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Abstract. The present study is devoted to investigation of spur gears with a conchoidal path of contact and a
convex-convex contact between teeth. The load capacity and energy efﬁciency were evaluated using
both theoretical and experimental approaches. The theoretical analysis showed that the conchoidal gear pairs
are 5–21% stronger in terms of contact stress and have similar energy efﬁciency as compared to the involute gear
pairs of the same conﬁguration. Experiments were conducted on a gear test rig. Its energy efﬁciency was
determined by measuring the active power of the motor driving the pinion shaft and controlling the torque at the
gear shaft. The load capacity of the tested gear pair was estimated by analysing changes in the energy efﬁciency.
It was found that the conchoidal gear pair has more than 20% higher load capacity and slightly higher energy
efﬁciency, which agrees well with the mentioned theoretical results. Thereby, the study concludes a substantially
higher load capacity of the conchoidal gears compared to the traditional involute ones.
Keywords: Spur gears / involute gears / conchoidal path of contact / load capacity / contact strength /
energy efﬁciency

1 Introduction
Gears are widely used to transmit motion and energy in
mechanical systems. It is difﬁcult to imagine a modern
transport machine that does not include gear trains. The
most commonly used gears have teeth with an involute
active proﬁle generated by straight lines. The set of
instantaneous contact points between such teeth forms a
straight path of contact. The advantages of involute gears
include high manufacturability, relatively small sensitivity
to centre distance errors and simplicity of the reference
proﬁle. However, relatively large curvatures of the mating
teeth result in large contact stresses, which strongly limits
the load capacity of involute gears. Therefore, development
of non-involute gear drives has a signiﬁcant scientiﬁc and
practical interest.
Helical gears with a circular-arc tooth proﬁle were
proposed by Wildhaber [1] and Novikov [2], subsequently
called ‘Wildhaber-Novikov gears’. Novikov’s idea is that
the contact between gears should take place at a point
moving along a tooth. The active proﬁle of one tooth is
generated by a convex arc, while that of the mating tooth is
generated by a concave arc of a slightly larger radius.
* e-mail: y.tsybrii@pb.edu.pl

Accordingly, the convex-concave contact between teeth is
characterised by a reduced curvature, which leads to
smaller contact stresses. But a serious disadvantage of
Wildhaber-Novikov gears can be found in increased
bending stresses in teeth due to the point contact.
A comprehensive analysis of this type of gears was
performed in the studies [3,4].
Wildhaber-Novikov concept of gearing served as the
basis for the development of various circular-arc tooth
proﬁles. One of the successful technical solutions is the
application of double circular-arc tooth proﬁle helical gears
[5] (p. 158). The reference proﬁle for generating teeth active
proﬁles is composed of two conjugated circular arcs: convex
addendum arc and concave dedendum arc. Accordingly,
the convex addendums interact with the concave dedendums of the respective pinion and gear teeth. The
parameters of two circular arcs are sought to minimise
both contact stresses and bending stresses in teeth [6]. The
other known technical solutions include (but are not
limited to) gears with basic rack of combined circular and
involute proﬁle [7], circular-arc tooth pinion on involute
tooth gear [8], point-line meshing gears [9], circular-arc
curvilinear tooth gears [10], stepped triple circular-arc
tooth gears [11], double circular-arc tooth gears modiﬁed
by tooth end relief with helix [12], double circular-arc tooth
gears optimised for harmonic drives [13].
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As concerns spur gears, various alternative tooth
shapes were proposed to improve the load capacity of
gear drives. It is important to name, for instance, gears
with zero relative curvature at many contact points [14],
gears with linear proﬁle modiﬁcation [15], gears with
quadratic parametric tooth proﬁle [16], tooth proﬁle relief
design gears [17], asymmetric tooth gears [18],
gears designed by usage of NURB deviation function
technique [19], gears designed by B-spline curve ﬁtting and
sweep surface modelling [20], gears with multi-segment
path of contact [21], cosine tooth gears [22], s-gears
designed for wind power turbine operating conditions [23],
gears with parabolic path of contact [24], gears with a
constant relative curvature [25], gears with a circular arc
contact path [26]. Although the mentioned technical
solutions were shown to be effective for particular
applications and operating conditions, their widespread
implementation is limited by the difﬁculties related to
manufacturing complex-shaped teeth.
A relatively simple double circular-arc reference proﬁle
for spur gears was proposed in the study [27]. The path of
contact of these gears represents a conchoid of Nicomedes.
Therefore, they are sometimes referred to as ‘conchoidal
path-of-contact gears’ or ‘conchoidal gears’. The study [28]
investigated the conchoidal gears with convex-concave
contact between teeth and concluded their better meshing
and performance characteristics compared to the involute
gears. Their disadvantage, however, is an increased
sensitivity to manufacturing and mounting errors [29]
(p. 33). The study [30] showed that the tooth proﬁles of the
conchoidal gears can be designed to allow a convex-convex
contact, which can potentially eliminate the mentioned
above disadvantage. To the best authors’ knowledge, this
potentially promising type of conchoidal gears has not been
investigated in terms of load capacity and energy efﬁciency
yet. With this in mind, the purpose of the present study was
to theoretically and experimentally investigate the load
capacity of the conchoidal path-of-contact spur gears with
convex-convex contact between teeth as compared to the
traditional involute gears.

