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Abstract. In this paper, a one degree of freedom system connected to a friction vibration absorber is considered.
Friction vibration absorber reduces mechanical vibrations using the dissipation of the energy through friction
between both bodies. However, the contact between both bodies and the optimal parameters design deserve to be
examined closely. In this paper, the effect of friction modeling is first investigated. Two friction modelings are
considered: macroscopic (Coulomb) and microscopic (Dahl and LuGre), according to physical and tribological
behaviors. For each model, the responses are determined in sticking and sliding regimes of motion and a
comparison is made to conclude on the efficacy of the friction absorber. Second, the optimization of friction
coefficient is established using two approaches: Den Hartog optimal parameters and the minimization of the
frequency displacement of the main mass.

Keywords: Mechanical vibration / vibration reduction / friction absorber / friction modeling / parameters
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1 Introduction

Dynamic mechanical vibration absorbers are widely used
as passive devices to control the level of vibration. Several
studies have been developed to improve their effectiveness
to reduce mechanical vibrations [1,2]. In order to improve
the efficiency, a friction element is added to the absorber
based on the reliability of friction energy dissipation [3–5].
The friction force, defined as the tangential force between
two bodies in contact, is due to various factors like contact
geometry and topography, material properties, displace-
ment and speed of bodies, and the presence of a lubricant.
Two types of friction of solids are distinguished: macro-
scopic and microscopic friction [6,7].

Macroscopic modeling assumes that a single dissipative
force acts at the interface between the sliding surfaces. This
approach is often described as a static friction model. The
generalized hystereticmodel is one of themost recentmodels
[8], which allows both linear stiffness and friction damping.
In this study, the macroscopic model used is the Coulomb
model. The Coulomb force takes into account kinetic
friction; it is the basicmodel to represent the force of friction.
ymen.nasr@outlook.com
The microscopic modeling is more generalized; it takes
into account the details of the sliding surfaces character-
istics including roughness, asperities, adhesive phenomena,
friction hysteresis, cycle limits, surface lubrication, and
other tribological parameters. This approach is often used
in the so-called dynamic models [9–11].

Besides, the microscopic modeling represents the stick-
slip movement in detail. The stick-slip movement mani-
fests itself in the form of repeated sequences of bonding
between two surfaces followed by a sliding. In the presence
of the friction force, the systems behavior varies from the
sticking state to the slipping state, and there is an
intermediate state of passage between the two phases. In
the sticking phase, Dahl [12] considers the junction points
between the contacting surfaces as equivalent to an elastic
linkage, which breaks under a tangential loading; he refers
to the stress–strain chart of materials. LuGre [13] added
the contact junction damping, the Stribeck effect, and the
lubrication effect. Mrad et al. [14] studied the effect of
friction modeling on the efficiency of the friction absorber
to reduce vibration. They used the macroscopic and
microscopic approaches to model the friction contact.
However, their results are limited to a numerical study and
they do not take into account the optimal parameters in
consideration.
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Fig. 1. Main system with friction absorber.
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After examining the friction modeling, the friction
absorber optimization is to be considered. The identifica-
tion of the optimum parameters leads to the best design of
the absorber and increases its efficiency for industrial
applications. The optimization consists of finding the
optimum parameters of the absorber as a function of the
main mass parameters. The researchers proposed several
methods to find these parameters. Den Hartog [15]
proposed a method for optimizing the parameters of a
mass absorber and reducing the sensitivity of the main
mass response to the variation of the excitation frequency
in a manner that the two resonance peaks of the frequency
response are equal. Brock [16] proposed an analytical
formulation for the optimum damping rate of the tuned
mass damper, found by Den Hartog. Pennestri [17] used a
method to minimize the maximum of the frequency
amplitude based on an objective function with six
equations and seven unknowns. For a system with several
degrees of freedom, Abdel-Hafiz and Hassaan [18] have
developed an optimization method for a pendulum
absorber with three degrees of freedom; they have defined
the objective function of optimization by equalizing the
responses of the three peaks of resonance.

