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Abstract. Having an increasingly complex set of inter-relations between several components from different
domains, mechatronic systems become more and more complex. The behavior of such systems depends on the
values of their parameters and variables. A deviation of these values from their expected values affects the overall
functioning of the system, degrades the system quality, and may be a significant threat to safety. To reach an
expected quality level, the deviations between actual and target values of parameters should be within specified
tolerances. For this, two extreme limits (i.e. upper and lower bounds) of these valuesmust bewisely determined. It
is also important to know the impact of parameters deviations on system behavior. Furthermore, the margin of
variables should be controlled to evaluate systemperformancewith respect to the specifications, requirements and
user needs. This paper describes a methodology based on a variational approach combined with Worst-Case
Analysis and Monte Carlo Simulation to determine the impact of the parameters variation on the system
behavior. It helps designers to analyze tolerances of mechatronic systems. Our proposed methodology is
illustrated with a DC motor case study. The results show that the developed method provides a new way for
mechatronic tolerancing.
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1 Introduction

Complex system design requires rigorous approaches to
satisfy a set of requirements including cost and quality
especially in the presence of uncertainties, which is
unavoidable in the realization of systems. Uncertainty is
defined as a lack of knowledge or a state of being unsure of
something. For example, the real parameters of compo-
nents differ from their expected nominal values. This is due
to disturbance factors such as differences in manufacturing
techniques and environmental conditions. Furthermore,
these parameters can vary over time. They fluctuate
around their nominal values due to several factors such as
wear, fatigue or thermal effect. Thus, in this paper, a
parametric variation is defined as a deviation of the real
value from the expected value of a parameter. To fulfill the
proper function, these variations should be restricted by
tolerances, which are the allowable deviation. When
parameter values deviate from their tolerances levels, it
may introduce risks and failure to conform specifications.
Therefore, it is compulsory to specify the appropriate
ana.siala@supmeca.fr
parameters tolerances that ensure the proper function of
the system. Tolerances are used to cover uncertainties
caused by the deviations of parameters and variables. It
aims at developing a robust design insensitive to variations.
Similarly, the margin is the permissible variation; it is the
allowance to move within limits. The main difference
between tolerance andmargin is that the tolerance refers to
the permissible limits of variation in a physical dimension
or property and the margin is used in different fields to any
limit condition. The margin is a generic term for tolerance,
which is an engineering vocabulary [1].

In mechanical engineering, tolerancing deals with
dimensional and geometric tolerances. In the ASME
standard [2], it is defined as the total amount that a
dimension is permitted to vary.

However, traditional geometric tolerances are no longer
sufficient for mechatronic systems because of the numerous
interactions and complex relations between mechanical,
electrical and control components. It is, therefore, necessary
to extend mechanical tolerancing to mechatronic toleranc-
ing. This latter is defined by Zerelli et al. [3] as the
combination of several types of tolerances (e.g. in mecha-
tronic systems, a variation of amechanical parameter and an
electrical one can both be included).
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In this paper, a technique based on a variational
approach is proposed to evaluate the influence of the
parameters variations on the system behavior in order to
improve mechatronic system design.

The remaining of this paper is organized as follows:
Section 2 is devoted to present an overview of parameters
variation and some existing works on tolerancing of
mechatronic systems. Then, the proposed developed
approach is described in Section 3. It is applied in Section 4
to a DC motor. Finally, Section 5 gives conclusions and
some future work.
2 Parameters variation and tolerancing
of mechatronic systems: state of the art

The behavior of a mechatronic system can deviate from the
desired one due to deviations of some parameters from their
expected values. The minor fluctuations, in a mechatronic
system, may generate system failure. Systems that are
designed without paying attention to the variations process
are the most likely to fail in meeting the desired
requirement (power, timing, stability, and quality) [4].
Thus, the consequences of these variations must be
analyzed by integrating mechatronic tolerancing during
the design process and the design should be robust against
parameter variations, which can affect mechanical as well
as electronic components.