2 Theory

The coordinates of the tooth active proﬁle are expressed
separately for the curve OgA
xg ¼ x  a þ r sin a;
yg ¼ b  r cos a

ð1Þ

curve OgB
xg ¼ x þ a  r sin a;
yg ¼ b þ r cos a

ð2Þ

xg ¼ x  a þ r sin a;
yg ¼ p=2  b þ r cos a

ð3Þ

xg ¼ x þ a  r sin a;
yg ¼ p=2 þ b  r cos a:

ð4Þ

curve O0 g A0

and curve O0 g B0

Here a is the reference proﬁle angle varying from aw to
amax; aw is the reference proﬁle angle at the pitch line (point
Og); amax is the maximum reference proﬁle angle (points A
and B); r is the proﬁle circle radius; x is the reference proﬁle
shift coefﬁcient; parameters a and b are given by
a ¼ r sin aw ;
b ¼ r cos aw :
It is important to note that equations (1)–(4) and the
following equations incorporating geometric parameters
are normalised for the module m equal to 1 mm.
Assume that the reference proﬁle is symmetrical. Then
it is sufﬁcient to consider the active proﬁle formed only by
the curves OgA and OgB. The coordinates of the active
proﬁle, given by equations (1) and (2), are represented in a
concise form:
xg ¼ a ∓ a ± r sin a;
yg ¼ ± b ∓ r cos a

ð5Þ

2.1 Geometry of the conchoidal gears
Figure 1 presents a geometric description of the conchoidal
gears under consideration. Figure 1a shows the generating
surface deﬁned in a coordinate system xgOgyg. Figure 1b
introduces the pitch circles of the pinion 1 and gear 2 and
the path of contact. Note that the coordinate systems
x1O1y1 and x2O2y2 are aligned with the respective pinion 1
and gear 2, whereas XOY is the ﬁxed coordinate system
with centre O at the pitch point.
The generating surface is based on the reference proﬁle
shown in Figure 1c. The curves OgA and OgB form the
active proﬁle of a tooth, while O0 g A0 and O0 g B0 form the
active proﬁle of the adjacent tooth. The curve AA0 is
responsible for generation of the tooth root ﬁllet.

where the upper and lower signs stand for the curves OgA
and OgB, respectively.
In the meshing of the generating surface and a tooth
being generated, the vector of the relative velocity must be
perpendicular to the line normal to the generating surface
at the contact point [6]. As applied to the conchoidal
gears, this condition allows writing the equation of
meshing as
± b ∓ r cos a þ ðx ∓ a ± r sin aÞ cot a  ’1;2 rw1;2 ¼ 0 ð6Þ
which represents the relationship between a and the angle
’1,2 of rotation of the pinion/gear. Here rw1,2 is the pitch
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Fig. 1. Geometry of conchoidal gears: (a) generating surface; (b) pinion 1 and gear 2; (c) reference proﬁle.