However, most of the previous optimization studies
represent parametric studies constructed from a numerical
resolution of the differential equations of motion for mass
absorbers. Louroza et al. [19] studied the effect of the mass
ratio and the friction force on the frequency response of a
vibratory system with a friction absorber. Gewei and Basu
[20] studied the effect of the increase of the friction
coefficient on the amplitude of the main mass vibration
with seismic excitation.

In this article, a friction modeling is elaborated using
the macroscopic and microscopic approaches. The system
responses are determined analytically for the stick and slip
regimes of motion. A comparison of the friction models is
made to conclude on the friction absorber efficacy. Then,
the optimal friction coefficient is formulated using the Den
Hartog parameters and the minimization of the frequency
displacement of the main mass.
2 Vibratory model

The vibratory system studied, illustrated in Figure 1, is of
two degrees of freedom. The main system is modeled by the
mass m1 and the linear stiffness k1.The friction absorber of
mass m2 is attached to the main system, where k2 is the
linear stiffness of the absorber.

The contact between the two masses is modeled by the
nonlinear friction force Fnl; it depends on the normal loadN
applied by the friction absorber. The main mass is excited
by a harmonic force F0cos (Vt), where F0 is the amplitude
and V is the pulsation.

The motion equations in forced vibration taking into
account the friction force are as follows:

m1 €x 1 þ k1 þ k2ð Þx1 � k2x2 þ Fnl ¼ F0cos Vtð Þ

m2 €x 2 � k2 x1 � x2ð Þ � Fnl ¼ 0: ð1Þ
To transform the equations of motion in the sliding case
and in the sticking case to the nondimensional form, the
following quantities are used:

y1 ¼
x1

xs
; y2 ¼

x2

xs
;xs ¼ N

k1
;v1 ¼

ffiffiffiffiffiffiffi
k1
m1

s
;v2 ¼

ffiffiffiffiffiffiffi
k2
m2

s
;va

¼ v2

v1
; r ¼ m2

m1
; t ¼ v1t;v ¼ V

v1
; fe ¼

F 0

N

The nondimensional equations of motion are then
written (Appendix A) as

€y 1 þ 1þ v2
ar

� �
y1 � v2

ary2 þ fnl ¼ fecos vtð Þ
€y 2 � v2

a y1 � y2ð Þ � fnl
r

¼ 0:
ð2Þ

fnl is the nondimensional form of the friction force Fnl; it
will be detailed for each model.

The friction force depends on the sign of the relative
velocity and on the internal properties of the contact.
The diversity of friction model leads to examine friction
modeling and determine the steady-state responses. Two
modeling approaches, macroscopic and microscopic, and
three descriptive models, Coulomb, Dahl, and LuGre, are
investigated.

3 Friction modeling

3.1 Macroscopic models

The friction macroscopic modeling is physical; it supposes
a single friction force acting on the contacting surfaces.
The Coulomb friction force Fnl as a function of the sign of
the relative velocity vr ¼ _x 1 � _x 2, depends on the normal
load and the kinetic friction coefficient. It is written as

Fnl ¼ mcNsign _x 1 � _x 2ð Þ ð3Þ
where N is the normal load applied by the mass absorber
and mc is the friction coefficient of Coulomb.

Using the nondimensional form, the Coulomb friction
force is written as (represented in Fig. 2):

fnl ¼ mcsign _y 1 � _y 2ð Þ ð4Þ



Fig. 2. Coulomb friction force as a function of the relative
velocity vr.

Fig. 3. Main mass displacement Y1 as a function of frequency f
and amplitude of excitation fe, Coulomb.

Fig. 4. Forces ratio as a function of excitation force fe, Coulomb.
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The system and the absorber are considered undamped.
Using the parameters r=0.1, va=1, and mc = 0.2, the
system vibratory behavior using Coulomb friction force is
investigated.

The friction force as a function of the relative velocity is
shown in Figure 2, which shows the stick-slip behavior of
the Coulomb friction force. For a nonzero relative velocity,
the sign of the friction force is a function of the relative
velocity in sliding phase. Additionally, in the sticking phase
of motion, the force ratio is defined over an interval
between �0.2 and 0.2.