Different research works have been developed to predict
the effects of parameters variations and discuss mecha-
tronic tolerancing. In the following, we bring a body of
literature approaching this subject:

According to Aubin et al. [5], the functioning of a
mechatronic system depends on the behavior of its
components. An infinitesimal variation of one component
can considerably affect the global functioning of the
system. A general way of modeling these systems
parameters variations is to use differential equations: each
variation of one parameter introduces a variation of its
corresponding coefficient on the differential equation. The
authors used differential inclusion as a framework to model
systems parameters variations. It is a generalization of
differential equations. The main application of this method
is the analysis of parametric variation in dynamics system
and the result is a reachable set of trajectories, which
includes all possible solutions in the state-space. As a
continuation of these works, the authors in [6,7], inserted
the impulse differential inclusion to model parametric
variations in a hybrid system. The behavior of such a
system consists in discrete jumps between continuous
states. However, it cannot be developed to study a closed-
loop control.

El Feki [8] modeled the system using the inverse of
Bond Graph to determine the unknowns of problems. This
modeling reduces the number of iterations. The author
used the probabilistic approach to calculate tolerance. This
approach seems interesting since it associates a probability
description (probability density function) with each
variable in the model and it measures the effect of different
uncertainties of every system element. Nguyen [9] has
developed El Feki’s work by using a technique combining
fuzzy logic and the inverse of Bond Graph formalism.
However, this method requires the model to be invertible.

In the same context, Jabali et al. [10] and Jouilel et al.
[11], proposed another approach of mechatronic toleranc-
ing. It consists in modeling the system using Bond Graph
approach and applying Monte Carlo simulation. It is
applied in the case of the slider-crank system driven by a
gear motor. This approach allows the analysis and
synthesis of mechatronic system tolerances on the relative
position of the piston to the crankshaft axis. However, since
parameters are randomly distributed, there is a risk of
neglecting influential variations on the system behavior.

These aforementioned research works focus only on the
consistency of the output response. Thus, they are single-
objective methods. Working conditions of the components
(such as voltage, current, etc.) are not considered.
Therefore, in this paper, a variational approach is chosen
in a multi-objective tolerance design to improve robustness
of a mechatronic system. It does not only focus on
maintaining the system output in a specified tolerance but
also on keeping working conditions in expected margins.

Our proposed tolerancing approach is adopted from the
variational association used in the mechanical domain. The
association is a geometrical fitting operation [12], which is
used to adjust nominal elements to real elements. It is a
crucial operation to define datum and tolerance position,
which defines allowable deviations in the relative position
of the center, the axis, or the median plane of a feature
depending on its geometrical shape.

Choley et al. [13–15] proposed a new variational
association process to verify geometrical specifications. In
this work, the authors defined the association operation of
the ideal geometry with the actual geometry as a variation
of the defined parameters of the nominal geometry in
order to minimize the deviation between the real and the
expected nominal geometries. To describe the problem
mathematically, a Variational Distance Function is
proposed to associate the ideal geometry to the actual
geometry with a variational association process. This
process consists in changing the parameters to best fit the
nominal geometric element with the measured points. As
this method is a purely mathematical task, we propose to
apply it to multiphysics systems (mechatronic systems)
integrating electronics, electromagnetism, hydraulic, etc.,
in order to evaluate the global behavior of the system. In
this case, each physical parameter or variable (resistance,
torque, speed, current, etc) can be treated as an intrinsic
parameter. Thus, our contribution is to propose a method
based on the “variational approach” to determine the
influence of parameter variations on the system behavior
and define the allowable tolerances on these parameters
to keep the system behavior compliant with the
specifications.
3 Proposed method: variational approach

To study amechatronic system, the following variables [16]
are introduced:
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–
 Design parameters: let’s consider P the vector of m
design parameters denoted by P1 through Pm. They
describe the system characteristics (mechanical, electri-
cal, control…). However, they are subject to variations
due to manufacturing errors, wear, or other uncertain-
ties. The number of parameters can vary from one system
to another depending on its complexity.
–
 Performance variables: the performance is evaluated
with respect to n variables denoted by V1 through Vn,
assembled in vector V. The performance specifications
are not limited to control type performance measures
(speed of response, disturbance rejection, steady-state
error…), they also include working conditions (voltage,
current, angular speed, etc).

To define the behavior of the complex system, S (V, P)
is proposed to be the system of physical equations. In a
nominal case, the system is specified by target values of
variables V and parameters P. But in a real case, the
system is characterized by the actual values of variablesV0

and parameters P0. Thus, it is defined by S (V0, P0)=
S (V+dV, P+dP).

