteration
pbest
Local optimum
gbest
Global optimum
c1 , c2
Acceleration factors or learning factors
r1 , r2
Random numbers between (0, 1)
w
Inertia weight factor
X
Vertical displacement of any point on the plate
V
Vertical velocity of any point on the plate
(x, y)
Discrete points of the plate
Tf
Duration of external force excited on the plate


(x , y )
Acting point of external force on the plate
M, N
Modal numbers
Ψ (•)
Modal function
B
Bending stiﬀness of the plate
E
Young’s modulus
υ
Poisson’s ratio
ρ
Volume density of the plate
ρs
Surface density of the plate
ωM N
Natural frequencies of the plate
a, b, h
Length, width and height of the plate
k, c
Stiﬀness and damping coeﬃcients of the isolators (single-stage)
m
Mass of the machinery equipment (single-stage)
ω0 , ξ
Natural frequency and damping ratio of the isolators (single-stage)
[m̂]
Four-pole expression of the mass
[k̂∗ ]
Four-pole expression of the stiﬀness and damping in parallel
TF
Force transmissibility
M A , MB , MC , MD
Admittance of the four installation points on the plate
F A , F B , FC , FD
Four transmitted forces to the plate
Peak(A),Peak(B), Peak(C), Peak(D) Peak displacements of installations on the plate, A, B, C and D
N1 , N2 , N3
Proportion factors between transmitted forces
m1
Mass of machinery equipment (double-stage)
m2
Mass of secondary system (double-stage)
k1 , c1
Stiﬀness and damping coeﬃcients of primary system (double-stage)
k2 , c2
Stiﬀness and damping coeﬃcients of the secondary system (double-stage)
u, n1 , n2 , ξ2 , θ
Derivation parameters for force transmissibility (double-stage)

passive vibration isolation of a clamped thin plate, which
aimed to examine the piezoelectric materials in active vibration control. A free vibration problem of a clamped
thin plate using a quasi-Green function was solved in reference [3]. Arenas [4] derived a general vibration expression for a clamped thin plate by means of a virtual work
principle, in which it was not necessary to solve the simultaneous equations, overcoming the complicated symmetric characteristic of the Rayleigh-Ritz method.
When vibration transmissions between points on a
continuous structure are studied, it is often not suﬃcient to rely solely on the transference of measurements
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to provide enough information to determine the pathway.
The concept of power ﬂow has become popular in research as an eﬀective measure to improve vibration control. The main advantage of the power ﬂow strategy is
that it simultaneously takes force and velocity into account and also considers the impedance characteristic.
Since power can be used to express the vibration as an
absolute measurement of the energy transmission, reducing the power ﬂow into the structure is quite eﬀective
in vibration isolation. The power ﬂow behaviour and dynamics of a vibration isolation system were studied in
reference [5], and the mathematical equations governing
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the dynamics characteristics were also derived. An eﬃcient and reliable evolutionary-based approach to solve
the optimal power ﬂow problem was presented in reference [6], and some novel approaches were reviewed to obtain the optimal variables of power ﬂow. In reference [7],
an artiﬁcial bee colony algorithm based on the optimal
power ﬂow was utilized to minimize the active power loss
in power systems, and it provided much inspiration on
the application of swarm intelligence to power ﬂow optimization. Govder and White [8–10] were the ﬁrst to
study the transference mechanism of power ﬂow in machinery and infrastructure. Reference [11] presented detailed admittance expressions for the continuous structures, such as plates, beams, and composite structures.
In order to investigate the power ﬂow transmission of
machinery equipment which has multiple points installed,
the eﬀective mobility and overall mobility were presented
by another study [12]. The eﬀective mobility described the
dynamic mobility excited by a single-point installation,
and the overall mobility expressed the overall mobility of
all points. In reference [13], a multiple-objective genetic
algorithm was applied to optimize the key parameters in
the control strategy of an electric vehicle electro-hydraulic
composite braking system, and the numerical results conﬁrmed a good astringency.
Single-stage and double-stage systems are the main
strategies for vibration isolation of machinery equipment,
and isolation performance is closely related to parameter conﬁguration. Appropriate selection of parameters can
improve the performance, while poor parameter selection
will be counterproductive. A mathematical model was
derived for a suspension system which enabled detailed
parameter investigation to be undertaken using gradient
optimization [14]. To investigate parameter optimization
of a double-stage vibration isolation system, a novel optimization strategy using a maximum entropy approach
combined with a Genetic Algorithm (GA) was developed
and used to optimize the parameters [15]. Huang et al. [16]
performed multi-objective optimization for isolation parameters of single-stage and double-stage systems using
the particle swarm optimization (PSO) technique.
In general, traditional gradient-based optimization requires the computation of sensitivity factors and eigenvectors during its iteration process. This places a heavy
computational burden on the method with slow convergence. Moreover, there is no local criterion that can be
used to decide whether a local solution is also the global
solution. Thus, conventional optimization methods using
derivatives and gradients are generally unable to locate
or identify the global optimum. This may not be an issue
for real-world applications, where a good solution may be
suﬃcient, even if it is not the best solution. Consequently,
heuristic methods are widely used for the global optimization problem. The PSO algorithm was ﬁrst proposed by
Eberhart and Kennedy [17] and has become a useful tool
for engineering optimization. It is a novel populationbased metaheuristic method which uses swarm intelligence generated by cooperation and competition between
the particles in a swarm.