circle radius of the pinion/gear. As the pitch circles mesh
without sliding, it is true that ’1rw1 = ’2rw2.
The equation of the path of contact can be formulated
in the coordinate system XOY based on equations (5) and (6)
in the form
X ¼ x ∓ a þ r cos ða þ p ± p=2Þ;
Y ¼ ðx ∓ aÞtanða þ p ± p=2Þ
þr sin ða þ p ± p=2Þ

which coincides with the expression for the conchoid of
Nicomedes with angle (a + p ± p/2) and parameters (x ∓ a)
and r.
From equation (6) one can also derive the equations for
the pinion active proﬁles
x1 ¼ ðx ∓ a ± r sin a þ rw1 Þ cos ’1
þðx ∓ a ± r sin aÞ cos a sin ’1 ;
y1 ¼ ðx ∓ a ± r sin a þ rw1 Þ sin ’1
ðx ∓ a ± r sin aÞ cot a cos ’1

ð7Þ
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Table 1. Parameters of the simulated reference proﬁles normalised for m = 1 mm.
Code name

a20

a25

a28

Reference proﬁle angle aw at pitch line,°
Maximum reference proﬁle angle amax,°
Distance a
Distance b
Proﬁle circle radius r
Tooth addendum height hap
Tooth dedendum height hfP
Tooth tip ﬁllet radius raP
Tooth root ﬁllet radius rfP
Tooth tip clearance caP
Tooth root clearance cfP

19.6
23
6.072
17.05
18.101
1
1
0.4297
0.4297
0.2618
0.2618

24.85
28
8.545
18.448
20.33
1
1
0.3266
0.3266
0.1733
0.1733

27.97
30.69
10.18
19.176
21.71
0.9
0.9
0.3247
0.3247
0.1589
0.1589

Fig. 2. Geometry of the teeth active proﬁles of the pinion 1 and gear 2.

and gear active proﬁles
x2 ¼ ðx ∓ a ± r sin a  rw2 Þ cos ’2
ðx ∓ a ± r sin aÞ cot a sin ’2 ;
y2 ¼ ðx ∓ a ± r sin a  rw2 Þ sin ’2

ð8Þ

ðx ∓ a ± r sin aÞ cot a cos ’2
in the respective coordinate systems x1O1y1 and x2O2y2.
Equations (6)–(8) allow thus ﬁnding the coordinates of
the contact point and the points of the active proﬁles for
speciﬁed values of ’1 and ’2.
Depending on the geometric parameters, the contact
between teeth in a conchoidal gear pair can be of convexconcave or convex-convex type. The present study focusses
on investigation of the convex-convex contact which takes
place under the condition [30] that
a  x ≥ rw2 sin2 amax.
The following analysis requires speciﬁcation of the
parameters of the simulated reference proﬁles and gear
pairs. The angle aw of 20° is the most common, while it can
be 25° or even 28° in special gear transmissions [31] (p. 75,
143). Table 1 describes three reference proﬁles, code-named

as ‘a20’, ‘a25’ and ‘a28’, with aw close to the mentioned
values.
Figure 2 shows the teeth proﬁles of the pinion 1 and
gear 2 generated by the reference proﬁles of Table 1. The
proﬁles of the pinion 1 are determined due to equation (7)
in the coordinate system x1O1y1 (solid lines), while the
proﬁles of the gear 2 are determined due to equation (8) in
the coordinate system x2O2y2 (dashed lines). In both cases,
the values of ’1,2 are calculated by equation (6). For the
sake of clarity, the proﬁles of the gear 2 are shown not in its
own coordinate system but are meshed with the respective
proﬁles of the pinion at ’1 = 0. The geometry of the teeth
corresponds to u = z2/z1 = 72/18 and is normalised for
m = 1 mm.
The shift of the reference proﬁle has a signiﬁcant
inﬂuence on the performance of the gear pair. Table 2
presents three simulated cases: zero shift (‘x0’), 0.3 shift
(‘x0.3’) and 0.5 shift (‘x0.5’).
Finally, Table 3 presents the parameters of the
simulated gear pairs and operating conditions. Two gear
pairs, code-named as ‘u2.4’ and ‘u4’, have the same
parameters except for the number z1 of the pinion teeth
and, accordingly, gear ratio u = z2/z1.
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Table 2. Shift coefﬁcient x of the simulated reference
proﬁle normalised for m = 1 mm.
Code name

