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Abstract. In this study, factors affecting the noise generation by instability waves in a subsonic jet with
acoustic Mach number of 0.5 are investigated using linear stability analysis. The base flow required for
instability analysis is obtained by modeling the jet stream based on the k-e turbulence model and using the
empirical coefficients suggested by Thies and Tam [1]. The resulting base flow profiles are used to solve the linear
instability equation, which governs the pressure perturbation for obtaining the eigenvalues and eigenfunctions.
The results of linear instability analysis for phase and amplitude of pressure fluctuations are compared against
the existing experimental data, which demonstrated the validity of the conducted instability analysis. The
effects of turbulence intensity and thickness of the boundary layer at the jet nozzle exit on the results of the linear
instability analysis are investigated. The results show that as the turbulence intensity at nozzle exit increases,
the frequency range for which the spatial growth rates are positive grows smaller, and except for very low
frequencies, this leads to decreased growth rates in both axisymmetric and first azimuthal modes. Also, in both of
these modes, an increase in the thickness of the boundary layer at nozzle exit leads to a decrease in perturbation’s
growth rates in the surveyed frequency ranges.
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1 Introduction

With the increasing utilization of jet propulsion technology
in the recent years, acoustic noise generated by these
engines has become a matter of concern. Despite many
attempts to reduce the jet noise, for example, using
Chevron nozzles [2], steady fluidic injections [3], and
plasma discharge actuator [4], the absence of a conceptual
framework for expressing the mechanism of noise genera-
tion in turbulent jet streams has limited the success of
above-mentioned and similar methods. It is therefore
evident that further development of the jet noise reduction
solutions requires better understanding of physics of the
phenomenon and also improved modeling concepts based
on an accurate theory [5].

Among many studies performed on the jet noise, the
majority has been based on the Lighthill’s Acoustic
Analogy [6,7] and its generalized forms. In acoustic
analogy, noise sources need to be modeled. As the noise
of the jet stream is generated by the turbulence, so
modeling this kind of noise is far more challenging.
nding author: e-mail: Gohardehi@mech.sharif.edu
Until 1970, the turbulence in free shear flows used to be
theorized based primarily on incoherent fine-scale turbu-
lence structures, but the extensive experimental evidence
provided by Crow and Champagne [8], Brown and Roshko
[9], and Moore [10] led to the detection of coherent large-
scale structures as the dominant cause of jet noise at low
frequencies and low angles relative to the jet axis. Coherent
large-scale structures, also called instability waves [11], are
created by flow instability [12], and in free shear flows,
which have an inflection point in their velocity profiles, are
considered as Kelvin–Helmholtz instabilities [13,14]. The
fluctuation induced by these structures can be modeled
with Linear Stability Theory (LST).

In acoustically excited jets, pressure and velocity
fluctuations have been successfully predicted using eigen-
functionsobtained from linear stability analysis [15–17].For
natural jets, Suzuki and Colonius [18] performed a set of
experiments with microphone arrays in a linear hydrody-
namic regime to obtain the amplitude and phase of pressure
fluctuations produced by instability waves. They compared
the results with the results of local linear stability analysis
and found an acceptable level of consistency. Parabolized
Stability Equations [19] have been used to investigate the
effect of nonparallel base flow and study of jet noise in
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Table 1. Different investigated scenarios for turbulence
intensity and boundary layer thickness at jet nozzle exit.

Turbulence intensity
at nozzle exit (Ti)

Boundary layer thickness
at nozzle exit (d)

2 0.085
3.5 0.085
5 0.085
8 0.085
10 0.085
2 0.225
2 0.17
2 0.0425
2 0.0283
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several articles [20]. Gudmundsson and Colonius [21] per-
formeda stability analysis based on themodeledbaseflowof
experimental data. They used PSE and LST to obtain the
growth rate of the unstable perturbation and pressure
fluctuation in the potential core of the subsonic jet. They
compared their results with the experimental results of the
microphone array and proper agreement has been reported.

