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Abstract. Conventional mattresses can not adjust precisely according to the individualized spinal alignment.
In addition, there is no theoretical basis for quantitative design and adjustment of mattresses firmness. The
purpose of this paper is to overcome deficiency of traditional air chambers for research of ergonomicmattresses in
accordance with spinal alignment. A novel variable stiffness air spring was designed and static experiments were
conducted to analyze its mechanical properties and its influence factors. An analytical model based on geometric
parameters and initial internal pressure was established. The results showed that the air spring has nonlinear
stiffness during the working process. Furthermore, the model can predict the load of the air spring accurately at
any equilibrium position with an average error of 6.96%. The initial stiffness, volume and assembly height could
be predicted by means of geometric parameters and initial internal pressure. The conclusions are that the novel
air spring can obtain predictable stiffness compared with cubic and the rod-shaped air chambers, which provides
a theoretical basis and possible solution for the study of stiffness adaptive ergonomicmattress according to spinal
alignment.
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1 Introduction

It is generally accepted that there are many effects of
mattresses on sleep comfort and health, such as thermal
comfort [1,2] and supportive comfort that directly affect
sleep quality, physiological and mental health. The main
function of mattresses is to support human body, allowing
muscles and spinal discs to recover from sustained loading
by providing reasonable pressure distribution in human-
mattress interface and spinal alignment [3], which is greatly
influenced by the firmness of mattresses [4,5], individual
anthropometric parameters [6,7]. Therefore, depending on
spinal alignment and pressure distribution of human-
mattress interface [8], the ideal mattress should be
positively adapted to the changes in lying postures and
human dimensions. This is an urgent need, but still a
challenge. At present, the main firmness adjustment of
mattresses is based on pressure distribution of human-
mattress interface, however, it is sufficient to avoid the
peak of concentrated pressure for healthy people during
sleep [9].
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The variable firmness adjustment has been a hot area of
themattress during the past two decades [10], in particular,
the Alternating Pressure Mattress (APM) adjusts distri-
bution of firmness by regulating inside air pressure,
providing personalized support to various parts of human
body. A great deal of effort has been devoted to both
variable firmness air mattress and non-air mattress.
Among representative results, the main principle of air
mattress is to change the stiffness of the air chamber by
periodically inflating and deflating, so that human body
tissues are not compressed for long time [11]. Furthermore,
several studies [12,13] have shown that there is an
advantage of APM over static pressure ulcer prevention
and management, but some researchers believe that
alternating pressure mattresses are worse than static ones
[14]. Moreover, Tsuda [15] found that air mattresses was
sensitive to changes in postures, indicating the possibility
of self-adjustment depending on postures. Above analysis is
mainly about passively adjustment of air mattresses, and
the active depressurization mattress is much more
significant. For example, an active depressurization air
mattress quantitatively measured body pressure distribu-
tion of human-mattress interface and successfully adjusted
firmness of mattress by means of Time-of-Flight optical
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Table 1. Information of material and specimen.

Item Name Structure Parameters

Material TPU & fabric composite
Thin film layer Film thickness: 0.5 mm
Fabric layer Fabric density: 840 D

Sspecimen Air spring

One chamber h: assembly height
Two chambers R: radius of effective area
Three chambers h0: height of single air chamber inflated fully

Notice: The radius of the plate is described as R0 when the air spring does not expend.
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pressure sensors, providing a relatively ideal body pressure
distribution [16], however, spinal alignment was still not
taken into consideration. Verhaert [17,18], had studied
spinal alignment in lying position further, including
identifying spinal morphology by indentation on mattress
surface and adjusting it by alternating stiffness of a
specially designed mattress, which is an important step
towards regulating spinal alignment. In addition to air
mattresses, artificial composite characterized by nonlinear
stiffness is used in mattress to provide ideal pressure
distribution of human-mattress interface [19]. Previous
studies, however, were mainly limited to prevention of
pressure ulcers [20–22]. Mattresses with variable stiffness
are usually made of cubic and rod-shaped air chambers.
Due to their bulky size, it is almost impossible to accurately
predict and adjust their stiffness to a certain level to
maintain natural spinal alignment, which is another
limitation of air mattresses. Although the hybrid spiral
steel spring used in ergonomic mattresses overcome the
limitations of air chambers to some extent by providing
predictable and variable stiffness [23,24], they also fail to
accommodate personalized lying postures and body
dimensions. On the basis of previous studies, a novel
spring characterized by variable and predictable stiffness
needs to be explored. The research questions are: How to
design an air spring for mattresses? What are the influence
factors of stiffness? How to predict and adjust the stiffness
by relevant parameters?