Coello et al. [18] ﬁrst proposed the multi-objective
particle swarm optimization (MOPSO) algorithm. Flying particles can be guided by determining the ﬂying direction of each particle with optimal Pareto sets. Using
non-dominated solutions that have been found before and
are contained in the global knowledge base, a unique, optimal and global solution can be obtained using a speciﬁc
algorithm. The advantages of MOPSO have been eﬀectively veriﬁed and include fewer parameter settings, fast
convergence, a strong optimization capability, and possession of a unique, global and optimal solution gbest based
on Pareto domination [19].

2 Basic theory of vibration power flow
2.1 Power flow generated by a single-point
harmonic excitation
Denote F (t) = F eiωt as the force excited by the vibration infrastructure and V (t) = V eiωt as the velocity
response. Then the power input to the structure can be
denoted as P = F (t)V (t). For any period of time T , the
vibration power ﬂow can be written as:
T
P = lim

T →∞

F (t)V (t)dt

(1)

0

Then Equation (1) can be rewritten as:
1
P =
T

T

 ejωt )dt
Re (F ejωt )Re (V

(2)

0

 are complex vectors. Equation (2) can be
where F and V
simpliﬁed as:
P =

1
1
)
Re (F · V ∗ ) = Re (F ∗ · V
2
2

(3)

where ∗ shows the complex conjugate operation.
2.2 Power flow generated by a multi-point
harmonic excitation
When multiple excitations are forced onto the infrastructure, the overall power ﬂow is equal to the sum of all
power ﬂows generated by each force, since power ﬂow is
scalar. The n forces are F1 , F2 , . . . , Fn and, the induced
velocity responses of each force are V1 , V2 , . . . , Vn , thus
the power ﬂow can be denoted as:
P =

1  H 
Re [F ] [V ]
2

(4)

where H shows the conjugate transpose operation.
Since power ﬂow has a broadly changing scope, the
concept of a Power Level is introduced here [20] which is
expressed as:
P L = 10 × log(P/1e − 12)dB

(5)
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– Step 2: Initialize the local optimum pbest of particles
and the global optimum gbest.
– Step 3: Amend the velocities and positions of the particles by evaluating the following equations so as to
generate a new pbest ;

Particle flying
Initialized particle

Updated particle

Best of the particle
pbest

Best of the swarm
gbest

Fig. 1. Basic structure of PSO algorithm.
Start
Select parameters of PSO

Evaluate the fitness function

Generate randomly the positions
and velocities of particles

Updating pbest and gbest

Initialize, pbest with a copy of
the position for particle,
determine gbest
Updating velocities and
positions

Satisfying stoping criterion
NO

YES
Optimal parameters obtained
End

Fig. 2. Schematic diagram of PSO.