As discussed in the earlier researches, the jet nozzle
exit boundary condition has a significant effect on the
instability features of the jet flow. Bogey et al. [22] surveyed
the effect of the nozzle exit turbulence level on the flow and
acoustic field of the subsonic jet. They reported longer
potential core in case of an increase in nozzle exit
turbulence intensity. Bogey and Bailly [23] investigated
the effect of the nozzle exit condition on the flow and
pressure fluctuation of the jet using large eddy simulation.
They found the jet flow field to be highly sensitive to the
upstream condition by different simulation on each flow
configuration. The main aim of this research is to
investigate the effect of the nozzle exit conditions on the
flow characteristics by using reduced order models that are
governed by linear stability theory.

In the remainder of this article, Section 2 describes the
conditions and parameter of simulated jet flow. In
Section 3, after introducing the governing equations, the
resulting linear stability equations and boundary con-
ditions are provided. To solve the stability equation, base
flow needs to be determined, thus the modeling approach
and the method of obtaining the base flow profiles are
explained, and finally, the numerical method that is used
for solving the instability equation is briefly described. In
Section 4, first the numerically obtained base flow results
are validated against the existing experimental data; then
the results of linear stability analysis for amplitude and
phase of pressure fluctuation are compared with the
experimental results. Finally, results obtained with differ-
ent values of turbulence intensity and boundary layer
thickness at the nozzle exit are presented and discussed. In
Section 5, the results of the study are summarized.
2 Flow conditions and parameters

In this study, flow conditions at the nozzle outlet are based
on experimental research of Bridge and Wernet [24] at
NASA’s Glenn Research Center, and the set point 3 defined
by Tanna [25]. Details of this experimental study can be
found in reference [24]. These conditions are expressed as
follows:

–
 Acoustic Mach number is 0.5. This number is the ratio of
jet speed at nozzle exit to sound speed at far-field region
(ambient sound speed),
–
 Temperature ratio of the jet is 0.95. This number is the
ratio of jet temperature at nozzle exit to air temperature
at far-field region (ambient air temperature),
–
 Nozzle diameter is 2 in.,

–
 According to the provided data, turbulence intensity at
nozzle exit is about 2%,
–
 Reynolds number is 7.5� 105,

–
 Ambient temperature is 288K,

–
 Ambient pressure is 1 Atm.
Thickness of the boundary layer at the nozzle exit has
not been mentioned in reference [24]. So, to determine this
parameter, the experimental results provided in reference
[20] are used. One of the experiment cases of this research
has the same Mach number, jet temperature, and nozzle
diameter as those are assumed in the present study. Hence,
the boundary layer thickness reported in that article is
used, which is d=0.085, and has been normalized by the
nozzle diameter.

For a fixed Mach number and jet temperature ratio,
the parameters of turbulence intensity and boundary
layer thickness at the nozzle exit could be changed and
adjusted. Therefore, to evaluate the effect of these
parameters, the different indicated scenarios in Table 1
are investigated.
3 Method of solution

In this research, turbulent compressible circular jet flow is
investigated in the cylindrical coordinate system. For
simulating the flow, a cylindrical domain with the length
of 30 and the radius of 10 (normalized based on nozzle
diameter) have been selected. The studied fluid is air,
which is assumed to be a Newtonian fluid and satisfy the
ideal gas equation of state.
3.1 Governing equations

Parameters x, r, and t, which represent the streamwise and
radial direction and time, respectively, are normalized as
follows:

x ¼ x�

D
; r ¼ r�

D
; t ¼ t�a∞

D
; ð1Þ

where stars symbolize dimensional variables, D represents
the nozzle diameter, and a∞ denotes the ambient speed of
sound. Flow parameters are normalized as follows:

r ¼ r�

r∞
;u ¼ u�

a∞
;T ¼ T �cp

a2∞
; p ¼ p�

r∞a
2
∞
: ð2Þ
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In equation (2), r, T, and p denote the density,
temperature, and pressure, respectively, and u is the
velocity with axial, radial, and azimuthal components
denoted by ux, ur, and uu. Also, r∞ and cp represent the
ambient fluid density and the specific heat at constant
pressure, respectively. The compressible flow’s governing
equations are in the form of equations (3)–(8).