x0

x0.3

x0.5

Pinion shift
Gear shift

0
0

+0.3
0.3

+0.5
0.5

Table 3. Parameters of the simulated gear pairs and
operating conditions.
Code name

u2.4

u4

Gear ratio u
Number z1 of pinion teeth
Number z2 of gear teeth
Module m, mm
Effective face width bw, mm
Elastic modulus E, GPa
Brinell hardness number BHN
Active proﬁle roughness Ra, mm
Oil kinematic viscosity n, mm2/s
Pinion angular velocity v1, rad/s
Pinion torque T1, Nm

2.4
30

4
18
72
10
100
210
250
3.2
20
100
2000

2.2 Contact strength

5

On the other hand, following the study [28], one can
derive a similar expression for the involute gear pair:



rw1 sin 2 aw þ x þ xg rw2 sin 2 aw  x  xg
:
Rr inv ¼
ðrw1 þ rw2 Þ sin 3 aw
The normal force Fn in the contact zone is expressed via
the pinion torque T1 as
Fn ¼

kT 1
rw1 cos a

ð10Þ

where k = 1 for one-pair contact and k = 0.5 for doubletooth contact.
Substitution of equation (10) into equation (9) leads to
the equation
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
0:418 kT 1 E
sH ¼
ð11Þ
u
bw rw1
where the coefﬁcient u given by
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u ¼ Rr cos a
depends solely on the geometry of the active proﬁles.
According to equation (11), u is inverse proportional to s H
and, thereby, can serve as the measure of contact strength.
Based on the expressions of Rr con and Rr inv above, one
easily ﬁnds u for the conchoidal gear pair:
See equation (12) below.

The instantaneous mechanical contact of two gear teeth is
often treated as the contact between two cylinders with
parallel axes. The relationship between the stress s H and
normal force Fn in the contact zone is then deﬁned by
the Hertz equation. If the pinion and gear are made of
the same steel with elastic modulus E, this equation takes
the form [5]
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
F nE
ð9Þ
s H ¼ 0:418
bw Rr
where Rr is the reduced curvature radius of the active
proﬁles of the mating teeth at the contact point; bw is the
effective face width.
For the conchoidal gear pair, it yields from
equations (5)–(8) that
See equation below.

Rr

con

and for the involute gear pair:
u2inv ¼ Rr inv cos aw



rw1 sin 2 aw þ x þ xg rw2 sin 2 aw  x  xg cos aw
¼
:
ðrw1 þ rw2 Þ sin 3 aw
ð13Þ
Note that ucon of equation (12) is a function of a, while
uinv of equation (13) is a function of xg.
Figure 3 illustrates the variation ranges of the ratio
ucon/uinv calculated by equations (12) and (13) for the
reference proﬁles and gear pairs speciﬁed in Tables 1–3.
The limit values of each variation range correspond to the
limit points of the path of contact. It is seen that for all




sin 3 a
sin 3 a
rw1
þ x ∓ a ± r sin a rw2
 x ± a ∓ r sin a
sin aw
sin aw
¼
:
ðrw1 þ rw2 Þ sin aw


u2con ¼ Rr con cos a ¼

rw1



sin 3 a
sin 3 a
þ x ∓ a ± r sin a rw2
 x ± a ∓ r sin a cos a
sin aw
sin aw
ðrw1 þ rw2 Þ sin aw

ð12Þ
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Fig. 3. Ratio between contact strength coefﬁcients ucon and uinv.