3 MOPSO algorithm
PSO is a type of random optimization method that
can be classed as an artiﬁcial intelligence method. This
algorithm was inspired by the social behavior of animals
and insects such as bird ﬂocks and ﬁsh schools. PSO
employs a swarm of multiple particles, which each has
its own position and velocity. All of the particles share
information obtained from the other particles, and eﬃcient searching is obtained through interaction between
the particles. A basic structure of the PSO is shown in
Figure 1. As shown, the direction of the particle motion is
a linear combination of individual particles with random
coeﬃcients for each vector, which ultimately results in
an improved particle position. In this way, a good search
is performed within the space and appropriate solutions
are obtained for the optimization problem. A schematic
diagram of PSO is shown in Figure 2.
In the PSO algorithm, the state of each particle can
be described by a group of position and velocity vectors
which together represent all possible solutions and movement directions within the search space. The desired solution can be found through constantly updating the optimal neighbor solutions each time new global and optimal
solutions are discovered. The main steps of MOPSO can
be summarized as follows:
– Step 1: Initialize the population, and compute the corresponding objective vectors of the particles, and add
the non-dominated solutions to the external archive.
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vij = wvij (t) + c1 r1 (pbestij (t) − xij (t))
+ c2 r2 (gbestij (t) − xij (t))
(6)
xij (t + 1) = xij (t) + vij (t + 1)
(7)
where i represents the ith particle; j represents the
jth dimension of each particle; t represents the tth
iteration; vij (t) represents the ﬂight velocity vector;
xij (t) represents the ﬂight displacement vector; pbest
represents the optimal location component; gbest represents the optimal position of the whole swarm; c1 , c2
are acceleration factors or learning factors; r1 , r2 are
random numbers between (0, 1); and w is the inertia
weight factor.
– Step 4: Maintain an external archive using the obtained new non-dominated solution, and select gbest
for each particle (the archive determines the selection
of the global optimum).
– Step 5: Determine whether the maximum iteration has
yet been achieved. If not, the program will continue;
if it has, terminate the computation, and output the
optimal Pareto solution set and gbest.
It is important to point out that when a traditional multiobjective optimization is utilized, a set of equivalent solutions will be generated, and it is diﬃcult to determine
which is the desired solution. Pareto dominating is the
most direct method of solving this problem, since it considers all of the non-dominated solutions in the archive,
and then determines a “leader”. The density measuring
technique is commonly used to determine the global optimum. The nearest neighbor density estimation (NNDE)
method [21], which is based on nearest neighbor congestion evaluation of particles is adopted in this paper. In the
NNDE method, the crowding distance can be measured
by a cuboid which consists of neighboring particles, and
a longer perimeter may indicate a lower density distribution of individuals and a better adaptability. A schematic
diagram of the NNDE method is depicted in Figure 3.
There are certainly other similar methods that could alternatively be used, such as the kernel density estimation
method [22].

4 Vibration of clamped thin plate
Arenas proposed an analytical form of the clamped
thin plate vibration forced by harmonic excitation, which
is given by:
∞ 
∞


ΨMN (x, y)ΨMN (x , y  )
B(I1 I2 + 2I3 I4 + I5 I6 ) − ρs ω 2 I2 I6
M=1 N =1
(8)
where F0 is the force amplitude; B = Eh3 /[12(1 − υ 2 )] is
the bending stiﬀness of the thin plate; E is Young’s modulus; υ is Poisson’s ratio; ρs = ρh is the surface density
X(x, y) = F0
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fitness2

Machinery
equipment
The ith non-dominated solution

Vibration isolation
system

i-1
i

Perimeter of cuboid indicates the
crowding distance

Thin plate
foundation

i+1

Fig. 4. Typical machinery equipment.

fitness1

Fig. 3. Schematic diagram of the nearest neighbor density
estimation method.

of the plate; ρ is the volume density of the plate; (x, y) is
a discrete point on the thin plate and (x , y  ) is the point
that the exciting force acts on the plate.
The modal function ΨMN (x, y) can be expressed as:
ΨMN (x, y) = θM (x)ζN (y)

(9)