Dr

Dt
þ r∇:u ¼ 0; ð3Þ

r
Dux

Dt
¼ � ∂p

∂x
þ 1

Re
V x; ð4Þ

r
Dur

Dt
� u2

u

r

� �
¼ � ∂p

∂r
þ 1

Re
V r; ð5Þ

r
Duu

Dt
þ uruu

r

� �
¼ � ∂p

∂u
þ 1

Re
V u; ð6Þ

r
DT

Dt
þ g � 1ð ÞT∇:u

� �
¼ g

Re
Fþ g

RePr
∇:Q; ð7Þ

p ¼ g � 1

g
rT : ð8Þ

The above equations represent the continuity (conser-
vation of mass), axial momentum, radial momentum,
azimuthal momentum, conservation of energy, and the
ideal gas equation of state, respectively. Here, g denotes
the ratio of specific heats for air and is assumed to be 1.4.
In the above equations, D

Dt, ∇, and ∇. denote the material
derivative, gradient, and divergence, respectively. V, F,
and Q denote the viscous terms, viscous dissipation, and
heat flux, respectively. Reynolds and Prandtl numbers are
defined as follows:

Re ¼ UjD

nj
;Pr ¼ m∞cp

k∞
: ð9Þ

In the above equations, Uj and nj are the jet velocity
and the kinematic viscosity of the fluid at the nozzle exit,
while m∞ and k∞ are the dynamic viscosity and the thermal
conductivity of the fluid at the far-field region. Tempera-
ture dependence of viscosity is neglected as the experimen-
tal jets in our study are near-isothermal [21]. The kinematic
viscosity, dynamic viscosity, and thermal conductivity of
the fluid are assumed to be constant.

Acoustic Mach number (denoted above by M∞) is
expressed as follows:

M∞ ¼ Uj

a∞
: ð10Þ
3.2 Linear instability analysis

In the stability analysis, flow variables are assumed as
follows:

q X; tð Þ ¼ q Xð Þ þ q0 X; tð Þ; ð11Þ
where q Xð Þ denotes the base flow and is assumed to be
time-independent, and q 0 (X, t) denotes the perturbation
terms. Substituting the above terms into equations (3)–(8)
and ignoring the second-order perturbation terms yields
the linear perturbation equations. The next step is using
local stability theory, which has been developed for parallel
flows but can also be used to approximate nearly parallel
flows. Based on the local stability theory, flow parameters
are assumed as follows:

q x; r; u; tð Þ ¼ q rð Þ þ q̂ rð Þei axþmu�vtð Þ: ð12Þ

For further simplification and as we are studying
inviscid perturbations, diffusion terms of the above
equations is ignored. The result of such simplification is
known as Rayleigh stability theory.

The resulting Rayleigh system of equations can be
solved for pressure term to obtain the following pressure
perturbation equation:

1

r

d

dr

rdp̂

dr

� �
� 2a

aux
� v

∂ux

∂r
þ

∂r
∂r
r

 !
dp̂

dr

� m2

r2
þ a2 � r aux � vð Þ2

� �
p̂ ¼ 0: ð13Þ

As themean flow velocity and density gradient vanishes
as r! 0 and r!∞, the boundary conditions of the above
equation at two bounds of the solution domain are
expressed as follows:

r ! 0 : p̂ rð Þ ! Jm brð Þ and
b ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r 0ð Þ � aux 0ð Þ � vð Þ2 � a2;

q
ð14Þ

r ! ∞ : p̂ rð Þ ! H1
m grð Þ and g ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � a2:

p
ð15Þ

In the above equations, Jm represents the Bessel
functions of the first kind and mth order, and H1

m denotes
the Henkel functions of the first kind and mth order.