combinations under consideration, ucon/uinv is noticeably
larger than 100%. The lower limit of ucon/uinv varies
between 105% and 121%, implying that the conchoidal gear
pairs have 5–21% higher contact strength compared to the
involute gear pairs of the same conﬁguration. An
exceptional case is ‘a20 u4 x0’, implying aw = 20°, u = 4
and x = 0, at which the upper limit of ucon/uinv is about
200%. This case is characterised by a close to zero
curvature radius at the tooth dedendum of the pinion and,
therefore, is eliminated from consideration. It is notable
that ucon/uinv decreases substantially as aw increases.
2.3 Energy efﬁciency
The active proﬁles of the mating teeth slide relative each
other at the contact point with velocity yg. This is
inevitably accompanied by the friction process which is
characterised by friction coefﬁcient m. Introduce the energy
efﬁciency of a gear pair as follows:
Z ’12
z1
mF n yg d’
ð14Þ
h¼1
2pT 1 v1 ’11
where v1 is the angular velocity of the pinion; ’11 and ’12
are the angles of the pinion rotation which correspond to
the start and end of the meshing phase. The start contact
point and end contact point in the meshing of the pinion
and gear are deﬁned in the generating process by the points
of the reference proﬁle with angle amax1 at ’1 = ’11 and
angle amax2 at ’1 = ’12, respectively. The values of amax1
and amax2 are found by the equations below:
See equation below.

The integral term in equation (14) indicates the fraction
of the input power that transforms into friction heat over
one meshing phase from ’11 to ’12.
For the conchoidal gear pair, the sliding velocity is
derived from equations (5) and (6) as
yg con ¼ v1

u þ 1 x ± rð sin a  sin aw Þ
u
sin a

while for the involute gear pair, it can be expressed in our
notation as
yg inv ¼ v1

u þ 1 x þ xg
:
u sin aw

For steel-on-steel gear teeth contacts, the friction
coefﬁcient m is well approximated by the empirical function
[32,33]



BHN Ra
ðF n =bw Þ0:1
m ¼ 0:09 10 þ lg
0:35 0:25
ERr
n0:07 y0:1
S yg Rr

ð15Þ

where BHN is the Brinell hardness number; Ra is the
roughness parameter; n is the oil kinematic viscosity; yS is
the sum of the velocity components of the active proﬁles at
the contact point perpendicular to the line of contact [31]
(p. 182). The quantities in equation (15) should be speciﬁed
in the following units of measurements: BHN and E in the
same units; Fn in N; bw in mm; Rr and Ra in cm; n in mm2/s;
yg and yS in cm/s.

ðrw1 þ haP Þ2 ¼ ðrw1 þ r sin amax1  a þ xÞ2 þ ðr sin amax1  a þ xÞ2 cot2 amax1 ;
ðrw2 þ hfP Þ2 ¼ ðrw2 þ r sin amax2  a  xÞ2 þ ðr sin amax2  a þ xÞ2 cot 2 amax2 :
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Fig. 4. Ratio between energy efﬁciencies hcon and hinv.

The formula to calculate yS for the conchoidal gear pair
is obtained from equations (5) and (6) in the form


u  1 rð sin a  sin aw Þ ± x 2rw1 r sin 2 a
∓
yS con ¼ v1
u
sin a
r sin aw þ x
while for the involute gear pair, it reads


u  1 xg þ x
yS inv ¼ v1
þ 2rw1 sin aw :
u sin aw

Table 4. Hob cutter parameters.
Parameter

Value

Module m, mm
Number of threads
Number of teeth
Normal pitch, mm
Axial pitch, mm
Reference diameter, mm
Lead angle,°

1.95
1
12
6.126
6.128
84.086
1.317

Figure 4 shows the values of the ratio between the
energy efﬁciencies hcon and hinv calculated by equation (14)
for the respective conchoidal and involute gear pairs. It is
seen that hcon is up to 0.1% larger than hinv for all
considered combinations, suggesting that the conchoidal
gear pairs have similar energy efﬁciency as the involute
gear pairs of the same conﬁguration. This result is
explained by the fact that m of equation (15) takes a
smaller value in the case of conchoidal gear pair, which is
due to the inequalities yS con > yS inv and Rr con > Rr inv.