J(βM )
βM x
βM x
)−
H(
),
a
H(βM )
a
J(βN )
βN y
βN y
)−
H(
);
ζN (y) = J(
b
H(βN )
b
J(•) = cosh(•) − cos(•), H(•) = sinh(•) − sin(•),
and βi is the root of cosh(β) cos(β) = 1;
ab
βM β N
RM RN ;
LM LN ; I3 I4 =
I2 I6 =
βM βN
ab
βM 4
βN 4
) ; I5 = I2 (
) ;
I1 = I6 (
a
b
(1 + Di2 ) sinh(2βi )
Li =
+ sinh(βi )[2Di sin(βi )
4
− (1 − Di2 ) cos(βi )] − (1 + Di2 ) sin(βi ) cosh(βi )

θM (x) = J(

+ (1 − Di2 ) sin(βi ) cos(βi ) + βi
Di [1 + cosh(2βi )]
−
+ Di cos2 (βi );
2
(1 + Di )2 sinh(2βi ) Di cosh(2βi )
−
Ri =
4
2
(1 − Di2 ) sin(βi ) cos(βi )
− Di cos2 (βi )
−
2
3Di
J(βi )
; Di =
.
− Di2 βi +
2
H(βi )
In practice, the inﬁnite series in Equations (8) and (9)
will be truncated to ﬁnite terms. M, N = 1−6 is adopted
in this study.
The natural frequencies of a rectangular clamped plate
are given by:
 

4 
4
2
βN
βM β N
βM
B
RM RN
ωMN =
+
+2
ρs
a
b
ab
LM LN
(10)

For a multi-point force excitation (several forces of amplitude F1 , F2 , . . . , Fk applied to a set of corresponding coordinates (x1 , y1 ), (x2 , y2 ), . . . , (xk , yk ) on the plate), the
total displacement of the plate is obtained using superposition of the responses induced by each of the forces, since
the system is assumed to be linear. The total displacement, including the response of modes up to the mode
(M, N ), is then:
X(x, y) =

where γ =

1
ab

k
∞
∞
1    ΨMN (x, y)ΨMN (x , y  )
2
ρs ab i=1
γ(ωMN
− ω2)
M=1 N =1
(11)
b a
0 0

2
ΨMN
(x, y)dxdy.

Let F be a k × k complex diagonal matrix of forces
deﬁned as F = diag(F1 , F2 , . . . , Fk ). Then the velocity
can be expressed as:
V (x, y, ω, t) =

ω
π
trace (FVT ΩP ) exp ωt +
2πκ
2

(12)

where κ = 2πρs abγ, V is an M × k matrix, P is an N × k
matrix and Ω is an M × N matrix. The entries for the
matrices in Equation (12) are:
VMk = θM (x)θM (xk ), PN k = ζN (x)ζN (xk ), ΩMN
2
= 4π 2 /(ωMN
− ω2)

(13)

The method summarized here is very useful to calculate
the vibrations of a clamped plate, where the velocity distribution on the plate is available, which enables fast computations of power ﬂow.

5 Single-stage vibration isolation system
of machinery equipment
5.1 Derivation of force transmission
A vibration isolation system for typical machinery
equipment is shown in Figure 4, which can be proposed
as a single-stage composite system shown in Figure 5.
In Figure 5, ① denotes the machinery equipment, ②
denotes the isolators, including the stiﬀness and damping
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Fig. 5. Composite vibration isolation system (single-stage).

Fig. 7. Schematic diagram of the four-pole connection of the
composite vibration isolation system (single-stage).

Equation (14) can be rewritten as:
F1
X1

=

=

Fig. 6. Schematic diagram of a composite vibration isolation
system expressed in the Cartesian coordinate system (singlestage).

components, and ③ denotes the clamped rectangular thin
plate foundation. m is the mass of the machinery equipment which is supported by four isolators mounted on the
thin plate, and the stiﬀness and damping can be denoted
as k1∼4 and c1∼4 . The geometry of the plate is a × b × h,
and for simplicity, the equipment can be considered to
be a cuboid with plane size e × f . The amplitude of harmonic excitation generated by the machinery equipment
is F . ① ② ③ are considered to be a composite isolation
system which can be expressed in Cartesian coordinates
as shown in Figure 6, in which O is the coordinate origin,
and A, B, C and D are the four corners of the equipment.
Based on the connection properties of the mechanical
four-pole parameters [23], the following equation can be
derived:
 