The stick-slip behavior can be defined as a function of
the frequency response Y1 of the main mass (Fig. 3). In the
sliding phase of motion, the system has two resonant
frequencies. While in the sticking phase, the two masses
stick together and form one degree of freedom system. This
behavior variation depends on the level of the excitation
force amplitude; the increase of this force favors the sliding
of the two masses, and the system passes from stick motion
to the slip motion at the excitation amplitude fe= 0.36.

The variation from the stick state to the slip state
needs an enough strong excitation force to make a
motion between the two bodies. The difference between
the friction force and the maximum inertia force acting
on the absorber Fa can be calculated by the following
equation:

Fa ¼ j€y 2 � v2
a y1 � y2ð Þj ð5Þ

Figure 4 shows the change of the absorber acceleration
and friction forces ratio for the Coulomb model. To pass
from the sticking state to the sliding state, the ratio is equal
or superior to 1; it means that the maximum inertia force
acting on the absorber is superior to the friction force.

The behavior variation affected the responses of the
vibratory system. In the sliding zone, the system has two
degrees of freedom. The responses can be determined
analytically by the equivalent viscous method. The idea
of using equivalent damping is to replace the nonlinear
friction damping with linear viscous damping that
dissipates the same amount of energy during a single
vibration cycle.

This amount of energy is defined as

Ed ¼ ∫
cycle

ce _y 1 � _y 2ð Þdt

¼ ∫
cycle

mc _y 1 � _y 2ð Þsign _y 1 � _y 2ð Þdt: ð6Þ

For a harmonic excitation, the solutions sought are
harmonic solutions, and y1(t) and y2(t) are written in the
following form

y1 ¼ Y 1e
ivt

y2 ¼ Y 2e
ivt

ð7Þ

Depending on Y1 and Y2 and the nondimensional
parameters of the system, using equation (6), the
equivalent viscous damping rate is defined as

ce ¼ 4mc

pv Y 1 � Y 2ð Þ ð8Þ
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The equivalent viscous damping force is written as

fd ¼ ce _y 1 � _y 2ð Þ: ð9Þ
Substituting equation (8) of the equivalent viscous

damping rate in equation (9) and replacing the nonlinear
friction force by the equivalent force in the motion
equations (2), the frequency displacement responses Y1
and Y2 are written as

Y 1 ¼ fe

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�v2

a

v2

� �2

þ ce
vr

� �2

1þ rþ 1ð Þv2
a �v2 �v2

a

v2

� �
þ c2ev

2 1þ 1

r
� 1

rv2

� �2
vuuuuuut

Y 2 ¼ fe

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
a

v2

� �2

þ ce
vr

� �2

1þ rþ 1ð Þv2
a �v2 �v2

a

v2

� �
þ c2ev

2 1þ 1

r
� 1

rv2

� �2
vuuuuuut

ð10Þ

Further, at the sticking phase of motion, the twomasses
stick together and the system is of one degree of freedom,
the differential equation of motion is

m1 þm2ð Þ€x 1 þ k1y1 ¼ F0cos Vtð Þ: ð11Þ

The nondimensional form of this equation is written as

€y 1 þ
1

1þ r
y1 ¼

fe
1þ r

cos vtð Þ: ð12Þ

The frequency response using equation (12) is thus
written as

Y 1 ¼ Y 2 ¼ feffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2 1þ rð Þð Þ2

q ð13Þ

The change from stick to slip motion depends on the
kinetic friction coefficient. In other words, the two masses
stick if the absorber motion force is less than the kinetic
friction force; the condition of sticking is then

j€y 2 � v2
a y1 � y2ð Þj � mc

r
: ð14Þ

At this point, the displacements of the two masses are
equal and the velocities are also equal. From equations (13)
and (14), we obtain the limit friction coefficient as
following:

mlimit ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fe v2rð Þ2
1� v2 1þ rð Þð Þ2

s
� mc: ð15Þ
3.2 Microscopic models

The microscopic modeling takes into account the internal
properties of the contact. It is a tribological modeling.
According to Dahl, the junction between the surfaces of the
contact is equivalent to an elastic stiffness, which breaks
under tangential force. The Dahl force is defined as

Fnl ¼ s0z;

_z ¼ _x 1 � _x 2 � s0j __x 1 � _x 2 j
mcN

z;
ð16Þ

where z is the internal displacement of the junctions and s0
is the contact junction stiffness.