In this study, instabilities of the investigated jet are of
the convective type, so flow perturbations grow down-
stream and instability waves are better to be modeled with
spatial stability theory [26]. In this method, v is a real
number representing the angular frequency of perturba-
tions and is given as an input, and a is the eigenvalue that
must be calculated. The latter parameter is a complex
number, in which the real part is the perturbations
wavenumber and the imaginary part is the spatial growth
or decay rate of perturbations. Also, m denotes the
azimuthal mode number.



Fig. 1. Schematic of the numerical domain boundary surfaces of
the simulation.
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3.3 The base flow model

The base flow used in stability analysis could be laminar or
turbulent. In the jet noise analyses, because of the high speed
of jet flow at the nozzle exit, Reynolds number is very high.
Basedon thenozzlediameter, this numberwill beof the order
of 105 or higher [5], andwith these Reynolds numbers, the jet
flow is turbulent. For turbulent flows, the base flow para-
meters required for instability analysis are the mean flow
parameters that appear in the Reynolds decomposition [21].

For calculating the base flow, a cylindrical domain with
the length of 30 and the radius of 10 is selected whose nozzle
exit is located on the left lower side and the jet center line is
aligned on the cylinder axis. As the surveyed jet is
axisymmetric, the two-dimensional rectangle is meshed
with structured and orthogonal grids. The radial grids are
selected to be finer than axial grids, and as the gradients at
nozzle exit region are higher than the domain outlet, this
area is constructed with finer mesh compared to the rest of
the domain. The schematic of the numerical domain is
shown in Figure 1.

Velocity inlet boundary condition is considered for the
nozzle exit, which is represented by surface A, temperature
condition set to be same as experimental conditions [24].
For other surfaces, i.e.,B,C, andD, theboundaryconditions
are considered as standard pressure and temperature.

Line E is considered as a jet centerline and defined in
the simulating software as an axis boundary condition
in the axisymmetric simulation mode.

The mean flow is simulated by ANSYS Fluent software
using the k-e turbulence model based on experimental
coefficients proposed by Thies and Tam [1]. In this
simulation, the profile of velocity at the nozzle exit is
assumed as the inlet velocity boundary condition of the
problem. Following reference [27], the velocity profile is
obtained from equation (16), and coefficients of this
equation are obtained from equation (17) in terms of
acoustic Mach number and boundary layer thickness.

ux rð Þ ¼ atanh b 1� 2rð Þð Þ ð16Þ

a ¼ M∞; b ¼ tanh�1 0:99ð Þ
2d

ð17Þ
Here and in the remainder of this article, all u variables
are average values. Turbulence intensity at nozzle exit is
also incorporated into the boundary conditions as input.
To solve the stability equation, the analytical profiles of
axial velocity and density over the entire domain needs to
be determined. The axial velocity profile is obtained from
equation (18):

ux r;xð Þ¼
M∞; if r < R xð Þ
uc xð Þexp � r�R xð Þð ÞN xð Þ=bN xð Þ xð Þ

� �
; otherwise:

(

ð18Þ
In equation (18), the values of uc (x) , R (x), N (x) , and

b (x) for each x must be obtained by implementing curve
fitting to the results of axial velocity at the point x. This
equation is similar to the one used by Rodriguez et al. [28],
except that in their equation, N(x)= 2 and is constant,
while in this study, to attain a better curve fitting, this
parameter is assumed to be variable.

The density profile is obtained using the equation of
state and assuming temperature profile as a result of
Crocco–Busemann equation as indicated in equation (19).

