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Thermodynamic analysis and optimization of an irreversible nano
scale dual cycle operating with Maxwell-Boltzmann gas
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Abstract — In last decades, nano technology was developed. Since, nano scale thermal cycles will be possi-
bly employed in near future. In this research, a nano scale irreversible dual cycle is investigated thermody-
namically for optimization of performance. Ideal Maxwell-Boltzmann gas is used for working fluid in the
system. It is chosen as working fluid. In this paper, two scenarios are introduced for optimization process.
The outcomes of each of the scenarios are evaluated independently. Throughout first scenario, in order to
maximize the dimensionless output work and first law efficiency of the system, multi-objective optimization
algorithms are employed. Furthermore, in second scenario, two objective functions comprising the dimen-
sionless output work are the dimensionless ecological function are maximized concurrently via employing
multi objective optimization algorithms. The multi objective evolutionary approaches (MOEAs) on the
basis of NSGA-II method are employed in this paper Decision making is done via three methods including
LINAMP and TOPSIS and FUZZY. Finally, error analysis is implemented on the results obtained in this
research

Key words: Dual cycle / dimensionless ecological function / dimensionless output work / optimization /

decision making

1 Introduction

Performance optimization of machines and heat en-
gines was always a challenging topic for all engineers and
experts working in the area of thermo fluid science. Sadi
Carnot was the first researcher who introduced the most
efficient thermal engine which was totally reversible (ex-
ternally and internally). The maximum possible thermal
efficiency within two temperatures is given in this engine
with no other engine more efficient than that. Finite-
time thermodynamics (FTT) was introduced then as a
solution for better performance analysis of thermody-
namic cycles. Curzon-Ahlborn-Novikov (CAN) [1,2] en-
gine first introduced the FTT based engine. This engine
is internally reversible (endoreversible), and externally ir-
reversible. After that, new methods for performance eval-
uations were presented. Angulo-Brown [3] presented the
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ecological function (ECF) and Yan [4] improved it. This
criterion is described as

ECF =W — Ty Sgen,

where W is defined as the output work, T as environment
temperature and Sgen as entropy generation. There are a
number of ecological function based papers in the open
literature [5-36] which consider the ecological functions

for optimization procedure. For example EPC = Tofg,zm

where Ez is output exergy of the system or

w

ECOP =
TOSgen,

where W is the output power and Sgen is entropy gen-
eration. Chen et al. [5] performed an optimization for
generalized irreversible universal heat-engine cycles based
on power, efficiency, entropy generation rate and ecologi-
cal function. Also, with finite time thermodynamics, the
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Nomenclature
Cp Specific heat at constant pressure
Co Specific heat at constant volume
ECOP Ecological coefficient of performance
Ex Output exergy
ECF  Ecological function
EPC  Exergetic performance criterion
ecf Dimensionless ecological function
L. Half of the most probable
Broglie’s wave length
H Stroke length
k Boltzmann constant
h Planck constant
m Mass
MAW  Maximum available work
maw Dimensionless maximum available work
N Number of particles
R Diameter
Q Heat
S Entropy generation rate
T Temperature (K)
%4 Volume
w Output work
T Compression ratio
Y Pressure ratio
z Cut-off ratio
Symbol
n First law efficiency