F1
F3
= [m̂] k̂ ∗
(14)
X1
X3
 
where [m̂] is the four-pole expression of the mass, k̂ ∗ is
the four-pole expression of the stiﬀness and damping in
 
1 0
1 −mω 2
parallel, and [m̂] =
. Then
, k̂ ∗ =
1
0 1
k+icω 1
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Δ11 Δ12
Δ21 Δ22
mω 2
k+icω
1
k+icω

1−

F3
X3
−mω 2
1



F3
X3

(15)

The following formula can be easily obtained from Equation (15):
(16)
F1 = Δ11 F3 + Δ12 X3
Assuming F3 /X3 = 1/MA , where MA denotes the admittance of point A on the thin plate, Equation (16) can be
rewritten by dividing by F3 :
F3 =

1
1
F =
F1
X3 1
Δ11 + Δ12 MA
Δ11 + Δ12 F3

(17)

The transmissibility is:
 
 F3 
TF =  
F1

√
k 2 + c2 ω 2
=
[(1 − mω 2 MA )k − mω 2 ]2 + c2 ω 2 (1 − mω 2 MA )2
(18)

Assuming ω0 =
be rewritten as:


k/m, ξ = c/(2mω0 ), Equation (18) can
ω0


ω02 +4ξ 2 ω 2

TF = 
[(1 − mω 2 MA )ω02 −ω 2 ]2 +4ξ 2 ω 2 ω02 (1 − mω 2 MA )2
(19)
A variation curve of transmissibility TF with respect to
Equation (19) is shown in Figure 8, which shows that
a resonant point exists. According to Equation (11),
MA = X(xA , yA )/FA , FA is the transmitted force of
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ω0A,ω0B,ω0C,ω0D
ξ A ,ξ B ,ξC ,ξ D
MA,MB,MC,MD

T FA , T FB , T FC , T FD

Fig. 8. Variation curve of TF − ξ − ω0 .

point A. Similarly, MB , MC and MD can be obtained.
At this point, it can be assumed that there is a certain proportional relationship between the transmitted
forces, FA , FB , FC and FD , i.e. FB = N1 FA , FC = N2 FA ,
FD = N3 FA , thus MA , MB , MC and MD can be rewritten as,
See equation (20) next page.

5.2 Proposed optimization strategy
For vibrations of the plate foundation caused by machinery, the primary objective of parameter conﬁguration
is to reduce the power ﬂow input of the four installations. The placement of equipment will certainly generate
four diﬀerent vibrations of the plate, and the transmitted
forces and induced velocity responses of A, B, C, and D
can be computed according to Section 5.1. In other words,
minimization of the maximum value of the four types of
power ﬂow input can be deﬁned as a single cost function. Meanwhile, diﬀerent vibrations of the four points
can negatively aﬀect the machinery durability, and uneven vibrations will aﬀect normal operation, and even
cause paralysis. Therefore, another index is also introduced here, which seeks uniform vibration of the equipment. The two ﬁtness functions are summarized below.
ﬁtness1:
Min(Max([P ower f lowA, P ower f lowB,
P ower f lowC, P ower f lowD]))
(using the form of PL described in Eq. (5))
ﬁtness2:
Min(var[P eak(A), P eak(B), P eak(C), P eak(D)])
(var(·) is a function tool based on Matlab2010,
and Peak(A) denotes the vibration amplitude
of A point. This ﬁtness is
converted using log10 for convenient display) (21)

Initialize N1, N2, N3 and generate
ξ A , ξ B , ξ C , ξ D ω0A,ω0B,ω0C,ω0D
by MOPSO

Force
transmission
for t= 0 : T f
for M=1:6
for N=1:6
Compute MA,MB,MC,MD
end
end
Compute TFA,TFB,TFC,TFD
Compute FA,FB,FC,FD
Update N1, N2, N3
end

Fig. 9. Schematic chart of the multi-objective optimization
strategy.

The power ﬂow of the four installations (A, B, C and D)
can be computed as discussed in the sections above. var(·)
is used to compute the variance of a vector which indicates
the vibration discrepancy. The idea chart is depicted in
Figure 9.