T ¼ �u2
x

2
þ 1

g � 1

T jet

T∞
� 1

� �
ux

M∞
þM2

∞
2

� �
þ 1

g � 1
ð19Þ

In the above equation, Tjet denotes the flow tempera-
ture at nozzle exit.
3.4 Solving the eigenvalue problem

The equation of pressure perturbation, equation (13), is a
nonlinear eigenvalue problem, which should be solved using
the shooting method. To solve this problem, the second-
order equation is converted into two first-order equations.
Then, values ofm,v, and profiles ux and r (for each fixed x)
are used as inputs to determine the a value and also
satisfying boundary conditions (14) and (15). This a is the
eigenvalue, and its corresponding p̂ rð Þ is the eigenfunction.
The shooting algorithm first approximates the eigenvalue,
and then evolves over radial directionusing the fourth-order
Runge–Kutta method to calculate the values of pressure
functions and their derivatives at the outlet boundary
condition. It then uses the values of boundary conditions at
these points to update the approximated eigenvalue using
the Secant formula. This algorithm repeats the above
process until eigenvalue converges. Special care needs to
be taken in a singular point of equation (13) where
aux � v ¼ 0, and the path of integration must be deformed
to avoid the singularity.
4 Results and discussion

4.1 Validation of the base flow model

To validate the results of the base flow model, in Figures 2
and 3, the graphs of axial velocity and kinetic energy of the
turbulence in the jet centerline are compared with the
experimental results of reference [24] (note that modeling



Fig. 2. Comparison of axial velocity of the model jet at centerline
with experiment results [24].

Fig. 3. Comparison of turbulence kinetic energy at jet centerline
with experiment results [24].

Fig. 5. Axial velocity profile at x=3 for different turbulence
intensities.

Fig. 4. Axial velocity at jet centerline for different turbulence
intensities.
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results belong to Ti = 2%). As illustrated in these figures,
the modeling results have a good agreement with the
experiment. It should be mentioned that the model slightly
overestimates the potential core length, where this issue
has been thoroughly discussed in [29].

Figure 4 shows the graph of axial velocity in the jet
centerline for different turbulence intensities at the nozzle
exit. Figures 4 and 5 indicate that as the turbulence
intensity at nozzle exit increases, the length of the potential
core decreases. Meanwhile, the length of the potential core
is defined with the point where the shear layer reaches
the jet axis. It can be explained that any increase in the
turbulence intensity at the nozzle exit of jet leads to
escalations of mixing and interaction of the jet with its
environment, which leads to increased momentum transfer
from the jet to its surroundings and also causes faster
decline of the jet centerline velocity and consequently lower
length of the potential core.

A change in the jet centerline velocity and the
potential core length means a change in the velocity
profile at different cross-sections, which alters the results
of the instability analysis. The profile of axial velocity
along the radial direction at the cross-section x=3 is
shown in Figure 5. According to this figure, as turbulence
intensity at the nozzle exit increases, so does thickness of
the shear layer, and this leads to a reduction of the
average radial gradient of axial velocity, which has a
significant effect on the results of stability analysis. This
effect is investigated at the end of this section. Figure 6
shows the shear layer developing in streamwise direction
inside the potential core. The thickness of the shear layer
has been defined based on the radial distance between
two velocity profiles, i.e., ux/Uj=0.01 and ux/Uj=0.99.
It is clear that as the flow develops in streamwise
direction, the thickness of shear layer increases and the
higher turbulence intensity leads to the thicker shear
layer with a slower growth rate. This slower growth rate
for higher turbulence intensity is in consistence with the
findings in reference [22].

Figure 7 illustrates the effect of the thickness of the
boundary layer at nozzle exit on the base flow profiles.
According to this figure, an increase in the thickness of
the boundary layer at the nozzle exit leads to a decrease
in the potential core length. It could be described that the
thickness of the boundary layer at nozzle exit is equal to
the thickness of shear layer at the source point of the jet.
As this thickness increases, the larger initial thickness of
the shear layer allows it to reach the centerline at shorter
distance. Therefore, the increase in boundary layer
thickness and the consequent increase in initial thickness
of the shear layer lead to a decrease in the length of the
potential core.



Fig. 6. Shear layer growth in the streamwise direction for
different turbulence intensities.

Fig. 7. Axial velocity at jet centerline for different boundary
layer thicknesses.