performance analysis of the system consisting two cool-
ing branches, two heating branches and two adiabatic
branches with losses of heat resistance, heat leak and in-
ternal irreversibility were done to present an improvement
in the analysis of real heat engines. Chen et al. [6] con-
sidered a generalized irreversible heat engine with losses
due to heat resistance, leakage and internal irreversibil-
ity and optimized the engine using an ecological objec-
tive function which takes into account the power and en-
tropy production rate of the heat engine. Also, the effects
of heat leakage and irreversibility were examined. Huang
et al. [7] optimized an irreversible four-temperature-level
absorption heat pump with considering losses of heat re-
sistance and internal irreversibility. An ecological func-
tion consisting heating load, coefficient of performance
and entropy production rate were considered for opti-
mization. The optimization procedure led to a decrease
in entropy production rate in cycle and an appropriate
decrease in heating load. Yan et al. [8] proposed an irre-
versible three-heat-source refrigerator and optimized the
cycle with a compromise between cooling rate and en-
tropy production rate. An ecological criterion was written
as F = R — NTyo where R is the cooling rate of the re-
frigerator and o is the rate of entropy generation and \ is
the dissipation coefficient of the cooling rate which were
proved to be equal with coefficient of performance. Chen
et al. [12] presented an exergy-based ecological function
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for a generalized irreversible Carnot-engine with heat re-
sistance, heat leakage and internal irreversibility and opti-
mized the engine based on a compromise between the out-
put power and entropy-production rate of engine and an
assumption of linear phenomenological heat transfer law.
Zhu et al. [13] performed an optimization of ecological ob-
jective function for a generalized irreversible Carnot en-
gine with considering losses of heat resistance, heat leak-
age and internal irreversibility. In this study, generalized
heat transfer laws were assumed to be as Q = (07)™.
Same authors [14] performed an exergy based optimiza-
tion with ecological objective function as £ = P — Tyo
which consists output exergy rate and exergy-loss rate
of a heat pump. Ecological coefficient of performance
(ECOP) and exergetic performance coefficient are other
criteria that were submitted by Ust et al. [37-51]. Ust
et al. [37] presented a new thermo-ecological criterion
based on coefficient of performance (ECOP) which is de-
fined as the ratio of output power to the loss rate of
availability. Results showed that optimized ECOP has ad-
vantage in terms of entropy-generation rate and thermal
efficiency and fewer disadvantages on output work com-
pared to objective functions in the literature. The same
authors [38] applied their new thermo-ecological criterion
on an irreversible refrigerator for optimization of perfor-
mance. It was defined as the ratio of the cooling load
to the loss rate of availability (entropy generation) as

ECOP = Thg - Design parameters that maximize the ob-
jective function were investigated. They [39] also consid-
ered an irreversible regenerative-Brayton heat engine and

optimized the cycle using ecological function defined as

E =W — TS, and ECOP = To%ge, The results show

that the optimization criterion is advantageous in terms
of higher thermal efficiency and lower entropy-generation
rate and lower investment cost but is disadvantageous
in terms of output power compared to Epax and Wiax.
Sogut et al. [40] performed an analysis on irreversible
closed Brayton heat engines with variable temperature
of heat reservoirs. The effects of intercooling and regen-
eration were investigated on the mentioned engine with
considering FCOP, Epax and Wiax. Results show that
the optical total isentropic temperature ratio and inter-
cooling isentropic temperature ratio at ECOPpyax are less
compared to Fpax and Wihax which contributes to cost
savings. Ust et al. [41] investigated the effect of regen-
eration on irreversible air refrigerators having finite-rate
heat transfer, heat leakage and internal irreversibilities
based on thermo-ecological criteria including ECOP, 7,
and COP. Results show that optimal thermodynamic con-
dition is the same for all criteria but ECOP gives infor-
mation on entropy generation too including loss rate of
availability. Same authors [42] optimized the air refriger-
ation cycles based on ecological coefficient of performance
(ECOP). Akkaya et al. presented an exergetic evaluation
for SOFC/GT CHP systems. They also, with an EPC

criterion defined as EPC = #
N 'tot
tem for minimum entropy-generation rate. The results

show that the least entropy-generation rate for a given

optimized the sys-
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output exergy was obtained in the SOFC/GT [48]. The
cycle includes irreversibilities of finite-rate heat trans-
fer, heat leakage and internal dissipations. The results
show that the optimal conditions for ECOP and COP
were the same. However, COP gives information about
power needed for cooling load and ECOP gives infor-
mation on entropy generation rate including loss rate of
availability which is a great tool for evaluating the sys-
tem. Agikkalp and Yamik [52] presented criterion called
maximum available work which is defined as M AW =
Qu(l— %—g) — T Sgen- Besides, nanotechnology has gained
great attention during last decade and in the recent years
this is entered through thermodynamic cycles. As a re-
sult, it can be said that nano-scale thermal cycles may be
of great importance in near future. Because of this, quan-
tum thermodynamics will gain attention in near future.
In the open literature, there are studies about nano-scale
thermodynamics or thermal cycles which use quantum
gases [53-75]. Lucia [76-80] presented papers on entropy
generation and quantum mechanics. Some papers are sub-
mitted about dual cycles, but there is few paper on dual
cycles working with Maxwell-Boltzmann gas [80-83].