The deviation between S (V, P) and S (V+dV,
P+dP) should be specified and reduced. To quantify
this deviation mathematically, we propose to differentiate
S (V, P) with respect to the m parameters Pi (i=1 to m)
and to the n variablesVj (j=1 to n). That is mean to
calculate dS (V, P) as follows:

dS V;Pð Þ ¼ ∂S V;Pð Þ
∂P1

dP 1 þ � � � þ ∂S V;Pð Þ
∂Pm

dPm

þ ∂S V;Pð Þ
∂V 1

dV 1 þ � � � þ ∂S V;Pð Þ
∂V n

dV n ð1Þ

dS V;Pð Þ ¼
Xi¼m

i¼1

∂S V;Pð Þ
∂Pi

dPi þ
Xj¼n

j¼1

∂S V;Pð Þ
∂V j

dV j ð2Þ

To minimize it, we rget and then assume that
dS (V, P)= 0.

Xi¼m

i¼1

∂S V;Pð Þ
∂Pi

dPi ¼ �
Xj¼n

j¼1

∂S V;Pð Þ
∂V j

dV j ð3Þ

with dVj : tolerances on each variable; dPi : tolerances on
system parameters.
While the system is continuous, the same equations are
found at every particular instant. Thus, for a system
defined with m parameters and n variables, the previous
equations are the same at z instants (the chosen z time
instants should be greater than the number of parameters
and variables). Therefore, the following matrix equation
can be deduced:

see this equation at the bottom of the page.

It can be presented in this simplified form:

A � dP ¼ B � dV: ð4Þ
The next step is to complete matrices A and B

numerically. Thus, to perform the physical behavior of the
mechatronic system, multi-domain tools or languages can
be used such as Matlab/Simulink, Bond Graph or
Modelica.

As the compliance with mathematical modeling should
be guaranteed, the Modelica language including a
mathematical description of the models [17–20] has been
selected. In parallel, as the Dymola tool implements
Modelica while providing a graphical interface, it will be
chosen as the multidisciplinary modeling tool. It is
commonly used for the modeling and simulation with
major applications in virtual prototyping. The target
values of variables are given with the Modelica simulation.
We extract variables in z instants and insert them in the
matrices A and B.

After obtaining the complete matrix formulation, it can
be solved in two ways:

–
 With regards to the requirements: knowing the
acceptable deviation on the behavior of each variable
(dV), the admissible tolerances of parameters (dP)
can be searched. In this case, we need to invert the
matrix A.
–
 With regards to the specifications: the system compo-
nents have been chosen with given parameters tolerances
(dP). Then, we estimate their impact on the deviation of
variables (dV). Tolerances can be analyzed to evaluate
system performance. In this case, the matrixB should be
inverted.

The first case is discussed in [21,22]. In this paper, the
second case is taken into consideration. Thus, dP is
supposed to be known and our objective is to determine
their effect on the deviation of variables dV. Therefore, we
need to invert the matrix B.
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The system of equations in which B is a rectangular
z�n-matrix is an overdetermined system with more
equations than unknowns (z >n). There is more equations
than unknowns since z repeated evaluations are taken
to minimize errors. The method of least squares is a
way of solving an overdetermined system of linear
equations. It helps us to obtain dV the unique vector
which minimizes ||A .dP�B .dV||, or equivalently,
which minimizes ||A .dP�B .dV||2 [23].

This solution is given by using the pseudo-inverse of
Moore-Penrose.

3.1 Moore-Penrose pseudo-inverse resolution [23]

The pseudo-inverse M+ is defined for all matricesM, even
if they are not square matrices or not full rank matrices.
There is precisely one matrixM+. When matrixM is a full
rank matrix, the pseudo-inverse M+ can be expressed as a
simple algebraic formula:

–
 When M has linearly independent columns (thus matrix
MTM is invertible), M+ can be computed as:

Mþ ¼ MTM
� ��1

MT ð5Þ

This particular pseudo inverse is a left inverse and in this
case

MþM ¼ I ð6Þ

–
 When M has linearly independent rows (thus matrix
MMT is invertible), M can be computed as:

Mþ ¼ MT MMT
� ��1 ð7Þ

This is a right inverse, thus MM+= I.