Fig. 8. Axial velocity at x=3 for di
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As already mentioned, any change in the jet centerline
velocity and the potential core length changes the velocity
profile at different cross-sections. Another example of this
effect is shown in Figure 8, which illustrates the profile of
axial velocity for the cross-section x=3. Figure 8 shows
that, for the reason recounted earlier, the thickness of the
shear layer increases with the increase in the thickness of
the boundary layer.
4.2 Validation of the linear stability analysis

To validate the results of the linear stability analysis,
pressure perturbations obtained with this method are
compared with the experimental results of Suzuki and
Colonius [18]. They conducted a series of experiments with
microphone arrays that were located in the linear
hydrodynamic region and provided the pressure fluctua-
tions at the locations of microphones in terms of Fourier
and azimuthal modes, which are represented in the form of
equation (20) (for more detail, see Ref. [18]).

p0 x; r; u; tð Þ ¼
X
m

∫~pmv x; rð Þei mu�vtð Þdv ð20Þ

Suzuki and Colonius reported the amplitude and phase
of ~pmv x; rð Þ at the location of microphones, which precisely
provides a global expression of modes.

To compare the results of the local linear stability
analysis with the globally expressed experimental results,
local modes should be converted to global modes. For this
purpose, first, eigenfunctions obtained for different cross-
sections (x) must be normalized. In this regard, eigenfunc-
tions obtained for all modes and all cross-sections (x) are
assumed to have a maximum amplitude of unity and phase
of zero at r=0.5. Pressure fluctuations in the global
modes are expressed with equation (20), and the global
fferent boundary layer thicknesses.



Fig. 9. Validation of amplitude of pressure fluctuation at
St=0.35 for different azimuthal modes (m=0, 1, and 2) with
results of reference [18].

Fig. 10. Validation of phase of pressure fluctuation at St= 0.35
for different azimuthal modes with results of reference [18].
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eigenfunctions ~pmv x; rð Þ are obtained based on the local
eigenfunctions by using equation (21).

~pmv x; rð Þ ¼ p̂mv r;xð Þe
i∫
x

x0

amv hð Þdh
ð21Þ

In equation (21), p̂mv r;xð Þ represents the normalized
version of the eigenfunctions obtained for each mode using
the local stability analysis, and amv denotes the eigenvalues
obtained for each mode using the local stability analysis. x0
is an arbitrary value, which we assume to be zero. In this
equation, p̂mv r;xð Þ is highly dependent on radial compo-
nent r and less so on x. In fact, dependence of ~pmv x; rð Þ on r
is based on the function p̂mv r;xð Þ;while its dependence on x
is based on the function e

i∫
x

x0
amv hð Þdh [18].

When using linear stability analysis to obtain the
pressure perturbations, it should be evoked that equation
(13) is homogeneous, so any combination of the solution is
itself a solution. This means that perturbations obtained
with linear stability analysis are not exact solution and for
each particular mode, they can be multiplied by an
arbitrary number. Similarly, the phases obtained for each
mode can be summed with a constant. So, to compare
our results against the experimental results, pressure
perturbation function is assumed to be in the form of
equation (22).

p0 x; r; u; tð Þ ¼
X
m

∫Amvp̂mv r;xð Þe
i∫
x

x0

amv hð Þdh
ei mu�vtð Þdv

ð22Þ
In equation (22), the amplitude and phase of the

complex coefficient Amv are assumed such that the results
of stability analysis show a good agreement with the
microphone data of reference [18].

In Figures 9–12, the amplitude and phase obtained for
each mode from the linear stability analysis (forTi = 2%) are
compared with the experimental data. The illustrated
stability analysis results are in fact the amplitude and phase

of Amvp̂mv r;xð Þe
i∫
x

x0

amv hð Þdh
on the conical surface on which

the microphones are laid [18].
As is shown in Figures 9–12, the results of the linear

stability analysis have a good agreement with the
experimental results. Also, Strouhal number is defined as
St=v/2pM∞.
4.3 The effect of turbulence intensity at the nozzle
exit on the results of linear stability analysis