LuGre added the contact junction damping and the
Stribeck effect to theDahlmodel. In this study, the velocity
of Stribeck is taken equal to zero and the static friction
coefficient is equal to the kinetic friction coefficient. In this
case, the LuGre model equations are written as

Fnl ¼ zs0 þ _z s1;

_z ¼ _x 1 � _x 2 � s0

mcN
j _x 1 � _x 2jz: ð17Þ

Here s1 indicates the viscous damping of the contact
junction. If s1 is zero, we obtain the Dahl model of elastic
contact.

The following quantities are defined to transform
equations (15) and (16) to a nondimensional form:

v3 ¼
ffiffiffiffiffiffiffi
s0

m2

r
vb ¼ v3

v1
; jl ¼

s1

2m2v3
; and y3 ¼

z

xs
:

The nondimensional Dahl friction model is thus written
as follows (Appendix B):

fnl ¼ rv2
by3;

_y 3 ¼ _y 1 � _y 2 � r
v2
b

mc

j _y 1 � _y 2jy3:
ð18Þ

The nondimensional LuGre friction model is then
written as follows (Appendix B):

fnl ¼ rv2
by3 þ 2jlrvb _y 3;

_y 3 ¼ _y 1 � _y 2 � r
v2
b

mc

j _y 1 � _y 2jy3:
ð19Þ

Using Dahl and LuGre friction forces, the vibratory
system behavior is examined. The problem parameters are
the same as used in macroscopic modeling. The internal
parameters of friction are, respectively, vb= 0.4 and
jl = 0.01.

Figures 5 and 6 show that two zones exist for each
model. For high relative velocity, the friction force takes a
value depending on the relative velocity sign; this is similar
to the Coulomb friction model. For low relative velocity,
the zone of sticking motion is represented with a hysteretic
behavior.



Fig. 6. LuGre friction force as a function of the relative velocity vr.

Fig. 7. Main mass displacement Y1 as a function of frequency f
and amplitude of excitation fe, Dahl.

Fig. 5. Dahl friction force as a function of the relative velocity vr.

Fig. 9. Forces ratio as a function of excitation force fe, Dahl and
LuGre.

Fig. 8. Main mass displacement Y1 as a function of frequency f
and amplitude of excitation fe, LuGre.
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For both friction models, the sticking phenomenon
occurs when the amplitude of the excitation force is weak
(Figs. 7 and 8). The mechanical system has two resonant
frequencies; these frequencies are those of a linear two
degrees of freedom system in the sticking phase of motion.
For the Dahl model, the internal stiffness operates
simultaneously with the stiffness of the friction absorber.
The friction absorber is similar to an undamped mass
absorber. For the LuGre model, the internal damping is
added and the friction absorber works as a damped mass
absorber. On the other hand, the increase of the amplitude
of the excitation force modifies the behavior of the
vibratory system.

Using equation (5), Figure 9 shows the evolution of the
absorber acceleration and the friction force ratio for Dahl
and LuGre frictions. It is clearly seen that the force ratio of
LuGre model is higher than that of Dahl model.



Fig. 10. Limit friction coefficient, microscopic models.
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In the sticking phase of motion, the internal stiffness
and the internal damping operate. The generalized motion
equations in the microscopic modeling are written in the
following form:

m1 €x 1 þ k1x1 þ k2 x1 � x2ð Þ þ s1 _x 1 � _x 2ð Þ
þ s0 x1 � x2ð Þ¼ F 0cos Vtð Þm2 €x 2 � k2 x1 � x2ð Þ
� s1 _x 1 � _x 2ð Þ � s0 x1 � x2ð Þ¼ 0: ð20Þ

The nondimensional form of equation (20) is written as
(AppendixC) as follows:

€y 1 þ 1þ v2
ar

� �
y1�v2

ary2þ2jlrvb _y 1 � _y 2ð Þþrv2
b y1 � y2ð Þ

¼ fecos vtð Þ; €y 2 � v2
a y1 � y2ð Þ

� 2jlvb _y 1 � _y 2ð Þ � v2
b y1 � y2ð Þ¼ 0: ð21Þ

If the internal damping jl is equal to zero, these
equations represent the system with Dahl friction in the
sticking phase of motion.