3 Experimental study
The foregoing theoretical analysis showed that the
conchoidal gear pairs have a substantially higher contact
strength and similar energy efﬁciency if compared to the
involute gear pairs with the same parameters. These
ﬁndings should undergo experimental validation to be
accepted. This section describes an experimental study of
the conchoidal and involute gear pairs in terms of the
mentioned characteristics.
3.1 Tooth-cutting tool
A hob cutter was designed and manufactured for cutting
conchoidal gear pairs. It was made of P18 steel due to

Fig. 5. Hob cutter tooth proﬁle.

GOST 19265-73 (EN X75WCrV18-4-1) and heat treated to
Rockwell hardness HRC 65. The parameters of the hob
cutter are presented in Table 4, while its tooth proﬁle is
schematically shown in Figure 5. The parameters of the
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Table 5. Reference proﬁle parameters.
Parameter

Formula

Value

Module m, mm
Backlash d, mm
Reference proﬁle angle aw at pitch line,°
Maximum reference proﬁle angle amax,°
Distance a, mm
Distance b, mm
Proﬁle circle radius r, mm
Tooth thickness tw0 at pitch line, mm
Tooth thickness tf0 at height (hf0–cf0), mm

a = 6.072m
b = 17.05m
r ¼ 18:101m
tw0 ¼ pm=2 þ d
tf0 = 0.791m

1.95
0.2
19.6
23
11.84
33.248
35.297
3.263
1.542

Tooth root ﬁllet rf0, mm

rf0 ¼

tf0 þ d
2 cos amax

0.946

Tooth root clearance cf0, mm
Tooth dedendum height hf0, mm
Tooth addendum height ha0, mm

cf0 ¼ rf0 ð1  sin amax Þ
hf0 ¼ m þ cf0
ha0 = hf0

0.576
2.526
2.526

reference proﬁle were calculated using the formulae given
in Table 5.
3.2 Tested gear pairs
Using the hob cutter, 3 conchoidal gear pairs were
manufactured. Further 3 involute gear pairs were manufactured using a standard hob cutter of the same module.
All gears were cut out of 40X steel (EN 41Cr4) due to
GOST 4543-71 364. Table 6 presents its mechanical
properties. The conchoidal and involute gear pairs had the
same conﬁguration presented in Table 7. Note that they
were manufactured with the reference proﬁle shift
corresponding to ‘x0.5’ (see Tab. 2).
The pinion and gear of the tested gear pair (conchoidal
or involute) were installed on the shafts supported by
bearings inside a gear box. An oil bath lubrication method
with natural convection was used. The gears were
lubricated by an AK15 motor oil. The level of oil in the
gear box was regularly monitored.
3.3 Gear test rig
The tests were carried out using a gear test rig shown in
Figure 6. The principal units of the test rig were an electric
motor, the gear box with the tested gear pair inside and an
electromagnetic powder brake. The motor of rated power
15 kW applied torque T1 to the pinion shaft and drove it
with angular velocity v1 of 153.9 rad/s. The brake allowed
controlling the torque T2 at the gear shaft by measuring
displacements of an elastic element. The motor, gear box
and brake were dead mounted to a massive basement with
bolts. The shafts of the mentioned units were connected by
ﬂexible couplings. An accurate alignment of the shafts was
provided. The measurement system of the test rig allowed
measuring the active power P = T1v1 of the motor, the gear
torque T2 and the temperature # of the oil in the gear box.

Table 6. Gear steel mechanical properties.
Property

Value

Elastic modulus E, GPa
Brinell hardness number BHN
Fatigue contact stress s H lim, MPa
Allowable contact stress [s H], MPa
Base number NH lim of cycles

210
270
610
483
2 · 107

Table 7. Gear pair parameters.
Parameter

Value

Module m, mm
Number z1 of pinion teeth
Number z2 of gear teeth
Gear ratio u
Reference proﬁle shift coefﬁcient x
Pinion pitch circle radius rw1, mm
Gear pitch circle radius rw2, mm
Effective face width bw, mm
Active proﬁle roughness Ra, mm
Oil kinematic viscosity n, mm2/s

1.95
14
88
6.29
0.5
13.65
85.8
60
3.2
15

3.4 Research methodology
Each gear pair was tested according to a multi-step
procedure developed in the Central Scientiﬁc Research
Institute of Machine Building and Metalworking (former
Soviet Union) intended for conventional gear transmissions, as described in Table 8.
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Fig. 6. Gear test rig.