Optimization of a problem with multi-objectives has
a significant importance in engineering area [84-86]. Vari-
ous methods including evolutionary algorithms (EA) were
introduced in 20th century for unraveling multi-variable
and multi-objective issues [87,88]. The outcomes achieved
from multi-objective optimization are groups of answers
named Pareto frontier which reveals reasonable answers.
Various scholars employed this method in engineering
area specially in energy engineering applications [89-107].

In this work, two optimization scenarios are defined
for the nano scale irreversible dual cycle. In first scenario,
in order to maximize the dimensionless output work and
First law efficiency of the system, MOEA was used. More-
over, two objective functions including the dimensionless
output work and the dimensionless ecological function
were considered in the second scenario in order to maxi-
mizing at the same time via MOEA. Three decision mak-
ers comprising LINMAP, TOPSIS and Fuzzy approaches
were employed as decision makers. Finally, analysis of de-
viation (error) was performed on the outcomes achieved
from each decision maker.

2 Thermodynamic analysis

In this part, the thermodynamic analysis of a nano
scale dual cycle is carried out. In the thermodynamic
analysis, a nano scale cylinder is presumed. Its diame-
ter is R and stroke length represents by H as nanometer.
Temperature-entropy diagram is depicted through Fig-
ure 1. Subscript s denotes ideal conditions. Specific heats
at constant volume and constant pressure (J.K~!) for
ideal Maxwell-Boltzmann gas can be determined as fol-
lows [108]:

3 L(T) (1 1

\ 4

S
Fig. 1. T—S diagram of irreversible dual cycle.
5Nk+ NkLC(T) ! - ! (2)
Cr = — - _
L) 47 \R H

In which N stands for the number of particles, L. denotes
half of the most probable Broglie’s wave length, h repre-
sents the Planck constant and k stands for the Boltzmann
constant. Heat addition (J) to the system can be calcu-
lated as follows:

4

Qu = /3 codT + / cpdT (3)
2

3

and heat rejection (J) from the system:

QL= <gNkT5 + Nk‘T5LC(T5) ( ! + i))

47T \R " H
_ (gNle + NKTy L;(/T%) (% + %)) (4)

Half of the most probable Broglie’s wave length at tem-
perature T' can be determined as following as [109]:

Lo(T) = V%W (5)

In which m represents the atomic mass of the gas. Output
work of the system (J) is calculated as following as:

W=Qu—-Qr (6)
Entropy generation (J.K™!) of the system can be de-
scribed: 0 0
_xL _xH
Sgen = 2 = @
and the first law efficiency of the system by:
w
= — 8
= on (8)
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Fig. 2. Scheme for the multi-objective evolutionary algorithm used in the present study [93-101].

Output exergy (J) is described as:

Be=Qu <1 - %) (9)

In which T stands for the environment temperature com-

pression ratio (z) and cut-off ratio (z) of the dual cycle
(x = % Z = %), ideal temperatures for 2 and 5 points
(Tys = T12%%, Ty = ;;%) Expansion and compression
efficiencies are employed for introducing irreversibilities

throughout the cycle.

_ Tos — 11
Ule} 7T2 T,
Ts — Ty
S 10
L ha T (10)

Employing these equations T3 and T} are specified as fol-

lowing as:

(Ths —T1) +ncTy
Ulel

Ts =ne(Tss —Ty) + Ty

Ty = (11)

(12)
The equation between T and T3 is determined by follow-

ing equation:

T3 =Toy (13)

In which y stands for the pressure ratio (y = %). Addi-

tional volume equations are described as following as:
Vi=Vs
Vo=V3

(14)
(15)

ecological function (J) determines via following formula:

ECF =W —1TySgen (16)
ecological coefficient of performance is calculated as fol-
lowing as:

W

ECOP =
TOSgen

(17)
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Exergetic performance criterion determines by below
equation:
Ex

EPC=— 18
TOSgen ( )