5.3 Numerical case 1
Consider the thin plate foundation described in Section 4 with basic parameters:
a = 3 m, b = 6 m, h = 0.2 m, E = 2.1 × 1011 ,
υ = 0.33, ρ = 7800 kg.m−3 .
Discretize the thin plate to obtain the coordinates of any
point (x, y) on the plate, with accuracy settings denoted
501-page 7
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MA =


∞ 
∞
1   ΨM N (xA , yA )[ΨM N (xA , yA ) + N1 ΨM N (xB , yB ) + N2 ΨM N (xC , yC ) + N3 ΨM N (xD , yD )]
2
2
ρs ab M =1 N=1
γ(ωM
N −ω )

∞
∞
1  
MB =
ρs ab M =1 N=1
∞
∞
1  
MC =
ρs ab M =1 N=1
∞
∞
1  
MD =
ρs ab M =1 N=1







ΨM N (xB , yB )[ΨM N (xB , yB ) +

1
2
Ψ
(xA , yA ) + N
Ψ
(xC , yC )
N1 M N
N1 M N
2
2
γ(ωM N − ω )

ΨM N (xC , yC )[ΨM N (xC , yC ) +

1
1
Ψ
(xA , yA ) + N
Ψ
(xB , yB )
N2 M N
N2 M N
2
2
γ(ωM N − ω )

ΨM N (xD , yD )[ΨM N (xD , yD ) +

1
1
Ψ
(xA , yA ) + N
Ψ
(xB , yB )
N3 M N
N3 M N
2
2
γ(ωM N − ω )

+

N3
Ψ
(xD , yD )]
N1 M N

+

N3
Ψ
(xD , yD )]
N2 M N

+

N2
Ψ
(xC , yC )]
N3 M N






(20)

Fig. 11. Pareto frontier with gbest solution (single-stage
system).

Fig. 10. Discrete grid of plate.

as Δx, Δy, respectively.
Δx = linspace (0, a, 34),
Δy = linspace (0, b, round(b/a × 22),
where linspace(·), round(·) are respectively the function
tools based on Matlab2010.
The discrete grid of the plate is shown in Figure 10.
The equipment mass is assumed to be m = 200 kg, and
the plane size is e × f = 0.90 × 1.38 m. The placement
coordinates of point A are (1.27 m,1.26 m); the circular
frequency of the external force is ω = 100π (rad.s−1 ), the
amplitude is 1 × 103 N, and the simulated time history is
Tf = 1 s. For the four isolators installed at A, B, C, and D,
the natural frequencies and damping ratios, respectively,
can be assumed to be:
ω0A , ω0B , ω0C , ω0D , ξA , ξB , ξC , ξD .
The dimension is set at 8 in the MOPSO algorithm,
namely swarm(i) = ω0A ∼ ω0B , i = 1 ∼ 4, swarm(i) =
501-page 8

ξA ∼ ξB , i = 5 ∼ 8, and the searching scope is arbitrarily
set as
[10, 10, 10, 10, 0.01, 0.01, 0.01, 0.01]
∼ [100, 100, 100, 100, 1, 1, 1, 1]
The population size is 200; the maximum iteration is 100;
and the learning factors are set as c1 = 2, c2 = 1. A linear
changing strategy [24] is additionally used for the inertia
weight factor w, and wmax = 0.9, wmin = 0.4. The Pareto
frontier with gbest solution is shown in Figure 11.
The gbest solution is:
25.4017, 0.0152, 9.7253, 0.2979, 15.7525,
0.0147, 49.6944, 0.1094.
Thus, the stiﬀness coeﬃcients of the four isolators can be
computed as:
kA = 3.8714 × 103 N.m−1 , kB = 5.6748 × 102 N.m−1 ,
kC = 1.4888 × 103 N.m−1 , kD = 1.4817 × 104 N.m−1
and the damping coeﬃcients of the four isolators are:
cA = 4.6494 N.s.m−1 , cB = 35.7537 N.s.m−1 ,
cC = 2.7821 N.s.m−1 , cD = 65.2529 N.s.m−1 .
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Fig. 12. Schematic diagram of the plate vibration (singlestage system).

Fig. 14. Composite vibration isolation system (double-stage).

Z
Y
F
b

D
C

A

Fig. 13. Vibration amplitude of diﬀerent installations after
optimization (single-stage system).