Table 8. Experimental multi-step procedure.
Loading
step

Pinion torque T1

Total duration

0
1
2
3
4
5
6

idle mode
0.2 [T1] =
0.4 [T1] =
0.6 [T1] =
0.8 [T1] =
1.0 [T1] =
1.2 [T1] =

2 hours
24 hours
24 hours
24 hours
24 hours
1.0 NH lim = 2 · 107 cycles
1.5 NH lim = 3 · 107 cycles

6.2 Nm
12.4 Nm
18.6 Nm
24.8 Nm
31 Nm
37.2 Nm

Zero step was a 2-hour running-in of the gear pair with
the brake off (idle mode). At each next loading step, the
gear torque T2 was increased so that the corresponding
pinion torque T1 increased by 0.2[T1], where [T1] is the
allowable pinion torque. The value of [T1] was determined
based on equation (9) with account of different factors:
½T 1  ¼

1
bw r2w1 u
½s 
2 500Z2 u þ 1 H
2
K Ha K Hb K HV Z H Z e
E

where [s H] is the allowable contact stress (see Tab. 6); KHa
is the factor of non-uniform load distribution between the
teeth; KHb is the factor of non-uniform load distribution
along the contact lines; KHV is the factor of the internal
factor
dynamic load in the meshing; ZE is the
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ in view of the
mechanical properties of the gears, MPa; ZH is the factor
in view of the shape of the mating teeth surfaces at the pitch
point; Ze is the factor in view of the total length of the
contact lines. In the equation above, [T1] is in Nm, [s H] is in
MPa, bw and rw1 are in mm.
At the loading steps 1 to 4, the gear pair was tested for 8
hours per day, with total duration of 24 hours. Accordingly,
the state of the active surfaces of the gears was examined
after each 8 test hours. After the loading step 4, the used oil

Fig. 7. Gear test rig energy efﬁciency he vs pinion torque T1.

was drained from the gear box, the gear box and the
components inside it were cleaned, and fresh oil was added.
At the loading steps 5 and 6 with respective loads [T1] and
1.2 [T1], the gear pair was tested for 8 hours per day, with
total number of pinion cycles of NH lim and 1.5NH lim,
respectively. Here NH lim is the base number of cycles (see
Tab. 6).
The energy efﬁciency he of the test rig was determined
from the known values of the motor active power P, pinion
angular velocity v1 and gear torque T2 as follows:
he ¼

T2
T 2 v1
¼
:
T 1u
Pu

It is noteworthy that he represents the product of the
energy efﬁciencies of all units of the test rig, including the
gear box. Since the test rig operated under the same
kinematic and loading conditions regardless of gear pair
type, one can compare the energy efﬁciencies of the
conchoidal and involute gear pairs based on the ratio
between the values of he con and he inv obtained by testing
the respective conchoidal and involute gear pairs.

4 Results and discussion
The experimental data are shown in Figures 7 and 8. Each
point indicates the average stationary value obtained from
testing 3 gear pairs at a speciﬁc loading step.
Figure 7 shows the dependence of the energy efﬁciencies
he con and he inv on the pinion torque T1. It is seen that he con
is systematically 0.1–0.2% larger than he inv, implying that
the conchoidal gear pair is slightly more energy efﬁcient
than the involute one. The value of he inv at T1 =37.2 Nm,
however, is not in line with the general trend. An after-test
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5 Conclusion

Fig. 8. Gear box oil temperature # vs pinion torque T1.

visual examination showed that the active surfaces of the
involute gears were subjected to severe pitting, whereas the
conchoidal gears were damaged insigniﬁcantly. This
allows to explain the unexpected decrease in he inv at
T1 = 37.2 Nm.
The data presented in Figure 7 suggest that T1 of about
31 Nm corresponds to the load capacity of the involute gear
pair. On the other hand, the stable growth of he con allows
stating that the load capacity of the conchoidal gear pair is
as minimum as 37.2 Nm, which is 20% larger. This
correlates well with the theoretical ﬁnding that
the conchoidal gear pairs have 5–21% higher contact
strength compared to the involute gear pairs of the same
conﬁguration.
Figure 8 shows the inﬂuences of T1 on the gear box oil
temperatures #con and #inv measured for the respective
conchoidal and involute gear pairs. According to the
presented values, #inv is substantially larger than #con, i.e.,
the involute gear pair generates more friction heat than the
conchoidal one. This conﬁrms qualitatively the results of
Figure 7. It is also seen that the increase in #inv is large at
T1 = 37.2 Nm, which is in agreement with the behaviour of
he inv.
For the nominal mode of T1 = 31 Nm, #con is 17%
smaller than #inv (see Fig. 8). For the sake of comparison,
ﬂash temperatures arising in the contact points of the
tested gear pairs operating in the nominal mode were
simulated based on Blok’s formula [5]. The simulations
show that as compared to the involute gear pair, the ﬂash
temperature in the conchoidal gear pair is 27% lower for the
pinion tooth addendum on gear tooth dedendum contact,
56% lower for the pinion tooth dedendum on gear tooth
addendum contact, and on average 20% higher for the teeth
contact in the vicinity of the pitch point which is about
0.4m in height.

The conchoidal path-of-contact spur gears of convexconvex contact type were systematically investigated
regarding their load capacity and energy efﬁciency. The
theoretical analysis conducted for different values of the
reference proﬁle parameters and gear ratio showed that
the conchoidal gear pairs are 5–21% stronger in terms of
contact stress and have similar energy efﬁciency if
compared to the traditional involute gear pairs of the
same conﬁguration. These ﬁndings were experimentally
validated using a gear test rig in which the energy efﬁciency
was determined by measuring the active power of the
motor driving the pinion shaft for a controlled value of the
torque at the gear shaft. The load capacity of the tested
gear pair was estimated by analysing the behaviour of the
energy efﬁciency under intensifying loading conditions.
It was found that the load capacity of the conchoidal gear
pair is higher by more than 20%, while its energy efﬁciency
is slightly higher. A good agreement between the obtained
theoretical and experimental results conﬁrms a substantially higher load capacity of the conchoidal gears.
This research did not receive any speciﬁc grant from
funding agencies in the public, commercial, or not-forproﬁt sectors.

Notation
a
b
bw
ca
cf
ha
hf
m
rw
u
vg
x
xgOgyg
z
E
Fn
NH lim
P
Ra
Rr
T
[T1]
XOY
a
aw
amax
h
he
u
#
m
n

Geometric parameter
Geometric parameter
Effective face width
Tooth tip clearance
Tooth root clearance
Tooth addendum height
Tooth dedendum height
Module
Pitch circle radius
Gear ratio
Sliding velocity
Reference proﬁle shift coefﬁcient
Coordinate system aligned with reference proﬁle
Number of teeth
Elastic modulus
Normal force
Base number of cycles
Motor active power
Roughness parameter
Reduced curvature radius
Torque
Allowable pinion torque
Fixed coordinate system
Reference proﬁle angle
Reference proﬁle angle at pitch line
Maximum reference proﬁle angle
Simulated energy efﬁciency of gear pair
Measured energy efﬁciency of gear test rig
Contact strength coefﬁcient
Oil temperature
Friction coefﬁcient
Oil kinematic viscosity
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r
ra
rf
sH
[s H]
’
v1
BHN
p
0
1
2
1,2
con
inv

Proﬁle circle radius
Tooth tip ﬁllet radius
Tooth root ﬁllet radius
Contact stress
Allowable contact stress
Angle of rotation
Pinion angular velocity
Brinell hardness number
Related to reference proﬁle
Related to tooth-cutting tool
Related to pinion
Related to gear
Related to pinion and gear
Related to conchoidal gear pair
Related to involute gear pair
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