Maximum available work (J) calculates as follows:
MAW = Ex — TySgen (19)

In this paper, dimensionless output work, ECF, MAW
and entropy generation are introduced as following as:

w = %ﬂ (20)
ecf = Jf;;; (21)
maw = ]]\VJII??’: (22)
Sl = (23)

3 Multi-objective optimization

The MOEA was used to optimize dual cycle system
to specify the prior variables of system design. To assess
this, Genetic algorithms (GA) implement iterative and
stochastic search process to determine optimum solution
and track in a simplified behavior theory of biological de-
velopment. The general concept of Genetic algorithms is
depicted through Figure 2. [87,90,99].

3.1 Objective functions, decision variables
and constraints

The first law efficiency of the system (1) and the di-
mensionless output work (w) are the two objective func-
tions for the first scenario, which are evaluated via Equa-
tions (8) and (20).
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The dimensionless output work (w) and the dimen-
sionless ecological function (ecf) are the two objective
functions for the second scenario, which are evaluated via
Equations (20) and (21).

Three decision variables were assumed as below:

z : the compression ratio
y : the pressure ratio
z : the cut-off ratio

Even though the decision variables would be different in
the optimization process, each should be in a proper inter-
val. By assuming the following limits the objective func-
tions are unraveled:

19<y<23 (24)
15<2<1.7 (25)
4<z<8 (26)

3.2 Decision-making during the multi-objective
optimization progress

Decision-making for gathering of the improved best
solution from available solutions through the multi-
objective optimization method has a central role. There
are a number of approaches for decision-making in the
decision problems. These approaches could be employed
for picking the improved optimum solution from the
Pareto frontier. Meanwhile, dimension of the objectives
in the multi-objective optimization problem may be di-
verse. Consequently, unification of the scales and dimen-
sions of the objective space should be performed before
making a decision. Vectors of objectives would be non-
dimensioned prior to the decision-making progress. There
are two robust approaches of non-dimensionalization
employed in the decision making techniques compris-
ing Fuclidean non-dimensionalization, and fuzzy non-
dimensionalization.

3.3 Non-dimensionalization methods
Euclide non-dimensionalization

F% stands for the matrix of objectives for various solu-
tions of the Pareto frontier where i stands for the index of
each solution on the Pareto frontier, and j represents the
index of the objective in objective region. In this method,
a non-dimensioned objective, F%, is formulated as follow-
ing as,

F..
Fl= ——19

(Fij)?

IS

i=1

(27)

for minimization and maximization goals

Fuzzy non-dimensionalization

In this method, a non-dimensioned objective, F}; , is
calculated as following as,
n __ Fl —mm(Fl)
9 max(Fy;) — min(Fj;)

for maximization objectives

(28a)

"= m;j{g() —)min(Fz‘ 5 for minimization objectives
(28b)

In this research the most well-known and standard types
of decision-makers including LINMAP, TOPSIS and fuzzy
Bellman-Zadeh methods were employed to achieve the
optimum answer. It is worth to mention that all the re-
quired information regarding these decision makers can
be found in references [89, 90, 100-102]. The Bellman-
Zadeh method employs the fuzzy non-dimensionalization;
however, the two rest methods employ Euclidean non-
dimensionalization.

4 Results and discussion

The sensitivity of the objective functions to the deci-
sion variables was examined. As illustrated in Figure 3a,
the first law efficiency of the system decreased consid-
erably with increasing the pressure ratio (y) at various
values of the compression ratio (x). As illustrated in Fig-
ure 3b, the dimensionless output work decreased consid-
erably with increasing the pressure ratio (y) at various
values of the compression ratio (). As has been shown,
in a fixed amount the pressure ratio (y) maximum amount
of dimensionless work is related to x = 6. This indicates
that for compression ratio (x) an optimal value is between
x = 6 and = = 8. By increasing the value of y, the value
of Qp decreased. wvalue for the system decreased with
decreasing Q. As illustrated in Figure 3¢, the dimen-
sionless ecological function (ecf) decreased considerably
with increasing the pressure ratio (y) at various values
of the compression ratio (). By increasing the value of
y, the value of Qg decreased. W value for the system
decreased with decreasing Q. Also, Sgen values for the
system increased with decreasing Q.