In our case, the number of rows is greater than the
number of columns. Thus, the Moore-Penrose pseudo-
inverse gives:

Bþ ¼ BTB
� ��1

BT : ð8Þ

Thus, the deviations of variables dV are calculated based
on parametric variations dP as shown in equation (9):

dV ¼ BþAdP: ð9Þ
It is crucial to analyze the impact of parameters

tolerances dP on the variables deviations dV. The most
commonly utilized approach is the Worst-Case analysis
[24,25] andMonte Carlo analysis [26]. TheMonte Carlo is a
statistical method, which analyzes the variables deviations
by sampling parameters with probability distributions. Its
result is more realistic but it consumes much more
computing time. The Worst-Case analysis evaluates the
variables deviations under a set of worst case parameters
deviations. The result can verify whether the variables
deviations are acceptable under worst case or not. This
method has the advantage of reducing the computing time,
but the result is too conservative. For different purposes,
these two methods are adopted in this research.
To conclude, Figure 1 describes the proposed toleranc-
ing approach:
4 Use case: DC motor

The proposed approach is illustrated with a DCmotor. It is
an electromechanical system. The driven load is an
oscillatory torque.
4.1 Variables and parameters of the system

In order to solve the system the following variables need to
be identified:

Let V ¼ UI vmCrð ÞT be the vector of variables where U
is the voltage (V), I is the current (A), vm is the angular
speed (rad.s�1) and Cr is the load torque (N.m).

Let P ¼ RLkJð ÞT be the vector of parameters whereR
is the resistance (V), L is the inductance (H), k is the
“torque” constant and J is the inertia moment (kg.m2).
4.2 Equations development

The DC motor is modeled by the following equations:

U ¼ E þRI þ L
dI

dt
; ð10Þ

Cem ¼ kI; ð11Þ

E ¼ kvm; ð12Þ

J
dvm

dt
¼ kI � Cr: ð13Þ

The first equation (10) corresponds to the electric
behavior of the motor, which is modeled by a resistance R,
an inductance L and an electromotive force E arranged in
series.

Equations (11) and (12) correspond to the electrome-
chanical coupling. The current in the coil creates a
Laplace force, which is reflected by a motor torque Cem.
Equation (12) reflects the link between the angular speed
vm and the counter-electromotive force E, through the
“torque” constant k.

Equation (13) corresponds to the dynamics equation
obtained by isolating the shaft and applying the kinetic
energy theorem. It is subject to a motor torque Cem and a
load torque Cr.

These equations (10)–(13) can then be combined and
expressed with the following equations (14) and (15)
related to power, in accordance with the energy conserva-
tion, to express S (V, P):
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4.3 Application of the variational approach

The differentiation is applied while neglecting the second
order. In addition, the variable and parameters variations
have been separated.

IdU � kIdvm � �U þ 2RI þ L _I þ kvm

� �
dI

¼ I2dRþ I _I dLþ Ivmdk: ð16Þ

�kvmdI þ J _vm � kI þ Crð Þdvm þ vmdCr

¼ Ivmdk� vm _vmdJ: ð17Þ

For each chosen instant, we have the same equations. This
following matrix format includes all extracted points:

see equation (18) at the bottom of the page.

As mentioned below, dP is given by specifications and
our objective is to evaluate their effect on the deviation of
variables dV and the designer should compare the results
with requirements. Therefore, we need to invert the
matrix B. Thus, we use the pseudo-inverse of Moore-
Penrose as it is mentioned in (8) and (9).

4.4 Modeling and simulation

Figure 2 shows a simple model of a DC motor using
Modelica language with the Dymola tool. This model is
used to evaluate the variables in the nominal case.

Variables curves in Figure 3 are given via Modelica
simulation.

Using Dymola, the number of time intervals is 500 for
one second by default. While all the curves of variables are
periodic (continued repetition of part) with a period equal
to 2 s, the chosen number of instants is z=500� 2=1000.

For each chosen instant in time, the target variables have
been retrieved from these curves to apply the approach.

4.5 Sensitivity analysis

Sensitivity analysis [26,27] is used to quantify the impact of
parameters variation on the system response. We can
deduce the most and the least impacting parameters. The
sensitivity to a parameterPi is the variation of a variableVj
caused by one unit variation of this parameter. The
sensitivity of the variableVj to a parameterPi is calculated
as follow:

S
V j

Pi
¼ percentage of variation of V j

percentage of variation of Pi
¼ dV j=V j

dPi=Pi
ð19Þ

For each parameter Pi, we assign a variation of 1% of
the nominal value to this parameter while other parameters
variations are counted as zero. Then, using equation (9),
the sensitivity of each variable to this parameter is
evaluated.

Figure 4 defines the sensitivity of each variable
according to parameter variations. From these results,
we conclude that:
–
 A small variation ofR or L does not have a great influence
on the variables of the system.
–
 The torque constant is the most influential element on
the system. It affects all variables.
–
 The inertia moment has no influence except on the speed
of the motor and it has a small influence on the voltage.

In a complex system, it is wasteful to control many
parameters. Thus, the sensitivity analysis is used to deduce
the most and the least impacting parameters since it is
important to limit and control the parameters variations
that strongly affect the system behavior. The results of this
sensitivity analysis help the designers to make technical
decision. In fact, they get an idea about how the chosen
solution is sensitive to any change or deviation in one or
more parameters.
4.6 Tolerance analysis

In a mechatronic system, the deviation between real and
target value of parameters cannot be ignored. It may have a
significant effect. After obtaining the complete matrix
formulation, we look to analyze the effect of parameters
tolerances dP on the variables deviations dV. Thus, we
will use the “worst case” analysis and the “Monte Carlo
simulation”. In this part, Mathworks MATLAB software is
used to make the numerical calculation.
4.6.1 The worst-case analysis

The interval computation [24,28] is an arithmetic method
used to solve problems of uncertainty. In our case, a system
parameterPi can be represented in interval form [Pin�DPi,



Fig. 1. Flowchart of the process of general tolerance for mechatronic system using variational approach.
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Pin+DPi] wherePin is the nominal value ofPi andDPi is the
maximum deviation (tolerances). This interval represents
the domain of all possible parameters values associated
with their deviations.

Table 1 presents the chosen values of parameters and
their tolerances as inputs.

The objective is to determine the variables variations
dV. After applying the variational approach, we represent
in Table 2 the computation results.

In the presence of these parameters variations, the
measured variables shall not deviate from the references
ones (represented in Fig. 3) for more than these
percentages of the maximum value of each variable.
The worst case analysis is used to define the maximum
variables deviations. In fact, each dVi is an interval,
which limits the corresponding variable deviation. After
that, in order to ensure the robustness of design, the
designer should verify if these maximal deviations are
acceptable or not (deviations should be inside the
required tolerances).
4.6.2 Monte Carlo analysis

Monte Carlo method can analyze and solve different
mathematical and physical problems. It uses pseudo-
random generators. The obtained results are more accurate
than conventional methods of calculation.



Fig. 2. DC motor model performed with Dymola (Modelica).

Fig. 3. Variables curves.
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Fig. 4. Variables sensitivity to parameters variations.

Table 1. Nominal value of parameters and their
tolerances.

Parameters Nominal Tolerance D

R 0.103 V ±0.1 of R
L 0.0717 × 10�3 H ±0.1 of L
k 0.0385 ±0.02 of k
J 536 × 10�7 kg .m2 ±0.1 of J

Table 2. Calculated variables tolerances.

Variables variations Tolerance Percentage

dU (V) ±0.11 ≈±1.3% of Umax

dI (A) ±0.93 ≈±8.1% of Imax

dvm (rad ⋅ s�1) ±1 ≈±0.45% of vmmax

dCr (Nm) ±0.03 ≈±7.4% of Crmax
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The application of the Monte Carlo method starts with
the identification of the relations between inputs and
outputs. The next step consists in random a sampling of N
values of each input according to a distribution law. N
should be large enough to determine accurately the
statistical distribution of each output (in our case,
N=10000). The distribution is characterized by a standard
deviation (s) which characterizes the variation or the
dispersion of a set of data values around an average ormean
value (m). In our case, s and m are specified for the
parameters and calculated for the variables.
A normal distribution is chosen for the model
parameters deviations. According to this distribution,
the relation between tolerance interval (TI) (which is the
difference between upper and lower limits) and the
standard deviation (s) is determined by the capability
index which is computed asCp ¼ TI

6s . For a capability index
Cp=1, the production process is generally considered
satisfactory and TI=±3s [29] (see Fig. 5). Thus, in these
conditions, the standard deviation is defined as s ¼ TI

6 .
Moreover, a parameter may be modeled as a combina-

tion of its nominal value and a specified deviation as
Pi=Pin+ dPi.
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If Pi is normally distributed around its average Pin, its
deviation dPi is also normally distributed around its mean
zero.

Therefore, normal distributions for the dP vector are
chosen. Table 3 presents the characteristics of the chosen
normal distributions, which are applied to the dP vector in
the matrix equation (18).
Fig. 5. Normal distribution and percentage of trust in a tolerance
interval.

Fig. 6. Variables variations
The outputs of this Monte Carlo simulation are the
distributions of variables deviations grouped in the dV
vector where m and s of each deviation are calculated as
follows:

m ¼ 1

N

XN
i¼1

Zi; ð20Þ

where: Zi is the value of the variable deviation in the ith
simulation.

And

s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N

XN
i¼1

Zi � mð Þ2
vuut : ð21Þ

Figure 6 and Table 4 describe the resulting distributions of
the variables deviations.
Table 3. Input of Monte Carlo simulation.

Parameters
variations

TI s=TI/6 Moy

dR ±0.1 de R (2� 0.1�R)/6 0
dL ±0.1 de L (2� 0.1�L)/6 0
dk ±0.02 de k (2� 0.02� k)/6 0
dJ ±0.1 de J (2� 0.1� J)/6 0

in their tolerance intervals.



Table 4. Outputs of Monte Carlo simulation.

Variables deviations Max Min Moy s TI=±3s %

dU 0.11 �0.12 2.5� 10�4 0.033 ±0.099 ≈±1.1% of Umax

dI 1.09 �1.2 2� 10�3 0.309 ±0.928 ≈±8% of Imax

dvm 0.11 �0.12 2.4� 10�4 0.031 ±0.093 ≈±0.41% of vmmax

dCr 0.046 �0.046 9� 10�5 0.011 ±0.035 ≈±7.4% of Crmax
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These results can provide more instructions for the
designers. They should interpret the results and decide if
these tolerance ranges are acceptable and do not affect the
overall behavior of the system or not.

4.6.3 Discussion

Comparing the Monte Carlo analysis and worst-case
analysis, we find that the statistical TIs are always
contained in the arithmetic TIs.

In a worst-case analysis, each variable deviation will
have a minimum and maximum value that represent the
margin of variation, which should be appropriate with
requirements. Worst-case analysis answers the question: if
each parameter is affected by its maximum deviation, what
are the maximum deviations for the variables? We are
therefore dealing with the limits of acceptability and not
probability.

Monte Carlo analysis does not focus on the extreme
values but focuses on the distribution of the variables
deviations. Each parameter will have its own distribution
of values based on the manufacturing process, changes in
material and environment which contribute to variation in
the parameter value. Monte Carlo analysis answers the
question: given the distribution of each parameter
deviation, what is the probability that variables deviations
will be within defined acceptable limits. The result of this
method is closer to those under actual condition than for a
worst-case analysis but consumes much more computing
time.
5 Conclusions and perspectives

Parametric variations are becoming important issues that
threat mechatronic systems performances as it is a source
of dysfunction of multiphysics systems.

In this paper, the variational approach is used as a
framework to model system including parameters and
variables variations. It gives a better description of the
system behavior with parametric variations. It helps
designers to specify and analyze tolerances, in the phase
of mechatronic system design, in order to ensure the system
quality and performance. The limitation of our proposed
approach is that the mechatronic system behavior should
be continuous and the deviations are independent.

This approach has been applied to the example of a DC
motor considered as a mechatronic system. We will adopt
this approach for a more complex example, an electrome-
chanical actuator (EMA) driving an aircraft primary flight
control surface (aileron).
Integrating this general tolerance method in systems
engineering approach would be an extension to this
research. This will help designers in fault detection and
in safety and reliability analyses of complex systems.
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