Substituting the solutions from equation (7) into
equation (21), the frequency responses of the main mass
and of the absorber are written as follows:

See the equations (22) and (23) below
Y 1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
a þ v2

b �
�q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2ð Þ v2

a þ v2
b � v2

� �� rv2
��q

Y 2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
a þ v

�q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2ð Þ v2

a þ v2
b � v2

� �� rv2
��q

mlimit ¼
rv2

ffiffiffiffiffiffiffi
v4
b þ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2ð Þ v2

a þ v2
b � v2

� �� rv2 v
��q
For the Dahl model, the sticking occurs if the Coulomb
friction force is superior to the force created by the internal
stiffness. This condition is written as

jv2
b y1 � y2ð Þj � mc: ð24Þ

The condition of sticking can be determined from
equations (22)–(24); it is written as

mlimit ¼
rv2v2

bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2ð Þ v2

a þ v2
b � v2

� �� rv2 v2
aþv2

bÞ
� �2 � mc:

�r
ð25Þ

However, considering the internal damping, the
sticking occurs if the Coulomb friction force is superior
to the force created by the internal stiffness and the
damping of LuGre model:

jv2
b y1 � y2ð Þ þ 2jlvb _y 1 � _y 2ð Þj � mc: ð26Þ

Using equations (22), (23), and (26), the condition of
sticking can be determined by the following equation:

See the equation (27) below

The limit friction coefficient is proportional to the
frequency. It is maximal at the frequencies of resonance
(Fig. 10). The limit friction coefficient of LuGre model is
inferior to the one of Dahl model.

This coefficient tends to the limit friction coefficient of
Coulomb with the increase of the internal stiffness ratio.
The augmentation of the internal damping rate favors the
decrease of the limit friction coefficient (Fig. 11).

3.3 Comparison

The purpose of the comparison is to determine the most
efficient model to reduce the vibration of the mechanical
system, based on friction modeling.

All macroscopic and microscopic models are based on
Coulombmodeling. Since the difference between kinematic
and static friction is low, the Coulomb model is capable
of representing friction. Using this model, the system
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2

�2 þ 4j2lv
2
bv

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
a þ v2

b

��2 þ 4j2lv
2
bv

2 1� v2 1þ rð Þð Þ2
; ð22Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
b

�2 þ 4j2lv
2
bv

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
a þ v2

b

��2 þ 4j2lv
2
bv

2 1� v2 1þ rð Þð Þ2
: ð23Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4j2lv

2
bv

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
a þ v2

b

��2 þ 4j2lv
2
bv

2 1� v2 1þ rð Þð Þ2
� mc: ð27Þ



Fig. 11. Maximum limit friction coefficient.

Fig. 12. Frequency responses of the main mass without and with
optimization, r=0.1.
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balances between two degrees of freedom system in the slip
regime of motion, and a one degree of freedom system in the
stick regime of motion.

Microscopic models, Dahl and LuGre, are able to
explore the internal properties of the contact. These two
models are identical to the Coulomb model in the slip
regime. The Dahl model has elastic contact, whereby the
friction absorber is equivalent to an undamped mass
absorber in the sticking regime of motion. By adding the
damping to the contact, the LuGre model presents a
viscoelastic contact. In the sticking regime of motion, the
friction absorber is equivalent to a damped mass absorber.

All models are similar to Coulomb in the slipping
regime of motion. The difference occurs in the sticking
regime of motion. In terms of vibratory response, a friction
absorber with a viscoelastic friction contact (LuGre model)
is more effective in reducing mechanical vibrations.

In the following, we proceed to the optimization of the
friction coefficient based on Den Hartog results, and then
use the minimization of frequency displacement response.

