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Abstract. Different approaches on the detection of damages based on dynamic measurement of structures have
appeared in the last decades. They were based, amongst others, on changes in natural frequencies, modal
curvatures, strain energy or ﬂexibility. Wavelet analysis has also been used to detect the abnormalities on modal
shapes induced by damages. However the majority of previous work was made with non-corrupted by noise
signals. Moreover, the damage inﬂuence for each mode shape was studied separately. This paper proposes a new
methodology based on combined modal wavelet transform strategy to cope with noisy signals, while at the same
time, able to extract the relevant information from each mode shape. The proposed methodology will be then
compared with the most frequently used and wide-studied methods from the bibliography. To evaluate the
performance of each method, their capacity to detect and localize damage will be analyzed in different cases. The
comparison will be done by simulating the oscillations of a cantilever steel beam with and without defect as a
numerical case. The proposed methodology proved to outperform classical methods in terms of noisy signals.
Keywords: Damage assessment / modal analysis / wavelet transform / damage indicator / cantilever beam

1 Introduction
Damages such as cracks and pores are inevitable in
aerospace, aeronautical, mechanical and civil engineering
structures during their service life. The study of damages in
structures is an important prospect to evaluate in order to
ensure their safety and prevent collapses. Some structures,
such as large bridges, are required to be continuously
evaluated to detect possible damages and repair them as
soon as possible to never stop their service. Moreover, such
damage identiﬁcations have signiﬁcant life-safety implications.
Structural health monitoring (SHM) is an efﬁcient way
to evaluate the state of a structure. Consequently, it
guarantees safety and efﬁciency of structures throughout
their life. This process involves the measurement of a
structure over time, the extraction of damage-sensitive
features from the measurements and their analysis to
determine the current state of the system. Assessment
methods should be able to diagnose damages at an early
stage, be non-destructive and low-cost. Many methods
were proposed along history to identify problems in
structures. Visual inspection was one of the ﬁrst to appear,
* email: roger.serra@insa-cvl.fr

however detecting cracks is not always possible with this
method since some zones of the structure might be
restricted to sight. Nowadays, cracks are generally being
detected by non-destructive testing methods (ultrasonic
testing, radiographic, X-ray, eddy-current etc.). Vibrationbased structural health monitoring is one of them based on
the fact that a loss of stiffness provoked by damages affects
the dynamic response of the structure. It is mainly
attractive because of its ability to monitor and detect
damage from a global testing of the structure. Thus, it does
not require accessibility and measuring of potentially
damaged areas.
In this paper, a new approach for damage identiﬁcation
based on combined modal Wavelet Transform strategy is
proposed in which the drawback of Cao and Quiao [1]
methodology are dealt with the modal processing presented
in Solis et al. [2]. The result is a noise-robustness approach
that makes use of modal data in a more efﬁcient way. First,
extracted or simulated modal shapes of a damaged beam
are reﬁned in order to reduce random noise and
interferences. The difference between undamaged modal
shapes and the reﬁned ones are weighted depending on the
changes in corresponding natural frequencies. Finally, the
addition of the coefﬁcients of Continuous Wavelet
Transform (CWT) for each difference in modal shapes is
used to localize damages.
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Wavelet background theory is ﬁrstly presented in this
article. Then the proposed methodology is described.
Several numerical examples are provided in order to
compare some of the classical methods with the proposed
one. The numerical data, which involve the calculation of
the ﬁrst few natural frequencies and modal shapes from a
cracked Euler-Bernoulli beam, are obtained with a
commercial software COMSOL. Nine cases with different
crack depth and positions are studied. The inﬂuence of
noise in modal shapes is also presented. To sum up,
conclusions are drawn.

2 Literature review
The ﬁrst approach of using modal analysis for damage
detection relied on that changes in the properties of
structures modify their eigen frequencies of vibration.
Cawley and Adams [3] were one of the ﬁrst to develop a
method based on the shift of more than one frequency that
could yield to the location of the damage. Salawu [4]
presented a review on the use of natural frequency changes for
damage detection. Serra et al. [5], and more recently Gautier
et al. [6] have studied the performance of subspace ﬁtting
methods to detect and locate damages in a structure (G.
Gautier R. S.-M.) [7] and roller bearings [8].
The change in natural frequencies is not considerable
when the damage is small, which makes preventive
maintenance difﬁcult to carry out. As a result, damage
indicators based on vibrational modal shapes were
introduced. They were mainly attractive because the
change in stiffness provoked by the damage is reﬂected
locally in the modal shapes. Allemang and Brown [9]
presented probably the ﬁrst use of mode shape information
for damage detection in a structure. Modal Assurance
Criterion was used to determine if a body ﬂap was damaged
or not. In Kim et al. [10], a comparison between frequencybased damage detection methods and modal shape-based
detection methods was carried out. The authors formulated algorithms for both methods to locate damage and
estimate the size of the simulated crack. They concluded
that changes in modal shapes are much more sensitive
compared to changes in natural frequencies. Coordinate
Modal Assurance Criterion was introduced by Lieven
and Ewins [11], which is conceptually similar to MAC
but it tries to solve the problem of location of the
damage. Pandey et al. [12] introduced the concept
of mode shape curvature for damage localization. In their
study, both a cantilever and a simply supported beam
model were used to demonstrate the effectiveness of
changes in modal curvature as damage indicator to
detect and localize damage. Wahab and De Roeck [13]
found that the modal curvature of lower frequency
vibration modes was in general more accurate than those
of the higher frequency vibration modes. The advantage
of the curvature mode shape over the displacement mode
shape in identifying the location of damage was
demonstrated by Salawu and Williams [14]. Based on
the curvature method, Stubbs et al. [15] proposed the
Damage Index Method, which is the comparison between
square curvatures of the structure before and after the

damage. An approach based on the use of strain energy
to detect and localize damage was presented by Sazonov
and Klinkhachorn [16]. The main drawback of the
mentioned methods is the need to calculate derivatives
numerically. The differential operator entails numerical
error that might be bounded but not negligible. Pandey
and Biswas [17] proposed the use of changes in the
dynamically measured ﬂexibility matrix to detect and
localize damage. They showed that the ﬂexibility matrix
of a structure can be easily and accurately estimated
from a few low frequency vibration modes of the
structure.
Another important approach for damage detection is
based on Wavelet Transform. The Wavelet Transform is a
mathematical tool that decomposes a signal into a localized
time (or scale) and frequency (or scale) domain, as
Daubechies [18] explained. Wavelets are purposefully
crafted to have speciﬁc properties that make them useful
for signal processing. As a matter of fact, Wavelet
Analysis is capable of revealing “hidden” aspects of the
input signal, which in case of SHM are provoked by
damages. The main advantages of Wavelet Analysis is the
ability to perform local analysis of signals, its noise
robustness and the possibility to assess the state of a
structure without the baseline undamaged state of the
structure. The ﬁrst publication considered to mention
Wavelet Analysis as damage indicator is Surace and
Ruotolo in 1994 [19]. Liew and Wang [20] proposed a
damage detection method based on the sudden changes in
the variation of Wavelet Transform coefﬁcients. Hong
et al. [21] and Douka et al. [22] used Lipschitz exponent to
localize and estimate the size of a crack. They came to the
conclusion that the size of the crack can easily be
determined by the coefﬁcients of wavelet transform. Their
results were conﬁrmed both numerically and experimentally. Chen et al. [23] used Lipschitz exponent for the same
reason and proved its efﬁciency with different types of
excitation. They also analyzed the inﬂuence of damage
location and mother wavelets as well as noise in signals.
Wu and Wang [24] used high resolution laser with
Continuous Wavelet Transform (CWT) to measure the
deﬂection proﬁle of a cracked cantilever beam to locate its
damage. Argoul and Le [25] have presented an instantaneous indicator based on continuous cauchy wavelet
analysis. Solis et al. [2] presented a method based on the
addition of the CWT coefﬁcients for different weighted
mode shapes according to the corresponding variation of
the changes in natural frequencies for each one to compute
an overall result along the structure. However, in their
laboratory work they had to apply several impacts in
order to obtain 65 measurement points and reduce the
experimental noise. This methodology can become
expensive and not practical in real cases scenarios.
Discrete Wavelet Transform (DWT) takes into
account much less situations to calculate coefﬁcients
but the analysis will be more efﬁcient in terms of
calculation work. Naldi and Venini [26] in 1997 and Lu
and Hsu [27] in 1999 were one of the ﬁrst to use Discrete
Wavelet Analysis to detect and localize damage. They
analyzed a 1-D structure and ﬂexible strings respectively
and came to the conclusion that this method is capable
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to correctly assess the state of a structure using its
dynamics characteristics. Even though DWT is widely
used in structural and machine health monitoring, it is a
non-redundant decomposition analysis, as Mallat [28]
explains. This provokes DWT to be shift-variant. In a
shift-invariant system, the contemporaneous response of
the output variable to a given value of the input
variable does not depend on when it occurs. This feature
is very important for monitoring systems. To cope with
this issue, Stationary Wavelet Transform (SWT) was
introduced which makes the wavelet transform redundant. A comparison between DWT and SWT is shown
in Zhong and Oyadiji [29] where the authors concluded
that SWT is much more suitable for damage detection
than DWT.
The majority of the studies were numerical. On the
other hand, in the experimental ones like Rucka and Wilde
[30], a great amount of sensors had to be used to deal with
random interferences in the measured data and noise. A
technique called Integrated Wavelet Analysis, which
combines the advantages of SWT and CWT, was proposed
by Cao and Quiao [1]. Their method implements SWT to
reﬁne the modal shapes and then look for damage applying
CWT to the reﬁned modal shape. Masoumi and Ashory
[31] made numerical and experimental studies on this
method to localize cracks. However, they only took into
account the ﬁrst modal shape in their calculations. It is
well known that only one mode shape is not enough for
damage detection since the sensitivity of the mode
depends on the location of the damage.

3 Wavelet background theory
Both the Fourier and Wavelet Transform measure
similarity between a signal and an analyzing function.
The two transforms differ in their choice of analyzing
function. In the Fourier transform, the analyzing
functions are complex exponentials ejwx where x is the
independent space variable. In Wavelet Transform, the
analyzing function is a wavelet c. Wavelets are purposefully crafted to have speciﬁc properties that make them
useful for signal processing. Daubechies [17] and Mallat
[32] developed the principal elements of Wavelet Transform Theory.
A mother wavelet cðxÞ can be deﬁned as an oscillating
function with zero average value:
þ∞

∫ cðxÞdx ¼ 0

∞

ð1Þ

The function c (x) is used to create a family of waveletsca;b ðxÞ:


1
xb
ca;b ðxÞ ¼ pﬃﬃﬃ c
ð2Þ
a
a
Where real numbers a and b are dilation and translation
parameters, respectively.

3

3.1 Continuous Wavelet Transform (CWT)
The CWT compares the input signal f(x) to shifted and
compressed or stretched versions of a mother wavelet c(x).
Stretching or compressing a function corresponds to the
notion of scale. By comparing the signal to the wavelet at
various scales and positions, a function of two variables is
obtained.
For a scale parameter a > 0 and position b, the CWT is
deﬁned as:


þ∞
1
 xb
p
ﬃﬃﬃ
∫ f ðxÞc
dx
ð3Þ
CWT f ða; bÞ ¼
a
a ∞
where c* denotes the conjugate of the mother wavelet. By
varying the values of the scale parameter a, and the
position parameter b, CWT coefﬁcients CWTf (a, b) are
obtained. Regarding the space-scale view of signals, it is
worth analyzing the ability of wavelet to react to subtle
changes or discontinuities in signals. An important feature
of a wavelet is its number of vanishing moments. If a
wavelet has n vanishing moments, then:
þ∞

∫ xk cðxÞdx ¼ 0 for k ¼ 0 . . . n  1

∞

ð4Þ

For any polynomial of smaller order than the number of
vanishing moments, the wavelet will give null values. The
number of vanishing moments indicates how sensitive the
wavelet is to low order signals, and can be chosen to take
into account only certain components of the signal.
It can be mathematically demonstrated [32] that for a
wavelet with n vanishing moments and a fast decay there
exists a function u(x) called smoothing function deﬁned as
follows:
þ∞

cðxÞ ¼

dn uðxÞ
; ∫ uðtÞdt ≠ 0
dxn ∞

ð5Þ

Therefore, a wavelet with n vanishing moments can be
rewritten as the nth order derivative of the smoothing
function uðxÞ. Continuous Wavelet Transform coefﬁcients
can be expressed as:


xb
CWT f ða; bÞ ¼ ∫ f ðxÞ c
dx
a
∞


þ∞
1
dn u x  b
dx
¼ pﬃﬃﬃ ∫ f ðxÞ n
dx
a
a ∞



þ∞ n
an
d
xb
f ðxÞÞu
dx
¼ pﬃﬃﬃ ∫
a
a ∞ dxn
þ∞



ð6Þ

The wavelet transform described previously depends on the
nth derivative of the signal function f (x) smoothed by the
function u (x)at the scale a. Then singularity in a signal
function f (x) can be detected ﬁnding the abscissa where the
maxima of the wavelet transform modulus converge at ﬁne
scales [32]. In the analyzed case, the transition in f (x) will
be caused by a crack and this precisely is the proposed
identiﬁcation method.
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aj;k ¼

3.2 Discrete and Stationary Wavelet Analysis (DWT
and SWT)
Discrete Wavelet Analysis will result in less amount of
information since it is going to be performed only on a
discrete grid of parameters of dilatation and translation.
An arbitrary signal f (x) can be written using an
orthonormal wavelet basis:
XX
dj;k cj;k ðxÞ
ð7Þ
f ðx Þ ¼
j

k

þ∞

dj;k ¼ ∫ f ðxÞcj;k ðxÞdx
∞

ð8Þ

The orthonormal basis functions are generated by dilating
and translating an orthonormal mother waveletc(x):
cj;k ðxÞ ¼ 2j=2 cð2j x  kÞ

ð9Þ

where j and k are the dilation and translation parameters,
respectively. The contribution of the signal at level j is
given by:
dj ðxÞ ¼

n
X

dj;k cj;k ðxÞdx

ð10Þ

k¼1

These coefﬁcients are called detailed coefﬁcients and
provide information on the space behavior of the signal
at different scales. Mallat [32] developed a computationally
efﬁcient method to calculate equations (7) and (8) from
ﬁnite signals, which is called as Multi Resolution Analysis
(MRA). A multiresolution decomposition of a signal is
based on successive decomposition into approximation and
detailed coefﬁcients. In order to implement fast wavelet
transform to perform MRA, DWT and SWT make use of
mother wavelets as well as scaling functions and approximate coefﬁcients, which are related to the mother wavelet.
The scaling function ’ (x) is translated and dilated as
follow:
fj;k ðxÞ ¼ 2j=2 fð2j x  kÞ

ð11Þ

Both functions satisfy the two-scale equation (quadrature
mirror ﬁlters):
2j=2 c

2j=2 f

þ∞
x

X
k ¼
gðn  2kÞfðx  nÞ
2
n¼∞

x
2

þ∞

X
k ¼
hðn  2kÞfðx  nÞ

ð12Þ

ð13Þ

n¼∞

Where {hn} and {gn} are the impulse responses of low-pass
and high-pass ﬁlters, respectively.
The approximate and detailed coefﬁcients at level j can
be calculated from the apprimate coefﬁcients at level j + 1:

ð14Þ

n

dj;k ¼

X
gðn  2kÞajþ1;n

ð15Þ

n

Concerning the deﬁnitions already done, a signal f (x). can
be decomposed up to the Jth level as:
f ðxÞ ¼

X
k

where the coefﬁcients are given by:

X
hðn  2kÞajþ1;n

aj;k ðkÞfj;k ðxÞ þ

J X
X

dj;k ðkÞcj;k ðxÞ

ð16Þ

j¼1 k

Approximation coefﬁcients have information about the
identity of the signal, while detailed coefﬁcients give
information about local discontinuities. DWT is able to
split a multicomponent signal into a group of component
signals. Measured signals are typically a mixture of noise
components with damage-related information. In this
regard, the extraction of damage-related component of
the signal would be useful.
As it was stated, DWT is a non-redundant decomposition which is a serious drawback for damage detection. The
non-redundancy of DWT is caused by the decimation
operation at each level of decomposition, which modiﬁes
the number of sampling points for each level. This
drawback can be solved by using SWT, which is similar
to DWT except that the number of wavelet coefﬁcients at
each level remains equal to the number of sampling points
while when using DWT the reduction of the number of
coefﬁcients is n/2j. SWT doubles the number of input
samples at each iteration. Since SWT also has the
capability of decomposing a multicomponent signal, it is
going to be used to reﬁne the modal shapes and obtain the
damage-related information.
3.3 Wavelet families and properties
There are many different admissible mother wavelets that
can be used in wavelet analysis. The election of the mother
wavelet depends on the signal which is going to be tested. It is
worth remembering that not only the value of the scale and
position affects the value of wavelet coefﬁcients but also the
choice of the wavelet. This choice should be based on a
mathematical analysis of the nature of the signal. However
this analysis is not always clear and the wavelet family is
usually determined by trial and error. The lack of theoretical
investigation on the choice of the optimal mother wavelet
family is a problem since the effectiveness of the application is
directly implicated to the wavelet family.
Some authors, like Ovanesova and Suárez [33] and Cao
and Quiao [1] have brieﬂy studied the most important
wavelet properties. In the case of Stationary Wavelet
Analysis (SWT), the mother wavelet should also have an
explicit scaling function. Ovanesova and Suárez [33], Cao
and Qiao [1] and Prasad et al. [34] took the characteristics
previously described and concluded that reverse biorthogonal wavelets are the most appropriate since they enjoy
merits as orthogonality, short size of support and symmetry.
After this exigency, orthogonal and biorthogonal wavelets
still remain.
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Fig. 1. rbio2.2 wavelet: decomposition (left) and reconstruction (right).

As mentioned above, the number of vanishing
moments is critical for spatial detection of singularities
in wavelet analysis. Cao and Qiao [1] demonstrated that
even number of vanishing moments are more efﬁcient in
showing signal discontinuities. Therefore, if a wavelet
with 2 vanishing modes is used [35], the CWT coefﬁcients
of mode shapes give information about the change in the
second derivatives of mode shapes (modal curvature). It is
well known that changes in curvatures is an efﬁcient
damage indicator. Another way to cope with the number
of vanishing moments is to identify that the ﬁrst modal
shapes can be approximated using polynomials up to
degree not less than 2 but no more than 4. Thus, the
number of vanishing moments of the optimal mother
wavelet should be between 3 and 5. An observation should
be made in this regard. The ﬁrst displacement modal
shapes are considered to be the most accepted for damage
detection since they are stable and easy to measure.
However, new measurement techniques and equipment
are constantly developed. Rucka [36] used a scanning
laser vibrometer and concluded that high vibration
modes are the most sensitive to damage detection. Since
the higher vibration modes require higher polynomials to
approximate them, the number of vanishing modes
should also increase. Douka et al. [21] stated that
wavelet having high number of vanishing moments have
more stable performance.
On the other hand, wavelet with more vanishing
moments have longer support sizes, which induce wider
duration of peaks. This effect worsens the crack location, in
other words, localization worsens as support length
increases. A compromise between the number of vanishing
moments and support length has to be made. For all the
reasons mentioned and after several tests, it was concluded
that the optimal number of vanishing moment for
multiresolution analysis is 4 and for damage detection is
2: Overall, in this work, “rbio4.4” is chosen as the mother
wavelet for SWT and “rbio2.2” for CWT (Figs. 1 and 2).

4 Combined Wavelet Transform strategy for
damage identiﬁcation
In this section, the proposed methodology for damage
identiﬁcation is described in four clear steps once the data
are already obtained in laboratory conditions or by ﬁeld
measurements if possible. As others vibration-based
damage indicators listed in the literature review, the
methodology requires information about the undamaged
and damaged states of the structure. An alternative, when
experimental data is inaccessible, is to perform numerical
simulations and simulate environmental conditions adding
noise on the response. The proposed methodology is
focused on how to deal with modal parameters i.e. modal
shapes and natural frequencies obtained previously with
appropriate methods (Fig. 3).
4.1 Extension of modal shapes
The Wavelet Transform is deﬁned for an inﬁnite interval.
On the other hand, modal shapes signals are spatial thus
they are deﬁned over a ﬁnite interval. When performing
Wavelet Transform, this issue leads to wrong behavior at
the beginning and at the end of the signal. There exist local
changes in the mentioned points since the signal starts and
ﬁnishes, however those discontinuities are not caused by
damage. Damages close to the beginning and end of the
structure can be masked due to the high values of the
coefﬁcients near the edges.
Different approaches to this problem have been proposed
in the literature, like advanced mathematical methods in
Messina and Gentile [37] or more simple ones like smooth
extensions of the signal from beyond the boundaries (Rucka
and Wilde [29], Solis et al. [2]). By equation (2) it is possible to
conclude that higher scales of CWT use more points to
evaluate the signal, hence, the length of the extension of the
signal depends on the scales used in the transform.
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Fig. 2. rbio4.4 wavelet: decomposition (left) and reconstruction (right).

Fig. 3. Proposed methodology based on combined modal Wavelet Transform strategy.

When wavelet analysis is performed in the extended
signal, the edge effect will appear at the end and beginning
of the extended signal. The extended signal with
boundary effects is going to be reshaped after Wavelet
Transform is performed, leaving the original signal free of
edge effects. In this article and after several veriﬁcations, a
cubic linear extrapolation based on four neighboring
points is going to be applied in both ends of the input
signal. Each mode shape was also be normalized by
Euclidean norm to 1.
4.2 Reﬁnement and difference of modal shapes
The combination of SWT and CWT proposed by Cao and
Quiao [1] consists of mode shape reﬁnement by taking
advantage of multiresolution analysis feature from SWT
and then damage revealment using CWT. The reﬁned
modal shapes are the approximate coefﬁcients resulting
from analyzing the input data with SWT. If the
decomposition level performed by SWT is too high, there
is a risk that the discontinuity in modal shapes provoked by
a damage may disappear. Moreover, it depends on the level
of noise presented on the signal. In this work, a two-level

decomposition with SWT will be performed to input modal
shapes to reﬁne them and obtain information related to the
position of the damage.
As already stated, the methodology proposed by Cao
and Quiao [1] does only applies to the ﬁrst mode shape,
which is considered as insufﬁcient for damage detection
since the sensitivity of a mode shape to a local damage
depends on its position. Solis et al. [2] proposed a
methodology to deal with this issue. They recommended
a detection method based on the addition of the coefﬁcients
of the CWT of the difference of modal shapes between
undamaged and damaged states of the structure. Firstly,
the difference of the extended reﬁned modal shapes is
computed:
Fdif ðxÞ ¼ Fdam ðxÞ  Fundam ðxÞ

ð17Þ

After the difference of modal shapes is obtained, Wavelet
Transform of the difference of modal shapes is performed.
The previous step for the ith mode shape is written as:


þ∞
1
xb
CW T i ða; bÞ ¼ ∫ Fidif ðxÞ pﬃﬃﬃ c
dx
a
a
∞

ð18Þ
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4.3 Addition and weighting of mode shapes
Zhong and Oyadiji [38] proposed a damage parameter
based on the addition of the results for all modal shapes.
Radziensky et al. [39] employed the change in natural
frequencies for each mode to deﬁne a damage probability
function which was used to weight the wavelet coefﬁcients
along the beam for each mode shape, and results for each
mode shape were added up. The weighting of the
coefﬁcient is used to emphasize the most sensitive mode
shapes. It is assumed that when the change in natural
frequency is high, the difference between modal shapes
will also be important. This way the modal shapes that do
not change their natural frequencies are almost not taken
into account since they do not bring new information;
what is more, they could become a source of noise.

2
wi
CWT iweighted ða; bÞ ¼ CWT i ða; bÞ  1  undam
widam

ð19Þ

where wiundam and widam are natural frequencies of mode
shape i for undamaged and damaged states, respectively.
The ﬁnal step is to combine the results or each mode shape
by adding them up. The result is a global wavelet
coefﬁcient.
CW T global ða; bÞ ¼

m
X
CWT iweighted ða; bÞ

ð20Þ

i¼1

Where m represent the number of modes added up.
4.4 Normalization and analysis of the results
The value of CWT coefﬁcients rises with the scale. This
issue could leads to a misinterpretation when analyzing
the coefﬁcients for each scale in a scalogram. In fact, the
values for small scales could become masked by those of
higher scales. For this Wavelet Transform reason, the
global Wavelet Transform coefﬁcients are normalized to
the unity for each scale to obtain clearer results:
½CWT norm a ¼

½CW T global ða; bÞa
max½CWT global ða; bÞa

ð21Þ

The normalized version of CWT coefﬁcients is going to be
analyzed to detect and localize damage in the structure.
Based on the analysis previously made, any abrupt change
in the coefﬁcients will be interpreted as the effect of a
structural damage.

5 Results

Fig. 4. Clamped-free beam model.

r = 7870 kg · m3. Geometrical properties of the beam are
length L = 1 m, width W = 0.0258 m and height
H = 0.0053 m. The crack crosses the whole width of the
beam. The width of the crack WC is set to 0.1 mm while its
height HC is a parameter.
The ﬁnite element type employed to perform the mesh
was 3D tetrahedron element provided by COMSOL
software. The number of meshing points is controlled by
the software and depends on the shape of the structure,
thus it changes with the size of the crack. A high meshing
density is applied near the crack area so that its location
can be accurately assessed (Fig. 5).
The displacement of the nodes in the vertical Y
direction of the lower edge of the cantilever beam is selected
to represent the deﬂection of the beam. However, only the
information of 10 equally-spaced nodes was retained to
simulate the position of the sensors along the beam (Fig. 6).
Since damage indicators based on modal shapes require
signiﬁcant amount of points to accurately evaluate the
state of the structure, an interpolation was performed
between the values. Interpolation is also needed when
measuring points are not equally spaced since they would
create a non-uniform sampling input vector. In other
words, damage indicators based on modal shapes must be
applied to a vector with geometrically equally spaced
components. If this was not the case, the measures could be
interpolated to get a new vector which could ﬁt that
requirement. Another use of interpolation is to disregard
measure points that can easily be detected as incorrect,
whether due to noise inﬂuence or any external factor. It is
also worth mentioning that there always should be
measuring points at the end and the beginning of the beam.
That way, the analyzed modal shapes are the result of
the interpolation of the measuring points. Extrapolation,
which could add uncertainties, is never done. In this article, a
cubic interpolation described in [2] was applied to obtain 128
interpolated points as shown in Figure 7.
In accordance with the previous literature review
section, nine damage scenarios are chosen and simulated
to analyze the behavior of damage indicators, where the
position of the damage and its size are varied (Table 1).

5.1 Presentation of the numerical simulation cases

5.2 Selection of modal shapes

A 3D model built with COMSOL is going to be used to
simulate the deﬂection of a clamped-free cracked beam
(Fig. 4). The left end is ﬁxed at the coordinates of the
origin. The material properties used are: Young’s modulus
E = 183.236 MPa, Poisson ratio v = 0.33 and mass density

It is well known that the inﬂuence of a damage becomes
almost imperceptible when it lies near a node of the mode
shape. The effect of damages on modal shapes is in relation
with the position of the modal nodes for each mode shape In
other words, not all the modal shapes have the same
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Fig. 5. Finite element mesh of the beam.

Fig. 6. Position of the accelerometers along the beam.

Fig. 7. The stars correspond to the measured points (10 points) while the dotted points are the interpolated modal shapes (128 points).
Points beyond of the vertical lines are removed after the transform is performed.

Table 1. Damage cases studied.
Damage case

1

2

3

4

5

6

7

8

9

Location ðLc Þ½mm
Severity (Hc/H)[ % ]

100
1

100
10

100
25

500
1

500
10

500
25

900
1

900
10

900
25
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Table 2. Frequencies and MAC coefﬁcient for each modal shape for the damage scenario Case 5 (Lc = 500 mm, Hc/
H = 10%). Identiﬁcation of the most sensitive mode shape weighting of modal shapes in order to reduce those unwanted
effects.
Mode

1

2

3

4

5

6

Undamaged frequencies [Hz]
Damaged frequencies [Hz]
Relative difference of frequencies [%]
MAC coefﬁcient

4.1311
4.12355
0.1846
0.99999

25.8896
25.6877
0.77981
0.99993

72.4918
72.4916
0.00025
0.99999

142.055
140.976
0.75897
0.99958

234.827
234.819
0.00320
0.99999

350.791
348.17
0.746
0.99881

Fig. 8. Comparison of damage indicators for the Case 1: a) Strain Energy Damage Indicator, b) Damage Index Indicator, c) Modal
Shape Curvature Indicator, d) SWT+CWT Wavelet Analysis.

sensitiveness to a particular damage. Furthermore, more
important changes in natural frequencies are expected for
the most sensitive modal shapes. To illustrate this effect,
changes in natural frequencies and in Modal Assurance
Criterion (MAC) in Table 2 are shown for Case 5.
Concerning the changes in natural frequencies, it is
possible to conclude that modes 1, 2, 4 and 6 are the most
sensitive to the particular damage scenario. On the other
hand, modes 3 and 5 almost does not show any change but
it’s completely normal due to the damage position and node
of vibration of these modes. This conclusion can be
reinforced by analyzing MAC coefﬁcients since they show
the correlation between the analyzed mode shape and its
undamaged version (value of 1). In other words, damage
detection and localization cannot rely in only one single
mode shape. This scenario justiﬁes the weighting of modal
shapes in order to reduce those unwanted effects.

On the other hand, mode 6 may be able to offer useful
information, however ten sensors are not considered
enough to correctly interpolate it. Therefore, for the rest
of the paper there are analyzed the ﬁrst 4 modes, since from
a practical point of view, the lowest modal shapes are the
most suitable to obtain.
5.3 Effects of crack location and size
The proposed methodology based on Wavelet Transform
will be compared with some of the most known damage
indicators in the bibliography: Strain Energy Damage
Indicator (SEDI), Damage Index Indicator (DI) and Modal
Shape Curvature (MSC).
Figures 8–16 show the behavior of damage indicators
for all damage cases, which are described in Table 1.
Figures 7–9 conﬁrm the hypotesis already made that the
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Fig. 9. Comparison of damage indicators for the Case 2: a) Strain Energy Damage Indicator, b) Damage Index Indicator, c) Modal
Shape Curvature Indicator, d) SWT+CWT Wavelet Analysis.

beginning of the beam is a problematic zone to detect and
localize damage. In Figure 7, it can be objected that SEDI
completely fails to locate the damage when it is small and
close to the beginning of the beam. On the other hand, the
maximum absolute coefﬁcients of DI and MSC do not
coincide with the actual position of ﬁssure. However the
inﬂuence of computational noise is remarkable; on a
practical situation, a smaller damage may be hidden in
those situations. Figures 8 and 9 show that these effects are
reduced when the damage size is increased since the
difference between the high values produced by the damage
and those provoked by noise increases. In the case of
Wavelet Analysis, damage’s location is correctly assessed
and does not give doubts about the actual position of the
damage.
Figures 10–12 show the behavior of damage indicator
when the damage is in the middle of the beam. The
maximum absolute coefﬁcients of SEDI, DI and MSC do
coincide with the actual position of the damage for the
three cases; the estimation on the location of the damage is
exact. On the other hand, the location of these damage
indicators is not precise since uncertain zones are presented
near the maximum coefﬁcients. In Figure 10 the peaks on
both sides of the maximum coefﬁcients may be easily
confounded with two independent damages. This effect is
attenuated when the size of the damage increases. In the
case of Wavelet Analysis, this problem is partly solved by
weighting the modal shapes that may introduce noise to
the ﬁnal result.

Figures 13–15 illustrate that damages in the end zone of
the beam are the most easily located. All indicators can
detect and correctly assess the location of the damage.
Moreover, the computational noise is less compared to the
one in the beginning and middle cases. Wavelet Analysis
has also the most solid performance in these cases since the
computational noise is almost imperceptible.
5.4 Accuracy of damage location
To compare the accuracy of damage location, the position
of the maximum absolute coefﬁcients for each damage
indicator is considered as its estimation to damage’s
position (Table 3). In the case of CWT, a multiscale
analysis is performed which gives different coefﬁcients for
each scale. By equation (2) it can be deduced that big scales
are prone to general characteristics of the signal while small
scales are more sensitive to local events. Since damages
provoke a local discontinuity in modal shapes, scale 5 is
chosen in this paper to evaluate the location accuracy of
wavelet methodology. For the nine cases illustrated in the
Figures 7–15, it can be concluded that the damage
localization accuracy of the analyzed damage indicators
does not depend on the size of the damage. The location
accuracy of damage indicators should be analyzed with
respect to the spatial distance between the simulated
sensors. In the proposed case, the corresponded distance is
0.1 m, therefore a threshold of 0.1 m to both sides of the
certain location of the damage can be deﬁned.
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Fig. 10. Comparison of damage indicators for Case 3: a) Strain Energy Damage Indicator, b) Damage Index Indicator, c) Modal Shape
Curvature Indicator, d) SWT+CWT Wavelet Analysis.

Fig. 11. Comparison of damage indicators for Case 4: a) Strain Energy Damage Indicator, b) Damage Index Indicator, c) Modal Shape
Curvature Indicator, d) SWT+CWT Wavelet Analysis.

12

R. Serra and L. Lopez: Mechanics & Industry 18, 807 (2017)

Fig. 12. Comparison of damage indicators for Case 5: a) Strain Energy Damage Indicator, b) Damage Index Indicator, c) Modal Shape
Curvature Indicator, d) SWT+CWT Wavelet Analysis.

Fig. 13. Comparison of damage indicators for Case 6: a) Strain Energy Damage Indicator, b) Damage Index Indicator, c) Modal Shape
Curvature Indicator, d) SWT+CWT Wavelet Analysis.
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Fig. 14. Comparison of damage indicators for Case 7: a) Strain Energy Damage Indicator, b) Damage Index Indicator, c) Modal Shape
Curvature Indicator, d) SWT+CWT Wavelet Analysis.

Fig. 15. Comparison of damage indicators for Case 8: a) Strain Energy Damage Indicator, b) Damage Index Indicator, c) Modal Shape
Curvature Indicator, d) SWT+CWT Wavelet Analysis.
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Table 3. Position of maximum coefﬁcient for each damage indicator vs position of the ﬁssure.
Position of the damage

SEDI

DI

MSC

Wavelet

Lc = 0.1 m
Lc = 0.5 m
Lc = 0.9 m

0.0945
0.4961
0.9055

0.0938
0.5000
0.8984

0.0938
0.5000
0.8984

0.1016
0.5000
0.8984

Table 4. Relative position of maximum coefﬁcient for each damage indicator vs position of the ﬁssure, regarding the
spatial distance between simulated sensors (0.1 m).
Position of the damage

SEDI

DI

MSC

Wavelet

Lc = 0.1 m
Lc = 0.1 m
Lc = 0.1 m

0.0551
0.0394
0.0551

0.0625
0
0.0156

0.0625
0
0.0156

0.0156
0
0.0156

Fig. 16. Comparison of damage indicators for Case 9: a) Strain Energy Damage Indicator, b) Damage Index Indicator, c) Modal Shape
Curvature Indicator, d) SWT+CWT Wavelet Analysis.

The spatial distance between sensors can be taken into
account with the following formula:
Lrelative ¼ j

Lresult  Lc
j
Dsensors

ð22Þ

where Dsensors is the spatial distance between simulated
sensors, Lc is the real positon of the damage and Lresult is
the damage location estimated by damage indicators.

If the indicator result is within the threshold zone, the
estimation of damage position can be assessed as correct. In
terms of Table 4, a good assessment of damage location is
indicated with coefﬁcients lesser than 0.1. When the damage
was located close to the beginning of the beam, only Wavelet
Analysis and MSC indicators were able to assess its position
with accuracy. In the middle case, all the indicators proved to
have the same level of performance. In the last case, Wavelet
Analysis and SEDI gave good enough results while the
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Fig. 17. Comparison of damage indicators for Case 3 with noisy signals: a) Strain Energy Damage Indicator, b) Damage Index
Indicator, c) Modal Shape Curvature Indicator, d) SWT+CWT Wavelet Analysis.

Fig. 18. Comparison of damage indicators for Case 6 with noisy signals: a) Strain Energy Damage Indicator, b) Damage Index
Indicator, c) Modal Shape Curvature Indicator, d) SWT+CWT Wavelet Analysis.
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Fig. 19. Comparison of damage indicators for Case 9 with noisy signals: a) Strain Energy Damage Indicator, b) Damage Index
Indicator, c) Modal Shape Curvature Indicator, d) SWT+CWT Wavelet Analysis.

assessment of DI was almost perfect. On the other hand,
MSC fails in this case. Overall, it can be concluded that the
methodology based on Wavelet Analysis is the most
trustworthy in terms of accuracy of damage detection since
in all the cases the assessed position of the damage position
was close enough to the real position of it.
5.5 Inﬂuence of noise
In order to evaluate the detectability of damage indicators
in real measurement conditions, normal distributed white
noise was added to the modal shapes. The measurement of
noise intensity added, deﬁned as the power of the desired
signal to the noise power, was SNR = 65%.
Crack localization is easier in case of large damage since
if it was small, it can be easily confounded with noise. In
fact, Figures 17–19 show the behavior of damage
indicators to noisy signals for Cases 3, 6 and 9 for small
damage ratio. Clearly Wavelet Analysis outperforms
classical indicators in terms of noisy signals, giving
accurate and precise assessment of damage location in
all the cases. On the other hand, classical indicators were
not able to cope clearly with the challenge.
A multiscale analysis using CWT can also be performed
to identify the damage position in a noisy signal. It is well
known that wavelet coefﬁcients increase with the scale in
presence of a discontinuity. Figure 20 is a 3D plot of the
wavelet coefﬁcients without normalization of Case 6. Local
maximum can be detected in different positions along the
beam. However, those coefﬁcients do not decrease with
scale smoothly; on the other hand, they tend to be
constant. This behavior can be used as a tool to

differentiate the effect of the damage to the effect of the
noise by looking at the decay behavior of wavelet
coefﬁcients. It can be seen that at x ¼ 0:5 m the decay
behavior is more important than in the rest of the beam,
which indicates the presence of a damage.

6 Conclusions
A methodology for identifying damage in structures was
proposed. The fundamental modal shapes of a potentially
damaged structure are reﬁned with SWT multiresolution
analysis to separate noise and intererences components
from damage-related information. The differences between
the reﬁned modal shapes and those corresponding to the
safe state of the structure are afterwards computed. CWT
is applied, due to its ability to perform multiscale analysis,
to the difference of mode shapes. The resulting coefﬁcients
are weighted depending on the changes in natural
frequencies to reduce the potential sources of noise.
Finally, the coefﬁcients are added up and normalized to
obtain a single result which enables fast detection and
location of the damage. A comparison between the
proposed methodology and well-known classical indicators
was carried out. The results proved that the proposed
algorithm gives better results than classical indicators with
regard to accurate location of damage. It also showed
indiference to the size of damage, showing sensitivity to
little damages. Furthermore, the proposed methodology
outperforms the previous indicators capacity of detecting
and locating damages in the presence of noise. In the futur,
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Fig. 20. Three-dimensional plot of wavelet coefﬁcients for noisy data, Case 5.

the methodology will be tested with experimental data in
order to validate its efﬁciency in real cases.
[8]
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