To answer these questions, the first aim of this study is
to explore a novel air spring for ergonomic mattresses and
analyze its mechanical properties and its influence factors.
The second aim is to establish an analytical model for
predicting and adjusting the vertical stiffness of air springs.
Compared with previous studies, this research has made
breakthroughs in the following aspects: (1) A variable
stiffness air spring was proposed to replace the traditional
air chamber. (2) Themechanical properties of the air spring
and its influence factors were analyzed. (3) A universal
analytical model was established to predict the vertical
stiffness of any equilibrium position. The study may
provide a potential solution for stiffness adaptive mat-
tresses to maintain natural spinal alignment during sleep.

2 Materials and methods

2.1 Materials and experiments

The composite is a combination of Thermoplastic Poly-
urethane (TPU) elastomeric film and chemical fabric film.
Information on materials and specimens is shown in
Table 1 and Figure 1. The air spring consists of multiple air
chambers connected with each other by an outlet in center
of each surface, and the bottom of the chamber is
communicated to the air pump. When the air spring does
not expand, all surfaces are flat, and when it expands, all
surfaces are cambered. Information on equipment, instru-
ments and major working conditions is given in Table 2.
The metal compression plate is 100mm in diameter and is
mounted horizontally on the machine fixture. The air
spring is placed on ametal bench with a hole punched in the
middle and placed horizontally below the compression
plate. The speed of loading and unloading is 25mm/min.
The schematic diagram of experimental connections is
shown in Figure 2.

2.2 Experimental procedure

As depicted in Figure 3, three kinds of air springs were
tested in uniaxial compression under nine initial pressure
conditions ranging from 0.01 to 0.026MPa at intervals of
0.002MPa.

2.3 Data processing and analytical model

In order to analyze the mechanical properties of air springs
and their influence factors, experimental data of various
working conditions were processed as follows:

–
 The effect of initial internal pressure on vertical stiffness
was compared.
–
 The effect of radius on vertical stiffness was compared.

–
 Auniversal analytical model for variable vertical stiffness
based on geometric parameters and initial internal
pressure was established and verified according to the
mechanical properties and influence factors of the air spring.

3 Results and discussion

3.1 Mechanical performance under compression
3.1.1 Analysis of influence factors

The results of all experimental conditions show a consistent
trend, so a three-chamber air spring working at an initial
pressure of 0.010MPa is taken as an example, as shown in
Figure 4. With the increase of displacement, the load,
internal pressure and stiffness increase nonlinearly, which
shows that there is a positive correlation between the
loading and initial pressure.



Fig. 1. Material and air spring.

Table 2. Working information of equipment and instruments.

Name Measuring range Precision Sample frequency

Mechanical testing machine 0–1 KN 10�3 KN 50 Hz
Adjustable pressure pump 0–0.023 MPa 10�3 Mpa
Self-made barometric gauge 0–0.1 MPa 10�3 Mpa 50 Hz

Fig. 2. Connection diagram of experiment.
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Fig. 3. Experimental procedure.
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Number of stack chambers indicates initial volumes of
air spring is different, and its effect on mechanical
properties is shown in Figure 5. The initial volume, load
and stiffness of the air spring are negatively correlated.
When initial internal pressure and displacement are
constant, the load and stiffness decrease with the increase
of initial volume