[4.79495, 4.5563, 3.0364, 3.5923] × 10−10 m.
As can be seen from this, diﬀerent vibrations tend towards
a uniform vibration pattern after optimization. For other
conﬁgurations, large variations in the four vibrations are
seen with a huge diﬀerence even existing on the order of
magnitude.

6 Double-stage vibration isolation system
for machinery equipment
6.1 Derivation of force transmission
Some of the deﬁciencies of single-stage vibration isolation systems are overcome by resorting to double-stage
systems. The eﬀectiveness of double-stage isolation systems have been conﬁrmed by some studies [15, 25]. Sim-

e

B

X
O

The peak displacement of the plate vibration at 1.0 s is
5.8812×10−10 m, and the schematic vibration of the plate
is shown in Figure 12.
The immediate variations of the amplitude with time
for the four installations of A, B, C and D are listed in
Figure 13, and the four amplitudes at 1.0 s are

f

D

a

h

Fig. 15. Schematic diagram of the composite system expressed in Cartesian coordinate system (double-stage).

ilarly, a composite vibration isolation system is built in
Figure 14.
In Figure 14, m2 is the intermediate mass, the primary system comprises of ① (machinery equipment) and
② (connected isolators), the secondary system comprises
of ③ (intermediate mass) and ④ (connected isolators),
and ⑤ is the clamped thin plate. The composite system
is depicted in Figure 15.
This two-stage vibration isolation system on the plate
can be regarded as a tandem system consisting of two
single-stage systems in series. Based on the connection
properties of mechanical four-pole parameters, the following formula can be derived:
F1
X1


2
1ω
1 − k1m+ic
Δ11 Δ12
Fend
1ω
=
=
1
Δ21 Δ22
Xend
k1 +ic1 ω


2
2ω
1 − k2m+ic
−m2 ω 2
Fend
2ω
×
1
Xend
1
k2 +ic2 ω

−m1 ω 2
1



(22)
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6.2 Numerical case 2
The preconditions for the plate foundation and the
stimulus are the same as numerical case 1. It is worth
mentioning that the plane size of the intermediate mass
is assumed to be the same as the equipment. For the four
isolators installed at A, B, C, and D, the parameters,
respectively, can be written as:
ξ2A , n1A , n2A , k2A
ξ2B , n1B , n2B , k2B
ξ2C , n1C , n2C , k2C
ξ2D , n1D , n2D , k2D
u.
The dimension is set at 17 in the MOPSO algorithm,
namely swarm(i) = ξ2A ∼ ξ2D , i = 1 ∼ 4, swarm(i) =
n1A ∼ n1D , i = 5 ∼ 8, swarm(i) = n2A ∼ n2D , i =
9 ∼ 12, swarm(i) = k2A ∼ k2D , i = 13 ∼ 16, and
swarm(17) = u. The searching scope is arbitrarily set
as:
Fig. 16. Schematic diagram of four-pole connection of the
composite system (double-stage).


Let u = m1 /m2 , n1 = k1 /k2 , n2 = c1 /c2 , ωn2 = k2/m2 ,
ξ2 = 2mc22ωn2 , θ = ωωn2 , thus Equation (22) can be derived
as:

C12 + C22
TF = 1
(23)
C32 + C42
where
C1 = A1 B3 − A2 B4 + A3 B1 MA + B1 A3 MA − B2 A4 MA
C2 = A1 B4 + A2 B3 + B1 A4 MA + B2 A3 MA
(for the other points, MA can be replaced byMB , MC ,
andMD )
C3 = A3 B3 − A4 B4
C4 = A3 B4 + B3 A4
2 2