4 Parameters optimization

The optimization consists of determining the optimum
friction coefficient to reduce significantly the vibration
amplitude. The first method uses Den Hartog approach to
find the optimal friction coefficient; the friction absorber is
similar to a damped mass absorber. The second method
uses Ricciardelli and Vickery approach, the minimum
amplitude of vibration of the main mass corresponds to the
limit friction coefficient.

4.1 Den Hartog optimization parameters

The optimization starts with the determination of the
parameters of the friction absorber at the slipping regime.
In this case, the friction force is equivalent to a viscous
damping force. Using Den Hartog optimal parameters [15],
the optimum tuning parameter is given by

vaop ¼ 1

1þ r
: ð28Þ
In addition, the optimum damping rate for the absorber
is given by

jop ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3r

8 1þ rð Þ

s
: ð29Þ

To determine the optimal friction coefficient, we
express the equivalent viscous damping as a function of
a viscous damping ratio je (Appendix D):

ce ¼ 2jevar: ð30Þ
Equating equations (8) and (30), we obtain the

equivalent viscous damping ratio as

je ¼
2m

pvrva Y 1 � Y 2ð Þ : ð31Þ

In order to determine the optimal coefficient, the
equivalent viscous damping je must be equal to the optimal
damping jop. The optimal friction coefficient is thus defined
as

mop ¼
3r pfev

r
1þr

� �2

32 1þ rð Þ 2� v2 � 1
v2

� �2
þ 48rv2 1� 1

1þrð Þv2
� �2

:

ð32Þ
Figure 12 shows the effect of the optimal parameters on

the response of the main mass with a mass ratio r=0.1, as
an example. It is clear that the two obtained peaks (with
optimization) are equal and the maximum displacement
with optimization is less than the maximum displacement
without optimization.

The friction coefficient depends on the mass ratio and
on the excitation frequency (Fig. 13). The augmentation of
the mass ratio favors the increase of the optimal friction
coefficient. At the resonance, the friction coefficient has the



Fig. 15. Optimal friction coefficient at f=0.12; r=0.1, va= 1,
vb= 0.4, and jl= 0.1.

Fig. 13. Optimal friction coefficients.

Fig. 16. Optimal maximum displacement Y1.

Fig. 14. Optimal frequency responses.
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maximum value. This value corresponds to the maximum
displacement response of the main mass (Fig. 14).

The variation of the optimal friction coefficient is a
function of the excitation frequency. In other words, for
each frequency there is an optimal friction coefficient.
However, this method of optimization does not take into
account the internal parameters of friction.

4.2 Minimization of frequency displacement

According to Ricciardelli and Vickery [21], the minimum
amplitude of vibration of the main mass corresponds to the
limit friction coefficient, which separates the two zones of
motion (sticking and slipping). From equation (22), the
optimal friction coefficient is written as

See the equation (33) below
mop ¼
rv2

ffiffi
v

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2ð Þ v2

a þ v2
b � v2

� �� rv2
��q
This coefficient depends on the main mass and the
absorber parameters. For each frequency, there exists an
optimal friction coefficient. Figure 15 shows the coinci-
dence of the numerical and analytical optimal friction
coefficients at f=0.12, as an example.

Regarding the maximum displacement of the main
mass at resonance obtained by the two methods of
optimization (Fig. 16), the first method (Den Hartog
parameters) is more effective in reducing vibration
than the second method (minimization of frequency
displacement).
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4
b þ 4j2lv

2
bv

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
a þ v2

b

��2 þ 4j2l v
2
bv

2 1� v2 1þ rð Þð Þ2
ð33Þ
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5 Conclusion

To examine the friction modeling, the macroscopic and the
microscopic modeling approaches are considered. The
macroscopic modeling is based on the Coulomb friction,
characterized by the kinetic friction. The microscopic
modeling is investigated using the elastic contact (Dahl)
and the viscoelastic contact (LuGre). For each friction
model, an analytic study is elaborated to determine the
responses at the sticking and the sliding regimes of motion.
For each friction model, there is limit friction coefficient
between the regimes of motion. The comparison of the
different friction models shows that the LuGre model is the
most effective in reducing vibrations.

The friction absorber parameters optimization is
elaborated using two methods. The Den Hartog optimal
parameters theory cannot take into account the internal
parameters of friction models. The minimization of
frequency displacement method of the main mass is the
most generalized. However, the obtained displacement
using the first method is less than the one obtained by the
second method. The comparison of the two methods leads
to conclude that the damped mass absorber may be more
effective than the friction absorber.
Appendix A

Defining the nondimensional time as t=v1t and dividing
equation (1) by m1 for the first, and by m2 for the second,
the equations of motion are expressed as follows:

v2
1 €x 1 þ k1 þ k2ð Þ

m1
x1 � k2

m1
x2 þ Fnl

m1
¼ F 0

m1
cos vtð Þ;

v2
1 €x 2 � k2

m2
x1 � x2ð Þ � Fnl

m2
¼ 0:

ðA:1Þ

Here v ¼ V
v1
,v2

1 €x 1 ¼ v2
1
d2x1 tð Þ
dt2

¼ d2x1 tð Þ
dt2

, and

v2
1 €x 2 ¼ v2

1
d2x2 tð Þ
dt2

¼ d2x2 tð Þ
dt2

.

Then, dividing equation (A.1) by v2
1, we obtain

€x 1 þ 1þ rv2
a

� �
x1 � rv2

ax2 þ Fnl

m1v
2
1

¼ F 0

m1v
2
1

cos vtð Þ;

€x 2 � v2
a x1 � x2ð Þ � Fnl

m2
¼ 0:

ðA:2Þ
Here r ¼ m2

m1
, v2

a ¼
k2
m2

k1
m1

.

Now, dividing equation (A.2) by xs =N/k1, we obtain

€y 1 þ 1þ rv2
a

� �
y1 � rv2

ay2 þ
Fnl

xsm1v
2
1

¼ F0

xsm1v
2
1

cos vtð Þ;

€y 2 � v2
a y1 � y2ð Þ � Fnl

xsm2v
2
1

¼ 0: ðA:3Þ
Here y1 ¼ x1

xs
, y2 ¼ x2

xs
, €y 1 ¼ d2 x1=xsð Þ

dt2
¼ d2x1

xsdt2
¼ d _x 1

xsdt
,

€y 2 ¼ d2 x2=xsð Þ
dt2

¼ d2x2
xsdt2

¼ d _x 2

xsdt
.

The nondimensional forces fnl and fe are written as
follows:

fnl ¼
Fnl

N
; ðA:4Þ

fe ¼
F 0

N
: ðA:5Þ

Finally, the equations of motion are defined as

€y 1 þ 1þ rv2
a

� �
y1 � rv2

ay2 þ fnl ¼ fecos vtð Þ;
€y 2 � v2

a y1 � y2ð Þ � fnl
r

¼ 0:
ðA:6Þ
Appendix B

The equations of the microscopic friction force are as
follows:

Fnl ¼ zs0 þ _z s1;

_z ¼ _x 1 � _x 2 � s0

mcN
j _x 1 � _x 2jz: ðB:1Þ

Dividing the first equation of (B.1) by xsm1v
2
1 and

using the nondimensional time t=v1t, we obtain

Fnl

xsm1v
2
1

¼ zs0

xsm1v
2
1

þ _z v1s1

xsm1v
2
1

; ðB:2Þ

where v1 _z ¼ v1
dz tð Þ
dt

¼ dz tð Þ
dt

.

The first term is
Fnl

xsm1v
2
1

¼ Fnl

N
¼ fnl.

The second term is
zs0

xsm1v
2
1

¼ z

xs

s0

m1v
2
1

m2

m2
¼ y3rv

2
b ,

where y3 ¼
z

xs
, v2

b ¼
s0

m2v
2:
1

The third term is
_z v1s1

xsm1v
2
1

¼ _z

xs

s1

m1v1

m2v3

m2v3
¼ _y 32rvbjl,

where jl ¼
s1

2m2v3
.

Now, dividing the second equation of (B.1) by xs and
using the nondimensional time t, we obtain

_z

xs
¼ 1

xs
_x 1 � _x 2ð Þ � 1

xs

s0

mcN
j _x 1 � _x 2jz ðB:3Þ
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–
 The first term is
_z

xs
¼ d z=xsð Þ

dt
¼ dz

xsdt
¼ _y 3:

1

–
 The second is

xs
_x 1 � _x 2ð Þ ¼ _y 1 � _y 2.