3.1.2 Characteristic of loading and unloading processes

Take the three-chamber air spring as an example. The
loading and unloading curve with an initial pressure of
0.026MPa is shown in Figure 6. The physical significance of
the area between the curve and the horizontal axis is the
energy needed for the air spring to work. Hysteresis in
unloading curve may be due to heat exchange, indicating
heat flow into the atmosphere, however, the temperature
inside the air spring remains constant because of slow
compression. During loading, mechanical energy is con-
verted to internal energy of gas, and heat exchange takes
place, that is, energy loss. Therefore, the energy during
unloading is less than loading. In other words, the vertical
stiffness of the air spring decreases slightly during
unloading. In this experiment, the enclosed area between
the two curves showed an energy loss of 0.1497 KJ.
It can be ascertained that there is a quantitative
relationship between vertical stiffness and height, initial
pressure and initial volume of air spring. Therefore, in order
to describe the variable stiffness of various air springs in
general, an analytical model based on geometric param-
eters and initial pressure is needed to predict the stiffness of
any position.

3.2 Analytical model
3.2.1 General expression of vertical stiffness

A universal analytical model is established based on the
Ideal Gas Law [25] expressed as equation (1), referring to
the modeling method of automobile suspension air spring
[26,27]. When compressed slowly, the air temperature
inside the spring can be considered constant. Therefore, the
thermodynamic parameter l is equal to one. The Ideal Gas
Law is expressed as equations (1) and (2):

p0v
l
0 ¼ p0v

l; ð1Þ

p ¼ p0
v0
v

� �l
; ð2Þ



Fig. 4. Load and internal pressure during compression. (a) Load curve, (b) internal pressure curve.
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Fig. 6. Curves of loading and unloading.

Y. Chao et al.: Mechanics & Industry 22, 37 (2021) 5
where v0, v, p0 and p are volume and internal pressure of
initial and arbitrary position respectively.

The load of any equilibrium position can be
expressed as

F ¼ pAe; ð3Þ
where F, p and Ae are load, internal pressure and effective
area.

Combing equations (2) and (3), the equation of load is
given:

F ¼ Ae p ¼ po
v0
v

� �l
⋅Ae: ð4Þ



Fig. 7. Air spring curved spherical cap (a) Diagram of air spring structure; (b) Force diagram of single curved surface.

Table 3. Compare with air spring in automotive suspension.

Items Air spring for mattress Air spring for automotive suspension

Material TPU thin film and fabric composite material Vulcanized rubber (including cord layer)
Structure Spherical cap structure without cover plate Curved capsule structure with metal cover

plate and ring band, Membrane structure with
cover plate and piston.

Deformation Spherical cap gradually becomes flat when
compressed, the compression surface gradually
increases, and the height gradually decreases.

Area of the cover was constant, height of chamber
decreased, and chamber expanded outward.
Height of the chamber increased with stretching
and the chamber contracted inward.

Type of load
bearing force

Only compression, no stretching, radial
shear force can be ignored

Both pressure and stretching, radial shear force.

Vibration Regardless of vibration Vibration is the main working condition
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Differentiating equation (4) yield universal vertical
stiffness of air spring:

k ¼ dF

dh
¼ �lp0

vl0
vlþ1

dv

dh
⋅Ae þ p0

v0
v

� �l
⋅
dAe

dh

v ¼ vðp;hÞ
Ae ¼ Aeðp;hÞ

9>>>=
>>>;
; ð5Þ

where k, h are the vertical stiffness and height of arbitrary
equilibrium position.

Volume and effective areas are functions of internal
pressure and height of air springs. Through analysis of
equation (5), the universal vertical stiffness consists of two
items, namely, the volume stiffness and the area stiffness
caused by the change of volume and area respectively.
From equation (5) it can be seen that the effective area,
effective volume and their change rate are the key factors
affecting vertical stiffness.

3.2.2 Vertical initial stiffness

Vertical initial stiffness of the air spring implies inherent
rigidity, with no load balancing balancing due to the
tension between atmospheric pressure, internal pressure
and the air-spring chamber. When installed in a mattress
system, the air spring slightly compressed due to the
gravity of the cushion, there approximately is an equation
as v0= v, the load of air spring at the initial equilibrium
position is expressed as equation (6):

F0 ¼ p0⋅Ae0; ð6Þ
where F0, Ae0 are load and effective area of initial
equilibrium position.

