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Abstract. This paper studies the computerized tooth proﬁle generation of involute gears cut with rack-type
cutters. Based on the theory of gearing the mathematical models of generating cutter with asymmetric involute
teeth and generated involute gears are given. Beveloid (conical involute) gears are considered for a generalized
type of involute gearing for connecting parallel shafts. Effective limits of involute design parameters that
determine the actual tip circle radii of the generated gears are investigated. An approach based on contact path
of mating gears is proposed to eliminate further operations for standard value of tip circle radius. Computer
simulation programs are developed to obtain graphs of generating tools and generated teeth surfaces.
Keywords: Beveloid gears / asymmetric involute proﬁle / contact path / generation simulation / effective
parameter limit

1 Introduction
Computer simulation of involute gear generating process
has been studied by various authors. A reliable numerical
analysis of gear tooth bending or contact stresses for
simulating the behavior of gears under working conditions
needs precisely determined tooth proﬁle of the machined
gear. Therefore, an accurate mathematical model of the
gear tooth should be established.
In literature, mathematical modeling of involute gears
generated by rack- or pinion-type cutters have been
presented [1–4]. Litvin proposed the Vector Method to
develop mathematical models for describing generating
and generated teeth surfaces of the various types of
gears [4]. This method can also consider functional or
production-required tooth modiﬁcations. Based on Litvin’s
Vector Method, various authors studied the modeling,
undercutting and stress analyzing of conventional and
modiﬁed gears [5–24].
Vector representation of the generating cutters includes
the topland, tip ﬁllet and involute regions. According to the
cutter geometry and an appropriate coordinate system, the
position vector of generating surface can be expressed. The
design parameter of the generating cutter surface which
determines the location of points on the related region has
upper and lower limits according to the geometry. Then
matrix transformation, differential geometry and gear
theory are applied to obtain gear tooth surface [4].
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In the papers about mathematical modeling of the
generating and generated teeth surfaces, the limits of
involute region design parameters are given for exact
geometry of the cutter but obtained gear teeth proﬁle may
extend above the standard tip circle. This fact can be
observed in the papers about pinion-type generation [6,15,22,23] and rack-type generation [5,7,12–14] for
example. There should be an effective upper limit of the
involute parameter to calculate the exact tip radius of the
generated gear. Path of contact for rack and gear may give
information about the effective parameter in case of
generating with a rack cutter. Thus, without a further
CAD operation or an iterative method, the standard tip
radius of the involute gear can be obtained.
This paper deals with the determination of the upper
limit of the rack cutter’s involute region that gives the
standard tip circle of the generated gear. The relation
between length of path of recess and effective limit is
investigated. A general model of involute gears (helical
beveloid) is considered for veriﬁcation and validation of the
proposed approach. Beveloid gears can be used in transmissions with intersecting or skewed axes or in transmissions with parallel axes for backlash-free operation. In
precision mechanisms gears should be designed to have no
backlash [25,26].
The rest of this paper is organized as follows. In the next
sections, the mathematical model of the generating cutters
is studied. The mathematical models: the locus of the
generating-type cutter surfaces, the equation of meshing
and the generated gear tooth surfaces, are given in
Sections 2 and 3. Converting to the two-dimensional

2

M.C. Fetvaci: Mechanics & Industry 18, 405 (2017)

modeling is presented in Section 4. The effective upper
limits of involute parameters for rack-type generation are
presented in Section 5. Computers graphs of generating
and generated surfaces are given in Section 6. Results are
discussed in Section 7. Finally, a conclusive summary of
this study is given in Section 8.

2 Mathematical model of generating cutter
The normal section of a standard rack cutter with a
complete generating surface is shown in Figure 1. Regions
in the generating surface can be classiﬁed as the topland,
tip ﬁllet and involute regions. In the case of asymmetric
tooth, these regions are designed according to corresponding sides pressure angles.
As shown in Figure 1, regions eg and fh of the rack
cutter are straight lines that generate different working
sides of the involute gears. mn is the normal module of the
rack cutter with a asymmetric tooth proﬁle. an1 and an2 are
the normal pressure angles. The position vector of regions
eg and fh are represented in coordinate system Sn(Xn, Yn,
Zn) as follows [13]:
8 eg 9 8
9
< xn = < le cos an1 =
yeg
¼ b  le sin an1
Reg
ð1Þ
n
n ¼
: eg
; : c
;
zn
0

Rfh
n

8
9 8
9
lf cos an2 =
< xfh
<
n =
¼ yfh
n ; ¼ : bc þ lf sin an2 ;
: fh
0
zn

Fig. 1. The normal section of the rack cutter.

ð2Þ

where le and lf are curvilinear parameters of rack cutter
surface which determine the location of points on working
surface. le and lf are limited by ha/cos an1  le  ht/cos an1
and ha/cos an2  lf  ht/cos an2 for left- and right-side of
the rack cutter respectively.
To obtain a generalized mathematical model of involute
gears, additional coordinate systems should be used and
appropriate coordinate transformations between these
systems should be applied. In the ﬁrst step, the rack
cutter surface for the helical gear generation is simulated.
The normal section of the rack cutter, attached to the
coordinate system Sn, is translated along the line Op On as
shown in Figure 2. Therefore, l ¼ jOp On j is also one of the
design parameters of the rack cutter surface, and b is the
helix angle (RH) of the generated helical gear. The plane
YpZp can be regarded as the pitch plane of the rack
cutter [7]. The coordinate transformation matrix from
coordinate system Sn to Sp can be written as follows:
2
3
1
0
0
0
6 0 cos b sin b l sin b 7
7
ð3Þ
M pn ¼ 6
4 0 sin b cos b l cos b 5
0
0
0
1
In the second step, the taper hobbing process is
simulated. The generating cutter is inclined to the gear axis
by the cone angle d as shown in Figure 3. As a result, the
rack cutter is represented in the plane axode coordinate

Fig. 2. Formation of rack cutter surface for helical gear
generation.

Fig. 3. Formation of rack cutter surface for beveloid gear
generation.
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system Sc(Xc, Yc, Zc) [7]. The coordinate transformation
matrix from coordinate system Sp to Sc can be written as
follows:
2
3
cos d 0 sin d 0
6 0
1
0
07
7
ð4Þ
M cp ¼ 6
4 sin d 0 cos d 0 5
0
0
0
1
The position vector of generating cutter represented in
coordinate system Sc(Xc, Yc, Zc)can be written as follows:
Ric ¼ ½M cn Rin ¼ ½M cp ½M pn Rin

ð5Þ

where superscript i represents regions ac, bd, ce, df , eg and
fh. We can write down the equations of generating surface
in open form as follows:
xic ¼ xin cos d þ yin sin d sin b þ l sin d cos b
yic ¼ yin cos b  l sin b
zic ¼ xin sin d þ yin cos d sin b þ l cos d cos b

Fig. 4. Coordinate relationship between rack cutter and
generated gear.

S1 can be described as [4]:
2
3
cos f1 sin f1 0 rp1 ðcos f1 þ f1 sin f1 Þ
6 sin f1 cos f1 0 rp1 ðsin f1  f1 cos f1 Þ 7
7 ð9Þ
½M 1c  ¼ 6
4 0
5
0
1
0
Tangent plane or tangent vectors determine the
existence of regular surfaces. The tangent plane of the
0
0
0
1
generating cutter surface is composed of two vectors:
∂Rc/∂lj and ∂Rc/∂l (partial derivatives). Surface normal is
Fundamental law of gearing states that the common
given by the cross product of the partial derivatives. normal to the transverse section of the cutter and the gear
According to differential geometry and gear theory, normal tooth surface must pass through the instantaneous center
vectors of regions ac ∼ fh of the rack cutter surface can be of rotation (pitch point). Therefore, the equation meshing
represented in coordinate system Sc by the following can be represented using coordinate system Sc(Xc, Yc, Zc)
equation [4].
as follows [4]:


 i
j k 
Xic  xic Y ic  yic Z ic  zic
 i
¼
¼
ð10Þ
i
i

∂x ∂yc ∂zc 
nixc
niyc
nizc
∂Ric
∂Ric  c
i

ð7Þ
¼  ∂lj ∂lj ∂lj 
Nc ¼

∂lj
∂l
 ∂xi ∂yi ∂zi 
where Xic , Y ic and Z ic are the coordinates of a point on the
 c
c
c


instantaneous axis of gear rotation I–I represented in
∂l ∂l ∂l
coordinate system Sc; xic , yic and zic are the surface
The unit normal vector of the rack cutter surface is coordinates of the rack cutter; symbols nixc , niyc and nizc
represented by Equation (8) [4].
symbolize the components of the common unit normal
represented in coordinate system Sc.
∂Ric
∂Ric
According to the theory of gearing [4], the mathemati
∂lj
∂l
ði ¼ ac; . . . ; fhÞ
i
cal
model of the generated gear tooth surface is a


nc ¼  i
ð8Þ
∂R
∂Ri 
combination of the meshing equation and the locus
 ∂ljc  ∂lc  ðj ¼ a; . . . ; fÞ
(family) of the rack cutter surfaces. The locus of the
cutter surface, expressed in coordinate system S1, can be
determined as follows [4]:
ð6Þ

3 Mathematical model of generated gear

Figure 4 depicts the coordinate relationship between the
rack cutter and the generated gear. Coordinate system
Sh(Xh, Yh, Zh) represents the ﬁxed coordinate system.
Sc(Xc, Yc, Zc)is the plane axode coordinate system
attached to the rack cutter and coordinate system
S1(X1,, Y1, Z1) is attached to the generated gear [7]. While
the gear blank rotates through an angle f1, the rack cutter
translates the linear displacement S = rp1f1 along Yc axis.
Therefore, the coordinate transformation matrix from Sc to

Ri1 ¼ ½M 1c Ric ;

ði ¼ ac; . . . ; fhÞ

ð11Þ

As a result, the mathematical model of the gear tooth
surfaces can be obtained by simultaneously considering
Equations (11) and (10).
Helical beveloid gear is the generalized model of the
involute gears mounted on parallel axes. Straight conical
involute gears, helical gears and spur gears can be
represented by the equations by letting the helix angle,
the cone angle, or both be equal to zero [10].

4

M.C. Fetvaci: Mechanics & Industry 18, 405 (2017)

4 Tooth proﬁle analysis on the plane of
rotation
In beveloid gears proﬁle shift varies along the facewidth. As
a result the tooth geometry changes across the facewidth.
Moreover helix angle also alters the geometry. Contact
path, zero topland and undercutting should be investigated
in several transverse planes. To express the proﬁle of the
imaginary rack cutter on the plane of rotation YcZc, the
third item of Equation (6) can be adopted as follows:
l ¼ ðzic þ xin sin d  yin cos d sin bÞ=ðcos d cos bÞ

ð12Þ

Considering the ﬁrst two items of Equation (6) together
with Equation (12), the proﬁle of the two-dimensional rack
cutter can be obtained and expressed on the plane of rotation
by treating zc as a constant. An important macrogeometric property of helical beveloid gear is the different
transverse pressure angles on left- and right sides that results
asymmetric teeth proﬁles [7,10,25,27]. Transverse pressure
angles are formulated in Equations (13) and (14).
at1 ¼ tan1 ðtan b sin d þ tan an1 sec b cos dÞ

ð13Þ

at2 ¼ tan1 ðtan b sin d þ tan an2 sec b cos dÞ

ð14Þ

Fig. 5. Meshing diagram of a rack cutter and pinion.

5 Contact path and determination of
effective parameter limit
Fig. 6. Helical gear tooth proﬁle.

Figure 5 depicts the line of action in meshing of the rack
cutter and the helical gear being generated at a transverse
section. The upper end of path of contact is point T where
the tip circle of the pinion intersects the line of action. P T is
the length of path of recess. From the gear
geometry, P T
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

can be calculated as P T ¼ rb tan at þ r2t  r2b where rb
is the base circle radius of the generated gear and at is the
transverse pressure angle. Therefore, the effective upper
limit of the involute parameter is calculated as
heff ¼ P T sin at . As a result, when calculating the generated proﬁle we should use ha/cos an1  le  heff/cos an1
instead of ha/cos an1  le  ht/cos an1.
The equation of effective limit can also be extended for
beveloid gears. We can write heff ¼ ðP T sin at  zc tan dÞ
cos d for a transverse section zc along the face width of a
beveloid gear. The pressure angles on plane of rotation can
be calculated as tan at = tan an cos d for straight beveloid
and tan at = ∓ tan b sin d + tan an cos d sec b for helical beveloid tooth where d is the cone angle and b is the helix angle.

6 Computer applications
Based on the mathematical models given in previous
sections, computer programs can be developed to obtain
the coordinates of the generating cutters and generated
gears. In this study the program is written with GWBASIC. Output of ﬁles is evaluated with GRAPHER to
obtain computer graphs.

Fig. 7. Straight beveloid gear tooth proﬁle.

Figure 6 displays a transverse section of a helical gear
with symmetric involute teeth. In this example, design
parameters are selected as: normal module mn = 5 mm,
normal pressure angle an1 = 20°, helix angle b = 15° and
number of teeth T = 13. The proposed limit of the design
parameter gives the exact length of involute proﬁle that is
limited by standard tip circle radius of the workpiece.
Figure 7 displays a transverse section of a straight
beveloid gear. In this example, design parameters are
selected as: normal module mn = 5 mm, normal pressure
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Fig. 8. Helical beveloid gear tooth proﬁle.

angle an1 = 20°, cone angle d = 15°, number of teeth T = 25
and with a cross-section constraint zc =  10 mm. A
negative proﬁle shift coefﬁcient appears near the heel so
undercutting is observed. Transverse pressure angle is
calculated as at = 19.37°.
Figure 8 displays a transverse section of a helical
beveloid gear. In this example, design parameters are
selected as: normal module mn = 5 mm, normal pressure
angle an1 = 20°, helix angle b = 15°, cone angle d = 15°,
number of teeth T = 25 and with a cross-section constraint
zc = 0. Asymmetric tooth proﬁle on the plane of rotation is
observed. Transverse pressure angles on the left- and right
sides are at1 = 16.41602° and at2 = 23.42808°, respectively.
Selected parameters in this example produces the left side
proﬁle be on the undercutting limit. As the conventional
involute parameter limit is used on the left side, it gives
extended involute proﬁle above the standard tip circle.
Figure 9 displays a transverse section of a helical
beveloid gear cut by a rack cutter with asymmetric teeth.
Also relative positions of the generating cutter with respect
to gear blank during generation process are illustrated.
Design parameters are selected as: normal module mn =
5 mm, left side normal pressure angle an1 = 26.68735°, right
side normal pressure angle an2 = 20°, helix angle b = 15°,
cone angle d = 15°, number of teeth T = 25 and with a crosssection constraint zc = 0. Transverse pressure angles are
calculated as at1 = 23.42808° and at2 = 23.42808° for leftand right sides, respectively. Therefore a symmetric proﬁle
on the plane of rotation can be obtained.

7 Results
Generating-type cutters are widely used in mass production of gears. In literature most of studies about
mathematical modeling and analysis of gears are based
on Litvin’s vector approach [4]. This approach begins with
the parametric representation of tool surface in vector
form. As the tool surface is composed of different regions,
the intervals of curvilinear parameters that determine the
position of a point in the region should maintain position,

Fig. 9. Helical beveloid gear generated by an asymmetric cutter.

tangent, or curvature continuity of adjacent regions. This
study presents an effective upper limit of involute
parameter that gives the exact length of generated involute
proﬁle. As stated in Section 5, from the contact path of
rack and gear mechanism radial distance from pitch point
to the end point of contact can be deﬁned as effective
upper limit of involute parameter. This limit depends on
the transverse section through the face width. Proposed
formula is derived for generalized model of involute gears
mounted on parallel axis.
In Section 6, illustrative examples are given. In
Figures 6–8, the proposed upper limit of involute
parameter is used for generated proﬁle on the right side.
On the left side, generated involute proﬁle ends beyond the
actual tip circle radius of the gear blank. The extended part
should be trimmed.
Beveloid gears can be considered as involute gears with
a linear variable proﬁle shift along the face width. As the
proﬁle shift changes from a negative value to a positive
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Figure 10 displays a solid model of a straight beveloid gear.
In this study, prototypes of straight beveloid gears are also
manufactured by a 3-D printer that runs on fused
deposition modeling (FDM) technology. Figure 11 displays
straight beveloid gears made from polylactide (PLA).

8 Conclusions

Fig. 10. Solid model of a straight beveloid gear.

Fig. 11. 3-D printed straight beveloid gears.

value, undercutting and zero topland can be observed in
several transverse sections of generated gear. Moreover,
helix angle causes asymmetric proﬁle on the plane of
rotation. Figure 8 displays transverse section of a helical
beveloid gear that has different pressure angle on left and
right sides. As the transverse pressure angle decreases the
risk of undercutting increases. To prevent undercutting in
helical beveloid gears rack cutter with asymmetric involute
teeth can be used. Figure 9 displays helical beveloid gear
generated by a rack cutter with an asymmetric tooth ﬂank.
The author used the locus equation of the cutter and
obtained illustrations displaying relative positions of the
cutter during generation by manipulating rolling parameter as p/4  f1  p/4 in the developed code. An example
is illustrated in Figure 9. It has been reported in literature
that the relative positions provide a basis to determine the
chip geometry [28].
Like as in manufacturing cylindrical involute gears,
hobbing tools are used for beveloid gearing. Conventional
gear hobbing machines are arranged with the methods
proposed by Mitome [27]. They are the inclined-work-arbor
taper hobbing method and the table-sliding taper hobbing
method. Also generating grinding wheels can be used.
Hobbing or grinding is simulated by an imaginary rack
cutter in computer applications.
The coordinates of the points on the gear tooth can also
be imported into a CAD software to obtain 3-D models of
gears for 3D Printing. Then it is exported to 3D Printing
Machines where physical model of gears can be obtained.

Generating-type of cutters is widely used in mass
production of involute gears. In this study, mathematical
models of rack cutters and beveloid gears are given, taking
into account the asymmetric involute tooth proﬁle. In the
open literature obtained gear teeth involute proﬁle may
extend above the standard tip circle when using upper limit
of involute parameter for the proﬁle of cutter. Major ﬁnding
in this paper is the concept of analytically derived effective
upper limit of involute parameter. This approach eliminates CAD operations or iterative methods needed to
correct the involute proﬁle exceeding the limit that occurs
when using design parameters in the conventional range.
Examples for different cases are presented to validate the
proposed approach.
Undercutting and zero topland should be checked in
beveloid gears due to varying proﬁle shift from toe to heel.
For helical beveloid gears cutters with asymmetric involute
teeth can be used to prevent the undercutting on the
related side.
The relative positions of the generating cutter can also
be illustrated. Chip geometry can be described from the
relative positions. The description of chip geometry can be
used predicting the tool life and cutting forces for
manufacturing in further studies.
In addition to hobbing and grinding, the additive
manufacturing methods (3D printing) can also be used for
producing beveloid gears. The mathematical model given
in this study can also be used to obtain 3-D models in a
CAD software. 3D CAD models can be obtained from
several transverse sections by using extrude/sweep
operations.
Beveloid gears have found wide application in marine
transmission and automotive industry. Beveloid gearing is
a cheaper means of limiting backlash in precision
mechanisms such as industrial robots. In further studies
based on beveloid gears, mechanical aspects such as friction
and wear can be considered. A wear-modiﬁed model
proposed by Brauer and Andersson can be extended to
helical beveloid gears [26]. Modiﬁcations such as tip
chamfering, parabolic tooth and root free-cut can be
applied to the mathematical model of generating cutter.
These aspects are beyond to the scope of this study.

Nomenclature
bc
ha
ht
mn
mt
lj

tool setting of the rack cutter
tool setting of the rack cutter
tool setting of the rack cutter
normal module
transverse module
curvilinear coordinates of rack cutter where subscript j = a, b, c, d, e, f
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[M1c] coordinate transformation matrix from coordinate
system Sc to S1
nc
unit normal vector of rack cutter surface
position vector rack cutter surface for gear
Ric
generation
position vector of rack cutter normal section where
Rin
superscript i represents regions ac, bd, ce, df , eg
and fh of the rack cutter surface
the family of the rack cutter surfaces
Ri1
radius of base circle of generated gear
rb
radius of pitch circle of generated gear
rp1
radius of tip circle of generated gear
rt
rack cutter coordinate system
Sc
ﬁxed coordinate system
Sf
gear blank coordinate system
S1
T
number of teeth of generated gear
normal pressure angle of the rack cutter (left side)
an1
normal pressure angle of the rack cutter (right side)
an2
transverse pressure angle
at
b
helix angle
d
cone angle
motion parameter
f1
left tip ﬁllet radius of the cutter
r1
right tip ﬁllet radius of the cutter
r2
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