As depicted in Figure 4a, the first law efficiency of the
system decreased significantly with increasing the cut-off
ratio (z) at various values of the compression ratio (z).

As illustrated in Figure 4b, the dimensionless output
work decreased considerably with increasing the cut-off
ratio (z) at various values of the compression ratio (z).
As has been shown, in a fixed amount the cut-off ratio (z)
maximum amount of dimensionless work is related to be-
tween x = 6 and z = 8. This indicates that for com-
pression ratio (x) an optimal value is between x = 6
and z = 8. As illustrated in Figure 4c, the dimension-
less ecological function (ecf) decreased considerably with
increasing the cut-off ratio (z) at various values of the
compression ratio (z).
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Fig. 3. Effects of the pressure ratio (y) and the compression ratio (x) on the (a) first law efficiency, (b) dimensionless output
work, (c¢) dimensionless ecological function.
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Fig. 4. Effects of the cut-off ratio (z) and the compression ratio (z) on the (a) first law efficiency, (b) dimensionless output
work, (c) dimensionless ecological function.
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4.1 Results of first scenario

Using MOEA based on the NSGA-II algorithm, the
first law efficiency of the system (n) and the dimen-
sionless output work (w) are maximized simultaneously.
The objective functions and the boundaries which were
employed in the optimization process are formulated by
Equations (8) and (20) and Equations (24) and (26) re-
spectively. The compression ratio, the pressure ratio and
the cut-off ratio are assumed as design variables. Follow-
ing properties of the nano scale irreversible dual cycle
system are presumed as below [110]:

R=10"% (m), H=3x 107% (m), Ty, = 700 (K),
Ty =100 (K), k = 1.0381 x 10723 (J),

h = 6.6262 x 1073* (J.s),

m = 6.6474 x 10727 (kg), T0 = 298 (K)

Pareto optimal frontier for two objective functions, ob-
jective function associated to the first law efficiency of
the system (7)) and the dimensionless output work (w) of
the nano scale irreversible dual cycle are represented in
Figure 5a. The chosen points achieved by decision mak-
ers are marked in Figure 5. The fitted curve equation of
the Pareto optimal frontier is obtained and illustrated in
Figure 5b, which can be performed to achieve thermal
efficiency of the system, as below:

n = prw* + pow® + psw? + paw + ps (29)

Coefficients:

p1 = —2.0288 x 10°
po = 7.8007 x 10°
p3 = —1.1247 x 107
ps = 7.2074 x 10°
ps = —1.732 x 10°

Figures 6-8 depict the changing of different values of
decision variables in their established range for the opti-
mum design points on the front of Pareto. The changing
of the y variable is demonstrated through Figure 6.

In Figure 7 the blue line, shows the greatest magnitude
of z which is equal to 1.5. Figure 8 depicts the scatter of
x for the optimal points on Pareto front, although the
lower and upper values of the aforementioned parameters
are highlighted.

Table 1 summarizes the optimum answers achieved
for decision variables and objective functions employing
Fuzzy, TOPSIS and LINMAP methods for first scenario.

To calculate the deviation of the answers achieved
from each decision maker, error analysis was employed.
Table 2 reports MAAE (Maximum Absolute Percentage
Error) and MAPE (Mean Absolute Percentage Error) of
three decision makers executed in this study.
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Table 1. Decision making of multi-objective optimal solutions
for first scenario.

Decision variables Objectives

Decision Making Method
z x w n

TOPSIS 1.900 1.500 7.660 0.960 0.700
LINMAP 1.900 1.500 7.503 0.962 0.697
Fuzzy 1.900 1.500 7.374 0.963 0.694

Table 2. Error analysis based on the mean absolute percent
error (MAPE) method for first scenario.

Decision Making TOPSIS LINMAP Fuzzy
Method
Objectives w n w n w n

Max Error %  0.046 0.125 0.024 0.074 0.573 1.464
Average Error % 0.019 0.057 0.018 0.060 0.271 0.776

4.2 Results of second scenario

Two strategic objective functions for optimization
comprise dimensionless output work and the dimension-
less ecological function (should be maximized) formulated
via Equations (20) and (21), correspondingly.

Objective functions are illustrated by Equations (20)
and (21) limitations are formulated with Equations (24)
and (21) employed to perform optimization.

Properties of the nano scale irreversible dual cycle are
proposed as below [110]

R=10"% (m), H=3x10"% (m),
T, =700 (K), T, = 100 (K),
k= 1.0381 x 10723 (J),
h = 6.6262 x 1073* (J.s),
m = 6.6474 x 10727 (kg), Ty = 298 (K)
Figure 9a demonstrates the Pareto frontier achieved in the
second optimization scenario. Three final answers were
chosen by the Fuzzy Bellman-Zadeh, LINMAP and TOP-
SIS decision-makers which are highlighted in this figure.
According to Figure 9a, the obtained points by LINMAP
and TOPSIS are approached towards each other. Also, it
was shown that the optimal value of the dimensionless
output work varied from 0.955 to 0.970 and the optimal
value of dimensionless ecological function was between

0.117 and 0.353. Based on the obtained curve fit depicted
in Figure 9b, Equation (30) was developed.

ecf = prw* + pow® + psw? + paw +ps  (30)
Coefficients:

p1 = —1.9455 x 107

P2 = 7.4843 x 107

ps = —1.0797 x 10%

pa = 6.9227 x 107

ps = —1.6645 x 107
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Fig. 5. (a) and (b) Pareto optimal frontier in the objectives’ space for first scenario.

Figures 10-12 depict the changing of different values
of decision variables in their established range for the op-
timum design points on the front of Pareto. The changing
of the y variable is demonstrated through Figure 10.

In Figure 11 the blue line, shows the greatest mag-
nitude of z which is equal to 1.5. Figure 12 depicts the
scatter of x for the optimal points on Pareto front, al-
though the lower and upper values of the aforementioned
parameters are highlighted.

Table 3 summarizes the optimum answers achieved
for decision variables and objective functions employ-
ing Fuzzy, TOPSIS and LINMAP methods for second
scenario.

Table 3. Decision making of multi-objective optimal solutions
for second scenario.

Decision Making Decision variables Objectives
z T w ecf

Method
TOPSIS 1.900 1.500 7.995 0.955 0.353
LINMAP 1.900 1.500 7.992 0.955 0.352
Fuzzy 1.900 1.500 7.597 0.960 0.313

To calculate the deviation of the answers achieved
from each decision maker, error analysis was employed.
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Fig. 8. The distribution of z for the optimal points on Pareto front for first scenario.
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Fig. 9. (a) and (b) Pareto optimal frontier in the objectives’ space for second scenario.
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Fig. 11. The distribution of z for the optimal points on Pareto front for second scenario.
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Fig. 12. The distribution of x for the optimal points on Pareto front for second scenario.

Table 4. Error analysis based on the mean absolute percent
error (MAPE) method for second scenario.

Decision TOPSIS LINMAP Fuzzy
Making

Method

Objectives w ecf w ecf w ecf

Max Error %  0.008 0.261 0.010 0.261 0.247 6.246
Average Error % 0.006 0.142 0.008 0.184 0.143 3.726

Table 4 reports MAAE and MAPE of three decision mak-
ers executed in this study.

212-page 12

5 Conclusions

In this paper the thermodynamic analysis is applied
on the nano scale irreversible dual cycle. Further effects
of the compression ratio, the pressure ratio and the cut-
off ratio are included in evaluation of the dimensionless
output work, the dimensionless ecological function and
the first law efficiency of the nano scale irreversible dual
cycle executing thermodynamic analysis. Moreover, the
optimum settings of the aforementioned objective func-
tions comprising the dimensionless output work, the di-
mensionless ecological function and the first law efficiency
for the nano scale irreversible dual cycle are specified.
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In the evolved multi-objective optimization approach,
three separate variables, the compression ratio, the pres-
sure ratio and the cut-off ratio, are presumed as the deci-
sion variables. To indicate a final solution from the out-
comes obtained via multi-objective optimization progress,
three well-known decision making approaches are em-
ployed and final results are compared based on the error
analysis.
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