The radius of the uninflated air spring is expressed in
R0, after extended, the surface is curved, as shown in
Figure 7a. The key parameters are initial radius R0,
assembly height h, and count of chambers n. Each surface
in its natural state is a spherical cap surface, as shown in
Figure 7b. The volume loss due to welding is negligible. The
differences between the air springs in the mattress and the
automotive suspensions given in Table 3 indicate that
vehicle suspension models are not applicable to a mattress.

The upper surface is approximately spherical cap, the
area is expressed as

Aa0 ¼ 2pRah0

h ¼ 2nh0

)
; ð7Þ



Fig. 8. The force diagram of the spherical cap.
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where Aa0, Ra, h0 are initial area, radius and height of
spherical cap.

Assuming that the material is close to incompressible
and the surface of the air spring is unstretchable. When the
air spring is not inflated, its surface area is the area of the
plane:

Aa0 ¼ pR2
0: ð8Þ

Combing equations (7) and (8), the radius of spherical
cap is expressed as

Ra ¼ R2
0

2h0
: ð9Þ

It can be found in equation (9) that the radius of
spherical cap is an implicit function of height, satisfying
equation 2Rah0 �R2

0 ¼ 0, which indicates there is no one-
to-one correspondence between independent variable and
dependent variable. Therefore, arbitrary assembly height
does not determine the radius of a spherical cap, the volume
of chamber should be the function of h0. The volume of the
air spring is approximately equal to the sum of volumes of
all the air chambers. The volume of half a chamber is
expressed as

vp ¼ ph2
0 Ra � h0

3

� �
: ð10Þ

Combing equations (8) and (10), the volume of air
spring can be easily obtained:

v0 ¼ n pR2
0h0� 2ph0

3

3

� �
; ð11Þ

where v0, n are initial volume and sum of chamber of air
spring.

At the initial equilibrium position, the equivalent
diagram of the force is shown in Figure 8, where T is the
tension of the expanded spherical cap. It should be
emphasized that Figure 8 shows a two-dimensional ideal
force diagram, a cross section through the vertical axis, and
all the tensions of all cross sections are distributed relative
to the vertical axial symmetrically. In the ideal state, the
three-dimensional graph consists of innumerable identical
two-dimensional graphs. In addition to that, the tension is
only a variable in the process and does not involved in final
computation. Therefore, two-dimensional ideal force dia-
gram is used as an analysis object in this paper. The air
spring is balanced by tension, atmosphere pressure
and internal air pressure. The equilibrium equation is
expressed as

2T sin u ¼ P0Ae0

Ae0 ¼ pðRa sin uÞ2
)
; ð12Þ

where u is theanglebetweenthe tensionandthehorizontal line.
Through analysis of geometry, combing equations (9)

and (12), u can be easily calculated:

u ¼ Arc cos 1� 2h0

R2
0

 !
: ð13Þ

Consider two extreme cases:

–
 When the air spring is not inflated, there are two
equations: h0= 0, u= a cos(1� 0)=0.

– When the air spring is inflated fully, u can be calculated
by h0 and R0. Through analysis of geometry, the
maximum value of 2u is equal to p and the spherical
cap is exactly hemisphere with Ra= h0, substituting that
into equation (9) yield the height of spherical cap:
h0 ¼

ffiffi
2

p
2 R0.

Neither of the two extremes is actually possible,
consequently, the range of u and h0 are u∈ 0; p2

� �
,

0 < h0 <
ffiffi
2

p
2 R0.

Hereto, the parameters of the initial state, R0, h0, n, v0
and Ae0, all can be calculated. When air spring slightly
deformed at initial state, there are following equations:
vl0
vl ≈ 1, Ae ¼ � dv

dh, v= v0, Ae=Aeo, p= p0, substituting that
into equation (5) and simplifying obtain vertical initial
stiffness:

k0 ¼ lp0
A2

e0

v0
þ p0

dAe0

dh

	 

Dh¼0

; ð14Þ

where dAe0

dh is rate of change of effective area.



Fig. 9. