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Abstract. The semi-analytical transient solutions of fully thermomechanical coupling for sliding contact have
been deduced by using the plane-point heat source equivalent method, the thermoelastic displacement potential
and the central difference method. To improve the calculated efficiency, the discrete convolution and fast
Fourier transform are applied. The effects of coupled term, sliding velocity, frictional coefficient and initial
temperature on temperature rise and the influence of thermal behavior on stress are studied. Results indicate
that the coupled term can significantly affect the temperature rise for high velocity and it can be ignored for low
velocity; the temperature rise is sensitive to the sliding velocity and the frictional coefficient; the Mises stress on
the contact patch is decreased when considering thermal effect.

Keywords: Sliding contact / fully thermomechanical coupling / semi-analytical transient solutions /
temperature rise / stress
1 Introduction

The dissipative mechanical energy due to the frictional
work during the sliding contact process is transformed into
frictional heating, which leads to temperature rise in the
contact bodies. This thermal phenomenon exists widely in
engineering applications and can significantly affect the
mechanical properties of contact bodies. The knowledge of
the thermoelastic stress field in sliding solid bodies is
essential for accurate fatigue life and strength analysis
because the total stress is comprised of the thermal stress
and elastic stress. The thermal and mechanical analyses
should be fully coupled and conducted simultaneously in
sliding contact.

An overview of thermoelastic mechanics has been
summarized in Johnson’s book [1] and Yan’s book [2].
The instantaneous point heat source solution and the
heat source method proposed by Jaeger [3] are commonly
used to solve various complicated heat transfer problems
in tribology and manufacturing processes [4,5]. Accord-
ing to the heat source method, Hou [5] developed the
comprehensive solutions for stationary/moving plane
heat sources of various shaped. Levin [6] suggested that
Jaeger’s solution for the quasi-steady-state problem of
moving heat source is inconsistent with the character of
source intensity, he gave the improved fundamental
supfsun@sina.com
solutions of various heat source (such as point, line and
circular) by exponential transformation of moving
coordinates, and the comparison between Jaeger’s
solution and fundamental solution was conducted to
explain the issue he pointed out. Bosman [7] developed a
semi-analytical transient temperature model by discre-
tizing arbitrary shaped heat source into uniform square
heat source, the method adopted here actually applied
the idea of calculus. This solution is appropriate for
microcontact and macrocontact. However, it can be only
used to solve the surface temperature of bodies and
cannot be used to analyze the temperature below the
surface. Even so, his work is quite a useful reference in
terms of temperature analysis. The separation of
variables is also an effective feasible method for exploring
the analytical solution of heat conduction equation
[8–10]. Kuo et al. [9] investigated the 3-D heat
conduction problem with a rectangular-shaped moving
plane heat source by applying the method of separation
of variables, the temperature rise expressions derived are
similar to the form of solutions obtained through the heat
source method. Nevertheless, the solutions of moving
heat source presented by Araga et al. [9] and Belghazi
et al. [10] are not convenient to use due to the
complicated construction. Hamraoui et al. [11] presented
an exact analytical solution of temperature in the form of
series, but each term of expression is computed
impossibly in actual application, as a result, his solution
is still approximate. In addition, the solution is valid for
the case of uniform heat source, steady- state and
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cylindrical coordinate, which leads to a limited applica-
tion scope.

Kennedy et al. [12], a brief review of the earlier work in
terms of contact temperature, pointed out that although
analytical solutions of contact temperature are readily
available, most of them do not consider the potentially
important factors such as surface roughness, convective
cooling or finite body geometry. To select the simple,
accurate, and easy-to-use expressions that can be used to
predict contact temperatures, Kennedy et al. [13] consid-
ered a variety of models for temperature rise, and the
predictions of those models were compared with finite
element thermal models of sliding contacts, the evaluations
show that the models suggested by Alilat et al. [14] and
Laraqi et al. [15] gave a more accurate representation of
nominal steady-state temperature rise. Bansal et al. [16]
studied the accuracy of approaches presented by Blok [17],
Jaeger [3] and Tian and Kennedy [18] for the estimation of
maximum and average temperatures at the interface for
the case of sliding contacts, it was found that the accuracy
of formulas developed by Tian and Kennedy is the highest,
and the typical errors of the method presented by Blok less
than 3%, whereas Jaeger’s hypothesis leads to the accuracy
that has typical errors of around 6%. Based on this
research, Tian and Kennedy’s formulas are the first choice,
followed by Blok’s method, and Jaeger’s method at last for
calculating the maximum and average temperature rise.
Wu et al. [19] used the formulas developed by Tian and
Kennedy when analyzing the characteristics of contact
temperature under three-body dry friction conditions.

In addition to the analytical and semi-analytical models
mentioned above, the numerical method is prevalent
method for studying the contact temperatures recently, of
which the finite element method is the most widely used,
such as the thermal analysis of automotive brake, gear
drives, etc. [20–23]. However, the foregoing literatures
involving thermal do not consider the effects of thermo-
mechanical coupling. Research manifested that the
thermomechanical effect plays a significant role in the
variation of contact temperature and pressure in some
cases [24].

In view of the mathematical complexity in thermo-
mechanical problems, the finite element method has been
widely used to investigate the contacts which involve
frictional heating [25–28]. The finite element thermome-
chanical models developed by Hwang [25] and Balci [26] are
a one-way coupling, which only consider the effects of
thermal on mechanical, and Balci’s model is suitable for 2-
D thermomechanical analysis. Comparing to the numerical
methods, analytical methods have contributed to under-
stand the essence of thermomechanical coupled problems if
the analytical solutions of problems could be obtained.
Kennedy [29] reviewed the significant developments in the
research of thermomechanical phenomena. Liu and Wang
[30] investigated the 3-D thermomechanical contact of non-
conforming rough surfaces and derived the analytical
solutions using the integral forms of known Green’s
functions; however, the solutions presented are adjusted
to small Peclet numbers and steady-state heat transfer.
They also illustrated and discussed the thermoelastic stress
field inside a translating half-space with constant velocities
by using the discrete convolution and fast Fourier
transform method when a parabolic type or an irregularly
distributed heat source is applied [31]. Chen andWang [32]
developed a three-dimensional thermoelastoplastic contact
model for counterformal bodies, which considers steady
state heat flux, temperature-dependent strain hardening
behavior, and interaction of mechanical and thermal loads.
Wang and Ai [33] established an extended precise
integration model to analyze the thermomechanical
behavior of multilayered transversely isotropic materials,
and the actual solutions were obtained by adopting
numerical quadrature schemes for the Laplace-Fourier
transform inversion. Altan et al. [34] studied the elastic-
plastic thermal stresses of the composite disc under known
temperature rise by using the Fortran computer program.
Zhang and Xiang [35] proposed a semi-analytical method
for calculating the displacement and stress induced by heat
transfer using Goodier’s thermoelastic displacement po-
tential and Laplace transform, but the thermal response
was not influenced by the mechanical response. Kulchyt-
sky-Zhyhailo et al. [36] studied the thermal stresses for two
extreme cases of an axially symmetric contact problem
with frictional heat, i.e. the unloaded bounding surfaces of
bodies are thermally insulated and the temperature of
outside of contact area is zero. It was found that the
thermal stresses in both cases differ considerably.

Although the previous works have contained very
useful information and insight into the temperature and
stress fields in solids due to the stationary/moving heat
source or the sliding friction, the comprehensive study of
the semi-analytical transient solutions of fully coupled
thermomechanical problem for the sliding contact are
inadequate. Therefore, the main objective of present
research was to deduce the systematic semi-analytical
transient solutions of fully coupled temperature and stress
fields for the sliding contact based on the heat source
method and the thermal-elastic displacement potential.
Results of temperature rise because of different variables
and the effects of thermal behavior on stress fields are
discussed and analyzed. The phenomenon of sliding friction
exists widely in the field of machinery, such as gears,
bearings and so on. Thework done in this paper can provide
some theoretical support for the research of thermome-
chanical coupled problem in the mechanical field.
2 Hypotheses and model description

The following necessary hypotheses are made in the
contact model development for obtaining the semi-
analytical transient solutions of temperature rise and
stress:

–
 the material of contact bodies is same and they are
perfectly elastic solids, the deformation is small;
–
 the contact is dry friction or boundary lubrication and
the sliding friction coefficient is constant. Without
considering the effects of the surface curvature micro-
change and roughness;
–
 the area outside of the contact patches is assumed to be
adiabatic, all of the dissipative mechanical energy due to
the frictional work is converted into heat, and it is
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Fig. 1. The sliding contact between non-conforming surfaces.
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completely absorbed by two contact bodies with no loss
of heat to the surroundings. The bodies have an initial
temperature of uniform distribution.

In order to illustrate the universality of the problem, the
sliding contact of non-conforming surfaces is the object of
the fully coupled thermomechanical investigation, as
shown in Figure 1a. The dimensions of the interface V
between contact bodies, which are subject to the normal
load Fn, are generally small when compared to the
characteristic size of the bodies. Hence, each contact body
can be treated as a half-space elastic solid, as shown in
Figure 1b. In the figure, the symbolV is the sliding velocity
of body 2 relative to body 1. The symbol Vp is the moving
velocity of contact patch,Vp=V for the body 1, andVp=0
for the body 2. The coordinate system o-xyz is fixed with
the contact body, the initial contact point is the coordinate
origin and the contact surface is the xy-plane; the
coordinate system o 0-x 0y 0z 0 is connected with the contact
patch V and the center of patch is the coordinate origin.
The positive of x-axis (or x 0-axis) is regarded as the moving
direction of contact patch. The two coordinate systems
coincide under the initial state.

The interface V has to be subjected to the distributed
normal pressure p(x 0,y 0), tangential traction s(x 0,y 0) and
heat flux q(x 0,y 0) due to the friction of the contact bodies. If
the two bodies are same, the tangential traction does not
disturb the distribution of normal pressure, and contact
characteristics are determined by the profiles of the two
surfaces and the normal force [1], so the law between them
can be expressed as

pðx0; y0Þ ¼ p0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðx0=aÞ2 � ðy0=bÞ2

q
; ð1aÞ

sðx0; y0Þ ¼ fpðx0; y0Þ; ð1bÞ

qðx0; y0Þ ¼ fV pðx0; y0Þ; ð1cÞ
where p0 is the centeral pressure of the Hertzian contact
ellipse; a and b are the semi-axes of the ellipse in the x 0 and
y 0 direction respectively; f is the sliding friction coefficient
on the interface.

3 Decouple of governing equations

Based on the above assumptions and simplified model,
ignoring the influence of the volume force and the inertia
term, the thermomechanical coupling governing equations
can be denoted as

G
∂2ux

∂x2
þ ∂2ux

∂y2
þ ∂2ux

∂z2

� �
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∂y2

þ ∂2u
∂z2

� �
¼ du

dt
þ bT 0

rc

de
dt

;

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

ð2Þ

where l and G are Lame’s constants. b is thermal stress
coefficient, b=Ea/(1�2m). E, m and a are the Young’s
modulus, Poisson ratio and thermal expansion coefficient,
respectively. r is the density of material. kd is the thermal
diffusivity, kd= k/rc. k and c are the thermal conductivity
and specific heat capacity respectively. uz (z= x, y, z) is the
displacement components. e is the volumetric strain. u is
the temperature rise, which equals to the difference of the
temperature at time t and the initial temperature,
u=Tt�T0.

The temperature field and the stress field (or strain
field) are fully coupled, they interact with each other.
Therefore, the governing equations should be decoupled
firstly for obtaining the transient solutions of the coupled
thermomechanical contact if we want to use the analytical
method. The approach that introduces the thermoelastic
displacement potential F is used to do it, and then the
decoupled governing equations can be obtained

∂2F
∂x2

þ ∂2F
∂y2

þ ∂2F
∂z2

¼ bu

lþ 2G
; ð3Þ

∂2u
∂x2

þ ∂2u
∂y2

þ ∂2u
∂z2

¼ 1

k0d

du

dt
: ð4Þ

Here; 1=k0d ¼ 1þ b2T 0

rcðlþ 2GÞ
� �

=kd:

4 Semi-analytical transient solutions for
contact bodies

4.1 Temperature rise

The basis for the heat source method is the solution for the
instantaneous point heat source [3], i.e.

uðx; y; z; tÞ ¼ Q

rcð4pkdtÞ3
2
e� R2

4kdt ; ð5Þ

where Q is the amount of heat liberated by the
instantaneous point heat source; R2= (x�x0)

2+ (y�y0)
2+

(z�z0)
2, (x0, y0, z0) is the coordinate of the point heat

source. The following classical Fourier heat conduction
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equation can be satisfied with the equation (5)

∂2u
∂x2

þ ∂2u
∂y2

þ ∂2u
∂z2

¼ 1

kd

du

dt
: ð6Þ

It is obvious that the equations (4) and (6) are identical
in form, and the only difference is the coefficients in each
equation. Therefore, the temperature rise considering the
thermomechanical coupling due to the plane heat source of
half-space elastic solid is deduced based on the solution of
the instantaneous point heat source.

For the body 1, it can be equivalent to a half-space
elastic solid which is subjected to an elliptical moving plane
heat source on the surface, as shown in Figure 2. In order to
analyse the temperature rise of the arbitratry point in
contact body at the observation time t, a new time
parameter t (known as the historical time) is required. The
elliptic heat source is moved from the initial position to
the dotted-line position in the graph at the t moment. The
infinitesimal A-area on the moving elliptic heat source is
taken, and the heat acting on the A-area in the dt time is
expressed as

dQA ¼ gqðx0; y0Þdx0dy0dt ¼ gfV pðx0; y0Þdx0dy0dt; ð7Þ
where g is the heating partition coefficient (the amount of
heat absorbed by the body 1 accounts for the proportion of
the total frictional heating). It is inconvenient to determine
the complete heating partition coefficient by doing a
specific numerical analysis for each sliding cantact case,
most investigators have used an approximation, such as the
one first made by Blok [17]. Blok’s criterion determined the
heating partition coefficient can be expressed as

T 1max ¼ T 2max: ð8Þ
The temperature rise of the arbitrary point (x, y, z) in

contact body 1 at the observation time t, which is induced
by the heat dQA, can be written as

du1 ¼ dQA

4rc½pk0dðt� tÞ�32 e
� R2

1
4k0d t�tð Þ ; ð9Þ

here R1 ¼ ½ðx� x0 � V tÞ2 þ ðy� y0Þ2 þ z2�1=2:
On the level of theory, the integration of the equation
(9) over the entire contact ellipse and the entire time
obtains the temperature rise at any point as well as at any
observation time in the body 1. The integral operation
may be easier if the shape of the heat source is rectangular,
but for the general shape of the heat source, even with the
use of numerical integration, this integral operation may
also be very difficult. The method of direct integration is
not adopted in this paper. The semi-analytical transient
solution of the temperature rise for the contact body is
deduced by using an equivalent moving point heat source
instead of the moving plane heat source. As shown in
Figure 2, an equivalent moving point heat source dQe is
assumed at the center of the contact ellipse, and the
associated temperature rise is equal to the result
generating by the dQA at arbitrary point and arbitrary
time in the contact body. Then the problem of moving
plane heat source can be equivalent to the issue of moving
point heat source, and the works may become relatively
simple.

Due to the hypothetical equivalent moving point
heat source dQe, the temperature rise at arbitrary
point and arbitrary time in the contact body 1 is
expressed as

du1 ¼ dQe

4rc½pk0dðt� tÞ�32 e
�ðx�V tÞ2þy2þz2

4k0dðt�tÞ : ð10Þ

As shown in Figure 3, the three-dimensional region near
the interface is selected as the computational target zone
for the correlation fields. The region is discretized into
M�N�L elements. The pressure on the area outside the
contact ellipse is zero. It is assumed that the pressure acting
on each element on the surface is uniform distribution [37].
The assumed equivalent moving point heat source Qe
corresponding to the plane heat source at the tmoment can
be expressed as the following semi-analytical form by
uniting the equations (7), (9)–(10) and integrating over the
interface
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Qe ¼ gfV pk0dðt� tÞeðx�V tÞ2þy2

4k0dðt�tÞ dt
XM
i¼1

XN
j¼1

pðx0
i; y

0
jÞ

erf
x�V t�x0

iþDx0=2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k0dðt� tÞ

p � erf
x�V t � x0

i � Dx0=2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k0dðt� tÞ

p
 !

erf
y� y0j þ Dy0=2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k0dðt� tÞ

p � erf
y� y0j � Dy0=2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k0dðt� tÞ

p
 !

: ð11Þ

To make t0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k0dðt� tÞ;

p
according to the solution of

instantaneous point heat source, the temperature rise of
the arbitrary point in the contact body 1 at the tmoment is
expressed as

u1 x; y; z; tð Þ¼ C1

XM
i¼1

XN
j¼1

pðx0
i; y

0
jÞI1ðx� V t� x0

i; y� y0j; zÞ;

ð12Þ

where C1 ¼ gfV =ð2 ffiffiffi
p

p
rck0dÞ;

I1ðx; y; zÞ ¼ ∫
ffiffiffiffiffiffi
k0dt

p
0 e� z

2t0ð Þ2

erf
xþ Dx0=2þ V t02=k0d

2t0
� erf

x� Dx0=2þ V t02=k0d
2t0

 !

erf
yþ Dy0=2

2t0
� erf

y� Dy0=2
2t0

� �
dt0:

The equation (12) can be regarded as the operation of
discrete convolution with considering the transformation
relation between coordinate systems o-xyz and o0-x’y0z0,
therefore the discrete convolution and fast Fourier
transform technique can be applied to improve the
computational efficiency. To facilitate the presentation,
the pi,j is used to denote the pressure p(x0i, y0j) of the
element (i, j) on the surface, and the Im�i;n�j;l

1 is used to
denote the influence of the pressure pi,j on the temperature
rise of the specified point (xm, yn, zl), i.e. pi,j= p(xi, yj),
Im�i;n�j;l
1 ¼ I1ðxm � V t� x0

i; yn � y0j; zlÞ. The discrete
convolution form of the equation (12) is expressed as

u1ðxm; yn; zl; tÞ ¼ C1pm;n
∗∗Im;n;l

1

¼ C1IFFTð~~p � ~~I 1Þ; ð13Þ

where m=1, 2,…, M; n=1, 2,…, N; l=1, 2,…, L; The sign
“**” denotes the two-dimensional discrete convolution
operation; “≈” denotes the two-dimensional discrete fast
Fourier transform; “IFFT” represents the inverse fast
Fourier transform. For Matlab, the two-dimensional
discrete convolution operation is only a directive, which
is very convenient to use. Of course, we can also calculate
the temperature rise using the fast Fourier transform based
on the discrete convolution theorem.
For the body 2, it can be treated as a half-space elastic
solid which is subjected to the elliptic stationary plane heat
source on the surface due to Vp=0. Then the temperature
rise of the arbitrary point and arbitrary time in the body 2
is expressed as

u2ðx; y; z; tÞ ¼ C2

XM
i¼1

XN
j¼1

pðx0
i; y

0
jÞI2ðx� x0

i; y

� y0j; zÞ; ð14Þ

here C2 ¼ ð1� gÞfV =ð2 ffiffiffi
p

p
rck0dÞ;

I2ðx; y; zÞ ¼ ∫
ffiffiffiffiffiffi
k0dt

p
0 e� z

2t0ð Þ2 erf
xþ Dx0=2

2t0
� erf

x� Dx0=2
2t0

� �

erf
yþ Dy0=2

2t0
� erf

y� Dy0=2
2t0

� �
dt0:

And the discrete convolution form

u2ðxm; yn; zl; tÞ ¼ C2pm;n � �Im;n;l
2

¼ C2IFFTð~~p � ~~I 2Þ: ð15Þ

Although the above semi-analytical transient solutions
are developed based on the elliptical heat source and the
Hertzian pressure distribution, they are equally effective
for other shaped heat sources, (e.g. rectangular, circular or
even irregular shapes) and pressure distribution patterns
(parabolic, homogeneous, etc.). For various heat sources,
the corresponding temperature rise can be obtained by
altering the pressure distribution in the above-mentioned
formulas.
4.2 Stress

Total stress of contact body can be decomposed into two
parts: elastic stress produced by the surface distributed
tractions p(x0, y0) and s(x0, y0), and the thermal stress
caused by temperature variation u,

ss
hz ¼ se

hz þ st
hz ðh; z ¼ x; y or zÞ: ð16Þ

The elastic stress se
hz near the contact interface is given

by [37–39]

se
hzðxm; yn; zlÞ ¼

XM
i¼1

XN
j¼1

pi;j Dm�i;n�j;l
phz þ fDm�i;n�j;l

shz

h i
;

ð17Þ
where Dm�i;n�j;l

phz and Dm�i;n�j;l
shz are the influence coef-

ficients for the normal pressure and the tangential
traction, respectively, the detailed expressions are listed
in Appendix.

Because of the similar expressions of the temperature
rise for contact bodies, the identical approach and principle
is employed to analyze the thermal stress field of the
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contact body 1 or body 2 due to the temperature variation.
For the body 1, the alternative expression of the
temperature rise generated by the moving plane heat
source is given as

u1ðx; y; z; tÞ ¼ gfV

4rc

XM
i¼1

XN
j¼1

pi;j∫t0∫
xiþDx0=2
x0i�Dx0=2∫

y0jþDy0=2
y0j�Dy0=2

� 1

½pk0dðt� tÞ�32 e
� R2

1
4k0dðt�tÞ dx0dy0dt: ð18Þ

Substituting the equation (18) into the (3), then

∇2F ¼ C3

XM
i¼1

XN
j¼1

pi;j∫t0∫
x0iþDx0=2
x0i�Dx0=2∫

yjþDy0=2
y0j�Dy0=21

� ½pk0dðt� tÞ�32 e� R2
1

4k0dðt�tÞ dx0dy0dt; ð19Þ

where C3 ¼ bgfV
4rcðlþ2GÞ, ▽

2 is Laplace operator.
The following transformations are conducted for the

integral variables

x ¼ x0 � x0
i; y ¼ y0 � y0j; t ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k0dðt� tÞ:

q

And then the particular solution of the equation (19) is
expressed as

F�
1 x; y; z; tð Þ ¼ � C3

pk0d

XM
i¼1

XN
j¼1

pðx0
i; y

0
jÞC1ðx� V t

� x0
i; y� y0j; zÞ; ð20Þ

here,

C1 x; y; zð Þ ¼ ∫2
ffiffiffiffiffiffi
k0dt

p
0 ∫Dx

0=2
�Dx0=2∫

Dy0=2
�Dy0=2

tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x� x þ V t2=ð4k0dÞ
� �2 þ ðy� yÞ2

q
þ z2

erf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x� x þ V t2=ð4k0dÞ
� �2 þ ðy� yÞ2

q
þ z2

t
dxdydt

or,

F�
1ðxm; yn; zl; tÞ ¼ � C3

pk0d
pm;n � �Cm;n;l

1

¼ � C3

pk0d
IFFTð~~p � ~~C1Þ: ð21Þ
The thermal stress s
∗t
1hz associated with the special

solution of thermoelastic displacement potential can be
calculated using the constitutive equation of elasticity,

s
∗t
1x ¼ �2G F

∗
1;yy þF

∗
1;zz

	 

t
∗t
1xy ¼ 2GF

∗
1;xy

s
∗t
1y ¼ �2G F

∗
1;zz þF

∗
1;xx

	 

t
∗t
1yz ¼ 2GF

∗
1;yz

s
∗t
1z ¼ �2G F

∗
1;xx þF

∗
1;yy

	 

t
∗t
1zx ¼ 2GF

∗
1;zx

ð22Þ

the corresponding second-order numerical partial deriva-
tives are calculated by using the central differences, for
example

F�m;n;l
1;xx ¼ ðF�mþ1;n;l

1 þF�m�1;n;l
1 � 2F�m;n;l

1 Þ=ðDx0Þ2; ð23aÞ

F�m;n;l
1;xy ¼ ðF�mþ1;nþ1;l

1 þF�m�1;n�1;l
1 �F�mþ1;n�1;l

1

�F�m�1;nþ1;l
1 Þ=ð4Dx0Dy0Þ: ð23bÞ

The rest of second-order partial derivatives can be
calculated in a similar fashion.

The area inside the contact interface can not expand
freely under the action of frictional heat and the pressure on
the contact patch will increase due to the mutual
constraints; while the area outside the interface is a free
surface where the distribution pressure is zero. Therefore,
the boundary conditions on the surface of the contact body
can be expressed as

u1zj ¼ ue
1zj ðx; yÞ∈V

s1zj ¼ 0 ðx; yÞ∉V :

�
ð24Þ

The stress formed by the superposition of s∗t
1hz and se

1hz
can only satisfy the first boundary condition of equation
(24), the following assumed normal distribution pressure
should be applied to the surface of the contact body in order
to satisfy the second boundary condition

p
∗t
1 ¼ 0 ðx; yÞ∈V

s
∗t
1zj ðx; yÞ∉V :

�
ð25Þ

The stress s∗∗t
1hz produced by the assumed pressure p∗t1 in

the contact body can also be calculated by the influence
coefficient method. The superposition of s∗t

1hz and s
∗∗t
1hz is the

required thermal stress, i.e.

st
1hz ¼ s

∗t
1hz þ s

∗∗t
1hz: ð26Þ

The total stress considering the thermomechanical
coupling for the contact body 1 is obtained by substituting
equations (26) and (17) into (16).

For the contact body 2, the relevant mathematical
formulas are as follows

F�
2ðx; y; z; tÞ¼ � C4

pk0d

XM
i¼1

XE
j¼1

pðx0
i; y

0
jÞC2ðx� x0

i; y� y0j; zÞ;

ð27Þ



Table 1. Parameters and material (GCr15) properties in
simulations.

Property Value

Young’s modulus, E (MPa) 2.1� 105

Poisson ratio, m 0.3
Density, r (kg/m3) 7810
Specific heat capacity, c (J/(kgK)) 460
Thermal conductivity, k (W/(mK)) 45
Thermal expansion coefficient, a (K�1) 12.5� 10�6

Initial temperature, T0 (K) 200 ∼ 1000
Friction coefficient, f 0.01 ∼ 0.2
Sliding velocity, V (mm/s) 20 ∼ 1500
Normal load, Fn (N) 100
Discrete element amount, M�N�L 128� 128� 64

Fig. 4. Comparison of the steady-state maximum temperature
rise.

Fig. 5. Comparison of surface pressure along the x-axis for
body 1.
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here C4 ¼ ð1� gÞbfV
4rcðlþ 2GÞ ;

C2ðx; y; zÞ¼∫2
ffiffiffiffiffiffi
k0dt

p
0 ∫Dx

0=2
�Dx0=2∫

Dy0=2
�Dy0=2

tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� xÞ2þðy� yÞ2 þ z2

q

erf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� xÞ2 þ ðy� yÞ2 þ z2

q
t

dxdydt;

or;

F�
2ðXm;Y n;Zl; tÞ ¼ � C4

pk0d
pm;n � �Cm;n;l

2

¼ � C4

pk0d
IFFTð~~p � ~~C2Þ: ð28Þ

5 Results and discussion

Numerical simulation results of transient temperature rise
and stress of the contact interface which is simulated by
the sliding contact of an ellipsoid and a half-space solid is
presented in this section. The materials of two contact
bodies are assumed to be bearing steel (GCr15), and the
mechanical and thermal properties of GCr15 [40] and
the simulation parameters are summarized in Table 1.
The Cartesian coordinate equation of the ellipsoid is
ðx=6Þ2 þ ðy=4Þ2 þ ðz=4Þ2 ¼ 1, and the coordinates of the
contact point with the half-space body on the surface of
the elliposid is (0,0,4), then the corresponding main
curvature radiuses at the contact point are R1= 9mm,
R2= 4mm. The Hertzian solutions [1] of contact elliptical
semi-axes and peak pressure are a=0.1918mm,
b=0.1279mm and p0 = 1946.8MPa when the load
Fn=100N.
5.1 Verification

In order to verify the current method, the steady-state
maximum temperature rise (Fig. 4) and the pressure
distribution (Fig. 5) on the contact interface are calculated
based on different approaches [41–44], and the results
obtained are compared. The comparison results indicate
that the solutions obtained by present method have an
approximate agreement with those calculated by other
investigators’ methods.

5.2 Temperature rise

Owing to the heat allocation scheme from Blok’s work is
adopted in this paper, the maximum surface temperature
rises of the two contacting bodies can only be guaranteed to
be equal, as shown in Figure 6, and it is impossible to ensure
that the temperatures at all points within the contact
interface are equal. It can be seen from the data in the figure
that although the maximum surface temperature rises of



(a) (b)

Fig. 6. Surface temperature rise distribution. (a): body 1; (b):
body 2.

(a)

(b)

Fig. 7. Variation of the heating partition coefficient and the
maximum temperature rise.

Fig. 8. Difference of surface temperature rise along the x-axis
between coupled and uncoupled models for body 1.
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two contacting bodies are equal, the gradient of surface
temperature rise for the body 1 is greater than the
temperature rise gradient of the body 2, this indicats that
the movement of heat source will aggravate the uneven
degree of temperature distribution on the contact surface.

For the sliding contact problems with elliptical contact
patch, the dimensionless Péclet number Pe is usually
defined as Pe=Va/2kd, it is an extremely useful parameter
for the relative velocity of motion of the heat source
considering the thermal properties of the conduction
medium which determines the speed of dissipation of heat
in the medium. According to Blok’s heat allocation scheme,
Figure 7a presents that the variation of heating partition
coefficient with sliding time under various Péclet numbers,
and the variation of corresponding maximum contact
temperature rise is shown in Figure 7b. As shown in
Figure 7a, it is known that the heating partition coefficient
is approximately equal to 0.5 when the Péclet number
Pe� 0.1; for Pe≥ 0.1, the greater the relative sliding
velocity and the longer the sliding time, the higher the
proportion of heat distributed to the contact body 1.
Figure 7b manifests that the contact interface temperature
rise can reach the quasi-steady state in a very short time
during the sliding process under the current constant
velocity and constant force, the current quasi-steady state
time is about 0.1 s. However, there are few cases of constant
force and constant velocity in practical engineering. In
most cases, the force and speed are time-varying, such as
alternating load in bearing and frequent variations of
velocity in drive system, and it will take a long time to
reach quasi-steady state in these cases. The transient
models developed here can solve the thermal problems of
these cases and contribute to better understand the
changing process of interface temperature. After the
quasi-steady state time, the change of the contact
temperature rise is very small and the increase of
corresponding heating partition coefficient has become
smaller.

The difference of surface temperature rises between the
coupled and uncoupled models for body 1 is depicted in
Figure 8, which can reflect the effect of thermomechanical
coupled term on the temperature rise. When Pe� 1, it
means that the relative sliding velocity between contact
bodies is small, the difference between coupled and
uncoupled models on the temperature rise is small, hence
the coupled term can be neglected for this situation, but
there are few cases of small sliding velocity in actual sliding
contact process, the sliding velocity is larger in most cases
of sliding contact; for the case with the Pe≥ 5, the effect of
coupled term must be considered, it is obvious that the
effect of the thermomechanical coupled term is more
significant with the increase of the sliding velocity.
According to the trend shown in the figure, for the cases
with large sliding velocity (e.g. automotive braking,
grinding process), the coupled model can more accurately



(a1) (a2) (a3)

(b1) (b2) (b3)

Fig. 9. The effects of sliding velocity, friction coefficient, initial temperature on temperature rise, (a1)∼(a3): body 1; (b1)∼(b3): body 2.

Fig. 10. Distribution of surface pressure for body 1.
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calculate the temperature rises. Besides, the figure also
shows that the higher the temperature rise on the contact
patch, the greater the effect of thermomechanical coupled
term.

The effects of sliding velocity, friction coefficient, initial
temperature on the temperature rise are described in
Figure 9. The curves in the figure demonstrate that the
variations of sliding velocity, frictional coefficient can
significantly affect the temperature rise, and the tempera-
ture rise is not sensitive to the variation of the initial
temperature. Also, the surface temperature rise of the
contact body is rapidly reduced from the peak position to
the surrounding area, this phenomenon indicates that the
heat affected zone of the contact bodies is concentrated
only in a small region near the contact patches.

For the case with a sliding velocity which belongs to the
Péclet number Pe� 1, as shown in Figure 9a1, the curves
reveal that the characteristics of surface temperature rise
distributions of the body 1 for the low sliding velocity are
still similar to the symmetrical distribution of the contact
center, and the peak temperature rises are located on the
contact center. However, the maximum temperature rises
markedly shift from the center to the rear edge of the
contact region when Pe≥ 5, and the trend of temperature
with the sliding velocity is enhanced.
5.3 Stress

The surface pressure distribution of the body 1 calculated
by the different models is shown in Figure 10. Figure 10a is
obtained by the Hertzian model and Figure 10b is obtained
by the model discribed herein. Figure 10 manifests that the
boundary conditions on the surface of the contact body can
be satisfied by applying the assumed normal distribution
pressure p∗t1 listed in equation (24), i.e. the surface outside
the contact zone is free, the pressure distribution on it is
zero, and the pressure on the contact patch is increased due
to the surface inside the contact patch can not expand
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freely. Figure 11 shows that the surface pressure consider-
ing the thermal effect of the body 1 under various sliding
velocities. For the case of Pe� 1, due to the contact
temperature rise caused by friction heat is small, the effect
of thermal behavior on the surface pressure is weak; but for
Pe≥ 5, the friction heat has a significant effect on the
surface contact pressure.

On the surface of the contact body, the effect of the
thermal stress produced by the uneven temperature
distribution on the each stress component along the x-
axis is illustrated in Figure 12. Negative values in the
figures mean compressive stress and positive values
Fig. 11. Surface pressure along the x-axis under various sliding
velocities for body 1.

(a) (b)

(d) (e)
Fig. 12. The effect of thermal stress on each stress c
represent the tensile stress. For the three normal stress
components, as shown in Figure 12a–c, the thermal stress
increases the compressive stress on the contact patch, and
the effect of thermal stress on the normal stresses s1x and
s1y is greater than that on the normal stress s1z; as the free
expansion of the surface outside the contact patch, the
thermal stress only increases the value of the normal
stresses s1x and s1y, and the normal stress s1z remains at
zero.

Figure 12d–f show the effect of thermal stress on the
three shear stress components on the surface of contact
body, the shear stress component t1xy has both tensile shear
stress and compressive shear stress on the contact patch,
and the thermal stress reduces the tensile shear stress and
increases the compressive shear stress, the value of t1xy is
small by comparing with the normal stress; the surface
pressure without considering the thermal effect is symmet-
ric about the x-axis, so the elastic shear stress te1yz along the
x-axis is zero, but the slight compressive shear stress along
the x-axis will be generated when the thermal effect is
considered; for the shear stress component t1zx, the thermal
stress increases the compressive shear stress on most
contact areas and slightly decreases the value of t1zx on the
small part of the contact area, the thermal stress causes
the compressive shear stress on the area ahead of the patch
and causes the tensile shear stress on the rear area of the
patch.

The above-mentioned analyses indicate that the
thermal stress has different effects on the various stress
components, and it can not be ascertained whether the
stress state of a specified point in the elastic body is
enhanced or weakened by the thermal stress, also the
(c)

(f)

omponent along the x-axis on the surface of body 1.



Z. An and P. Sun: Mechanics & Industry 19, 405 (2018) 11
stress state of a specified point can not be determined only
by a certain stress component. TheMises equivalent stress
is defined as svm ¼ ðsx½ �syÞ2 þ ðsy �szÞ2 þ ðsz � sxÞ2þ
6ðt2xy þ t2yz þ t2zxÞ�0:5=

ffiffiffi
2

p
; it takes into account the influ-

ence of each stress component, and its value is indepen-
dent of the selection of the coordinate system. Therefore,
the best choice to measure the stress state of the elastic
body is Mises equivalent stress. The effect of thermal
stress on the Mises equivalent stress on the surface of
contact body is shown in Figure 13. By comparing three
curves in the figure, it can be seen that the thermal stress
will decrease the Mises equivalent stress on the contact
patch and increase the value of equivalent stress on the
surface outside the patch. The reason why Mises
equivalent stress shows this feature can be explained by
the definition of Mises equivalent stress and Figure 14.
The total Mises equivalent stress is not a simple
superposition of the elastic Mises equivalent stress and
the thermal Mises equivalent stress when considering the
thermal effect, it should be determined by the value
of the difference between the normal stress components
and the value of the shear stress components. As shown in
Figure 12, the shear stress is small compared to normal
Fig. 13. The effect of thermal stress on the Mises equivalent
stress on the surface of body 1 along the x-axis.

(a) (b)

Fig. 14. The difference between the normal stress co
stress and thus the normal stress is considered as a major
factor affecting Mises equivalent stress; according to the
information reflected in Figure 14, it is known that the
difference value between the normal stress components
on the contact patch is decreased and it is increased for the
surface outside the contact patch when considering
the thermal effect, therefore the Mises equivalent stress
on the surface of contact body shows the feature shown
in Figure 13.
6 Conclusions

In this paper, the plane-point heat source equivalent
method, the thermoelastic displacement potential and the
central difference were used to derive the semi-analytical
solutions of the transient temperature rise and stress of the
fully thermomechanical coupling for the sliding contact.
The presented method had be verified by using compara-
tive analysis approach, the effects of thermomechanical
coupled term, sliding velocity, frictional coefficient and
initial temperature on temperature rise and the effect of
thermal stress on stress fields were discussed, the results
indicate that

during the sliding contact process, for the case of the
Péclet number Pe� 1, the effect of thermomechanical
coupled term can not be considered when calculating the
contact temperature rise, but it will have a significant effect
on the temperature rise for the Pe≥ 5;

–

mp
the contact temperature rise of bodies is greatly affected
by the sliding velocity and the friction coefficient, the
effect of the initial temperature on the temperature rise is
small;
–
 when Pe� 1, the effect of thermal behavior on the surface
pressure is weak, and increasing sliding velocity leads to a
noticeable increase in surface contact pressure for the
case of Pe≥ 5;
–
 in general, the thermal stress increases the various
stress components on the surface of contacting bodies.
However, it has different effects on the Mises equiva-
lent stress on the surface inside and outside the contact
area: the Mises equivalent stress outside the contact
area is increased and the value on the contact area is
decreased.
(c)

onents on the surface of body 1 along the x-axis.
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Nomenclature
a, b
 Semi-axes of the contact ellipse
(mm)
c
 Specific heat capacity (J kg�1K�1)

E
 Young’s moduls (MPa)

f
 Sliding friction coefficient

Fn
 Normal load (N)

G
 Lame’s constant

(i, j)
 Element number on the surface,

i=1, 2,…, M; j=1, 2,…, N

k
 Thermal conductivity (Wmm�1

K�1)

kd
 Thermal diffusivity, kd= k/rc (mm2

K�1)

m, n, l
 m=1, 2,…, M; n=1, 2,…, N; l=1,

2,…, L

M, N, L
 Amount of elements in the xʹ, yʹ

and zʹ directions

p
 Normal pressure (MPa)

p0
 The centeral pressure of contact

ellipse (MPa)

p*t
 Assumed pressure to satisfy the

boundary condition (MPa)

q
 Heat flux (Wmm�2)

Q
 Amount of heat liberated by the

instantaneous point heat source (J)

Qe
 Hypothetical equivalent point heat

source (J)

R1, R2
 Main curvature radiuses (mm)

s
 Tangential traction (MPa)
8
t
 Time (s)
 >>
Tt, T0
 >>>
Temperature at time t and the initial
temperature (K)
 >>>>
uz
 Displacement component
 >>>>
V
 <
Sliding velocity of body 2 relative to
body 1 (mms�1)
 >
Vp
 >>>>

Moving velocity of contact patch
(mms�1)
 >>>>
x, y, z, xʹ, yʹ, zʹ
 Space coordinates
 >>>
Dxʹ, Dyʹ, Dzʹ
 Intervals in the xʹ, yʹ and zʹ directions
 >:
a
 Thermal expansion coefficient (K�1)
b
 Thermal stress coefficient, b=Ea/
(1-2m)
l
 Lame’s constant
 8>
m
 Poisson ratio
 >>>>
r
 Density of material (kgmm�3)
 >>>
t
 Time parameter (s)
 >>>>
g
 Heating partition coefficient
 >>>>
e
 Volumetric strain
 <
u
 Temperature rise (K)
 >
h, z
 x, y or z
 >>>>>
ss
hz; s

e
hz; s

t
hz
 >>>
Total stress, elastic stress, thermal
stress (MPa)
 >>>>
sx, sy, sz
 Normal stress components (MPa)
 >>>:
txy, tyz, tzx
 Shear stress components (MPa)
svm
 Mises equivalent stress (MPa)

V
 Contact patch

F, F*
 Thermoelastic displacement poten-

tial and its a particular solution
▽2
 Laplace operator

Pe
 Peclet numbers, Pe=Va/2kd

IFFT
 Inverse fast Fourier transform

Dm�i;n�j;l

phz ;Dm�i;n�j;l
shz
 Influence coefficients for normal

pressure and tangential traction

**
 Two-dimensional discrete convolu-

tion operation

≈
 Two-dimensional discrete fast Four-

ier transform
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Appendix

The influence coefficients Dm�i;n�j;l
phz and Dm�i;n�j;l

shz can be
expressed as [39]

Dm�i;n�j;l
phz ¼ Hphzðxþ; yþ; zlÞ þHphzðx�; y�; zlÞ

�
�Hphzðxþ; y�; zlÞ �Hphzðx�; yþ; zlÞ�=2p ðA:1Þ

Dm�i;n�j;l
shz ¼ Hshzðxþ; yþ; zlÞ þHshzðx�; y�; zlÞ

�
�Hshzðxþ; y�; zlÞ �Hshzðx�; yþ; zlÞ�=2p; ðA:2Þ

where x+= xm�xi+Dx/2, x�= xm�xi�Dx/2, y+= yn�yj+
Dy/2, y�= yn�yj�Dy/2.

Hpxxðx; y; zÞ¼�2mtan�1 xy

Rz
þ 2ð1� 2mÞtan�1 x

Rþ yþ z
� xz

RðRþ yÞ
Hpyyðx; y; zÞ ¼ Hpxxðx; y; zÞ
Hpzzðx; y; zÞ ¼ �tan�1 xy

Rz
þ xz

RðRþ yÞ þ
yz

RðRþ xÞ
Hpxyðx; y; zÞ ¼ ð2m� 1ÞlogðRþ zÞ � z

R
Hpyzðx; y; zÞ ¼ �z2= RðRþ xÞ½ �
Hpzxðx; y; zÞ ¼ �z2= RðRþ yÞ½ �

ðA:3Þ

and,

Hsxxðx; y; zÞ ¼ 2lnðRþ yÞ þ zð1� 2mÞ
y

RðRþ zÞ þ
z

RðRþ yÞ
� �

� 2mx2

RðRþ yÞ
Hsyyðx; y; zÞ ¼ 2mlnðRþ yÞ � zð1� 2mÞ y

RðRþ zÞ �
2my

R
Hszzðx; y; zÞ ¼ �z2= RðRþ yÞ½ �
Hsxyðx; y; zÞ ¼ lnðxþRÞ � zð1� 2mÞ x

RðRþ zÞ �
2mx

R
Hsyzðx; y; zÞ ¼ �z=R

Hszxðx; y; zÞ ¼ � xz

RðRþ yÞ � tan�1 xy

Rz

;

ðA:4Þ
where R= [x2+ y2+ z2]1/2; tan�1 xy

Rz jz¼0 ¼ p
2 sign xyð Þ.
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