2

2

4

A1 = n1 − n2 × (2ξ2 ) θ − n1 θ − uθ + uθ − n1 uθ
3

2

A2 = n1 × 2ξ2 θ + n2 × 2ξ2 θ − n2 × 2ξ2 θ − u × 2ξ2 θ

3

A3 = n1 − n2 × (2ξ2 )2 θ2
A4 = n1 × 2ξ2 θ + n2 × 2ξ2 θ

m1
B1 = (−n1 ω + uθ ω − un1 ω )
u
2

2

2

2

m1
B2 = (−n2 × 2ξ2 ω 2 θ − un2 × 2ξ2 ω 2 θ)
u
B3 = n1
B4 = n2 × 2ξ2 θ
A slice perspective for the transmissibility described in
Equation (23) with multiple parameters is shown in
Figure 17.
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[0.01, 0.1, 0.1, 1 × 103 , 0.01, 0.1, 0.1, 1 ×
10 , 0.01, 0.1, 0.1, 1 × 103 , 0.01, 0.1, 0.1, 1 × 103 , 0.1] ∼
[1, 100, 100, 1 × 106 , 1, 100, 100, 1 × 106 , 1, 100, 100, 1 ×
106 , 1, 100, 100, 1 × 106 , 100]
3

The basic parameters of MOPSO are the same as the
previously described case.
The Pareto frontier with the gbest solution is shown
in Figure 18.
The gbest solution is
0.4823, 41.9406, 0.09734, 1 × 103
0.3880, 0.09562, 34.2386, 1 × 103
0.3266, 29.5799, 85.7578, 1 × 103
0.4742, 0.09430, 98.3321, 1.7168 × 105
0.1
The stiﬀness coeﬃcients of the isolators can then be derived as:
k1A = 4.1941 × 104 N.m−1 , k1B = 95.62 N.m−1 ,
k1C = 2.9579 × 104 N.m−1 , k1D = 1.6189 × 104 N.m−1 ;
k2A = 1 × 103 N.m−1 , k2B = 1 × 103 N.m−1 ,
k2C = 1 × 103 N.m−1 , k2D = 1.7168 × 105 N.m−1 ;
and the damping coeﬃcients of the isolators, respectively,
are:
c1A = 1.3278 × 102 N.s.m−1 ,
c1B = 3.7574 × 104 N.s.m−1 ,
c1C = 7.9219 × 104 N.s.m−1 ,
c1D = 1.7280 × 106 N.s.m−1 ;
c2A = 1.3641 × 103 N.s.m−1 ,
c2B = 1.0974 × 103 N.s.m−1 ,
c2C = 9.2376 × 102 N.s.m−1 ,
c2D = 1.7573 × 104 N.s.m−1 .
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(a) slice along n1

(b) slice along n2

(c) slice along u
Fig. 17. Slice plots of TF .

The peak displacement of the plate vibration at 1.0 s is:
4.5701 × 10−11 m, and the plate vibration at this point
is shown in Figure 19. Compared with the result for the
single-stage system, there is a proportionate reduction of
approximately 12; which indicates that the double-stage
system can apparently absorb the vibrations more eﬀectively. Similarly, the amplitude variation curves of the four
installations of A, B, C and D are listed in Figure 20, and
the four amplitudes at 1.0 s are
[4.0871, 3.7137, 3.0023, 3.4068] ×10−11 m.

7 Conclusions
In this paper, traditional vibration isolation theory is
innovatively combined with the vibrations of a clamped
thin plate, in order to simulate the foundation vibration
forces by machinery equipment. The key intermediate
variable is the point admittance on the plate. Two composite systems (single-stage and double-stage) are proposed based on the transference principle of mechanical
four-pole properties, and the expressions of force transmissibility are derived.
The concept of power ﬂow is also introduced from the
perspective of energy transference, with reduction of the
maximum input power ﬂow taken as one of the ﬁtness

Fig. 18. Pareto frontier with gbest solution (double-stage
system).

functions. It is worth mentioning that advanced vibration theory of plate vibration aptly supports this strategy.
Since machinery equipment requires uniform vibrations,
this is proposed as another objective for the indexes of
a multi-objective problem. A novel MOPSO technique is
used as the optimization tool and a global optimum gbest
can be found based on Pareto domination. The numerical
results show that, compared with single-stage system, the
501-page 11
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Fig. 19. Schematic diagram of the plate vibration (doublestage system).

Fig. 20. Vibration amplitude of diﬀerent installations after
optimization (double-stage system).

double-stage system shows a more obvious and eﬀective
suppression eﬀect.
This study challenges the traditional view of vibration
isolation of machinery equipment, and gives inspiration to
the use of artiﬁcial intelligence methods in combination
with engineering techniques.
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