The growth rates, �ai, in terms of frequency for the
axisymmetric mode and the first azimuthal mode for
different turbulence intensity levels are shown, respectively,
in Figures 13 and 14. According to these figures, as
turbulence intensity at the nozzle exit increases, the
frequency range for which the growth rate is positive
grows smaller, and except for very low frequencies, the
increased turbulence intensity leads to a decreased growth
rate for both mentioned modes. The reasons for this
reduction is that improved turbulence intensity means
faster momentum transfer from jet to its environment,
which leads to an increased growth rate of the shear layer
and its increasing thickness in all cross-sections. The
increased thickness of the shear layer reduces the radial
gradient of the axial velocity, which results in the reduced
growth rate. Comparing axisymmetric modes and first
azimuthal modes reveals that the maximum growth rate
in first azimuthal modes occurs at the perturbations with
lower frequency. The higher frequency axisymmetric and
first azimuthal modes become more stable by increasing
turbulence intensity. It is presented in the mentioned
figures that for the frequency range higher than St= 0.8,
increasing turbulence intensity leads to damping the
unstable perturbations.



Fig. 11. Validation of amplitude of pressure fluctuation at
St=0.5 fordifferent azimuthalmodeswith results of reference [18].

Fig. 12. Validation of phase of pressure fluctuation at St= 0.5
for different azimuthal modes with results of reference [18].

Fig. 13. Growth rate of axisymmetric mode (m=0) for different
turbulence intensity at x=3.

Fig. 14. Growth rate of first azimuthal mode (m=1) for
different turbulence intensity at x=3.
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In Figure 15, growth rate and wave number variation in
streamwise direction are shown for axisymmetric modes for
different Strouhal number. It is seen that maximum wave
number increases as the turbulence intensity increases. For
higher Strouhal numbers, maximumwave number happens
in the shorter axial position. Maximum growth rates are
reported at the vicinity of the nozzle and by marching in
streamwise direction, the growth rate reduces rapidly.
Increasing turbulence intensity has a reducing effect on the
growth rate in the streamwise locations with x > 3.
Furthermore, by increasing turbulence intensity, the wave
number is increased despite the reduction in growth rate. It
is worth to note that for Ti=10%, as the potential core has
been found shorter, the growth rate for axisymmetric mode
tends to zero after x=4, which is termination point of the
potential core.

Figure 16 presents the growth rate and wave number
variation in streamwise direction for first azimuthal
modes for different Strouhal number. It is seen that for
lower Strouhal numbers, the wave number increases in
streamwise direction. In the higher frequency perturba-
tions, the wave number has a peak value in the axial
location with x < 2 and the maximum wave number
increases as the turbulence intensity increases. As in
Figure 15, the maximum growth rates are reported in the
vicinity of the nozzle and by marching in streamwise
direction, the growth rate reduces rapidly. Increasing
turbulence intensity has a reducing effect on the growth
rate in the axial locations with x > 2. It is worth to
note that for Ti=10%, as discussed earlier and despite
the stable axisymmetric modes, there are spatially
growing helical modes in the locations outside the
potential core.
4.4 The effect of boundary layer thickness at the
nozzle exit on the results of linear stability analysis

The spatial growth rates of perturbations in terms of
frequency for the modes m= 0 and m= 1 and different
boundary layer thicknesses (at nozzle exit) are shown in



Fig. 15. Growth rate (�ai) and wave number (ar) of the axisymmetric modes (m=0) for different turbulence intensity at St=0.15,
0.25, and 0.35.
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Figures 17 and 18. According to these figures, for both
axisymmetric and first azimuthal mode, as the boundary
layer thickness at the nozzle exit rises, perturbation growth
rate decreases. The reason is explained based on the
increase in jet shear layer thickness and consequently
decrease in the radial gradient of axial velocity, which leads
to lower growth rates.

It is seen that the maximum growth rate for all cases
occurs at St= 0.55 for axisymmetric modes and at St=0.45
for fist azimuthal modes. Also higher boundary layer
thickness causes perturbations to become stable at the
lower frequencies.

In Figure 19, the imaginary and real part of the
axisymmetric modes is illustrated for different Strouhal
numbers in streamwise direction. It is found that as the
boundary layer thickness increases, the growth rate
decreases and the wave number increases. By thickening
the boundary layer, the maximum wave number shifts to
the locations near the nozzle exit. It is worth to note that in
streamwise locations with x < 1, the boundary layer
thickness variation has not much effect on the growth rate
and this effect intensifies in the locations far downstream of
the nozzle. In the lower Strouhal number, the maximum
wave number for thinner boundary layer occur at the
location far downstream of the nozzle and by increasing the
Strouhal number, the maximum wave number moves to
the lower axial location.

Figure 20 presents the growth rate and the wave
number for first azimuthal modes in streamwise
direction. For these modes, the effect of the boundary
layer thickening on the reducing growth rate is smaller
than the axisymmetric modes and this affect is damped



Fig. 16. Growth rate (�ai) and wave number (ar) of the first azimuthal modes (m=1) for different turbulence intensity at St= 0.15
and St=0.35.

Fig. 17. Growth rate of axisymmetric mode (m=0) for different
jet exit boundary layer thickness at x=3.

Fig. 18. Growth rate of first azimuthal mode (m=1) for
different jet exit boundary layer thickness at x=3.

10 S. Gohardehi et al.: Mechanics & Industry 20, 103 (2019)
for the locations with x > 5. The thicker boundary layer
leads to strengthen decrease in the growth rate in the
streamwise direction. Also, for higher frequency modes,
the wave number variation is limited for x > 2. In
the axial positions smaller than x=2, as the boundary
layer thickness increases, the wave number increases
and its maximum value location moves closer to the
nozzle exit. It is interesting that for lower Strouhal
number, the wave number increases in the streamwise
direction.



Fig. 19. Growth rate (�ai) and wave number (ar) of the axisymmetric (m=0) for different boundary layer thicknesses at St=0.15,
0.25, and 0.35.
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5 Conclusion

In this study, the pressure fluctuation generated by
instability waves of a subsonic jet with acoustic Mach
number of 0.5 is investigated by the linear stability
analysis. Comparison of the amplitude and phase obtained
with this method against the experimental data demon-
strated the validity of the results. Next, the effects of two
parameters, turbulence intensity and thickness of the
boundary layer at the nozzle exit, on the results of linear
stability analysis are surveyed.

The results show that as turbulence intensity at the
nozzle exit rises, the frequency range for which the spatial
growth rate is positive (unstable perturbations) shrinks,
and except for very low frequencies, the increased
turbulence intensity leads to the decreased growth rate
for both axisymmetric and first azimuthal modes. The
reason behind this reduction is that the increased turbu-
lence intensity leads to faster momentum transfer from jet
to its environment, which itself leads to a growth of the
shear layer and its growing thickness in all cross-sections.
The increased thickness of the shear layer consequently
decreases the radial gradient of the axial velocity, which
results in lower growth rate. The wave number increases by
intensifying the turbulence intensity at the nozzle exit and
for the higher Strouhal numbers, the wave number’s peak
values move closer to the nozzle exit.

According to the results, as the boundary layer thick-
ness at the nozzle exit increases, in both axisymmetric and
first azimuthal modes, the perturbation growth rate in the
surveyed frequency range decreases. The wave number
becomes higher by thickening the boundary layer. It is



x

Fig. 20. Growth rate (�ai) and wave number (ar) of the first azimuthal modes (m=1) for different boundary layer thicknesses at
St=0.15 and St=0.35.
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explained that the thickness of the shear layer at the source
point of the jet equals to the thickness of the boundary
layer at nozzle exit. Therefore, growing of the thickness
of the boundary layer leads to further thickening of the
shear layer with the jet development. The increase in
thickness of the shear layer reduces the radial gradient of
the axial velocity, which leads to a reduced perturbation
growth rate.
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