1 s s

–
 The third term is

xs

0

mcN
j _x 1 � _x 2jz ¼ 0

mcN
j _y 1 � _y 2jz:

Multiplying and dividing by k1m1m2, this term
becomes.

s0

mcN
j _y 1 � _y 2jz

k1
k1

m1

m1

m2

m2
¼ r

v2
b

mc

j _y 1 � _y 2jy3

Finally, the nondimensional microscopic friction force
is defined as

fnl ¼ rv2
by3 þ 2jlrvb _y 3;

_y 3 ¼ _y 1 � _y 2 � r
v2
b

mc

j _y 1 � _y 2jy3:
ðB:4Þ
Appendix C

The equations of motion at the sticking regime are as
follows:

m1 €x 1 þ k1x1 þ k2 x1 � x2ð Þ þ s1 _x 1 � _x 2ð Þ þ s0 x1�x2Þð
¼ F0cos Vtð Þ;

m2 €x 2 � k2 x1 � x2ð Þ � s1 _x 1 � _x 2ð Þ
� s0 x1 � x2ð Þ ¼ 0:

ðC:1Þ

Using the nondimensional time and dividing the first
equation by m1 and the second equation by m2, equations
(C.1) are now written as follows:

v2
1 €x 1 þ k1

m1
x1 þ k2

m1
ðx1 � x2Þ þ s1

m1
v1ð _x 1 � _x 2Þ

þ s0

m1
ðx1�x2Þ ¼ F0

m1
cosðvtÞ

v2
1 €x 2 � k2

m2
ðx1 � x2Þ � s1

m2
v1ð _x 1 � _x 2Þ

� s0

m2
ðx1�x2Þ ¼ 0

ðC:2Þ

Where v1 _x 1 ¼ v1
dx1 tð Þ
dt ¼ dx1 tð Þ

dt and
v1 _x 2 ¼ v1

dx2 tð Þ
dt ¼ dx2 tð Þ

dt .
Dividing equations (C.2) by v2
1, the equations are

written as follows:

€x 1 þ x1 þ rv2
aðx1 � x2Þ þ 2rvbj1ð _x 1 � _x 2Þ

þ rv2
bðx1 � x2Þ ¼ F 0

m1v
2
1

cosðvtÞ
€x 2 � v2

aðx1 � x2Þ � 2vbj1ð _x 1 � _x 2Þ � v2
bðx1 � x2Þ ¼ 0

ðC:3Þ

Now, multiplying and dividing equations (C.2) by xs,
we obtain

€y 1 þ y1 þ rv2
a y1 � y2ð Þ þ 2rvbjl _y 1 � _y 2ð Þ

þ rv2
b y1 � y2ð Þ¼ fecos vtð Þ;
€y 2 � v2
a y1�y2Þ � 2vbjl _y 1 � _y 2ð Þ � v2

b y1 � y2ð Þ ¼ 0:
�

ðC:4Þ

Appendix D

Substituting the equivalent force (9) into the nondimen-
sional equations of motion (2), we obtain

€y 1 þ y1 þ rv2
aðy1 � y2Þ þ ceð _y 1 � _y 2Þ ¼ fecosðvtÞ

€y 2 � v2
aðy1 � y2Þ �

ce
r
ð _y 1 � _y 2Þ ¼ 0

ðD:1Þ
The equivalent viscous damping is defined as

ce ¼ 2rvaje ðD:2Þ
Finally, the equations of motion will be treated as a

Den Hartog problem where va and je are the tuning ratio
parameter and the viscous damping rate, respectively. The
equations of motion are as follows:

€y 1 þ y1 þ rv2
a y1 � y2ð Þ þ 2rvaje _y 1 � _y 2ð Þ ¼ fecos vtð Þ;

€y 2 � v2
a y1 � y2ð Þ � 2vaje _y 1 � _y 2ð Þ ¼ 0: ðD:3Þ
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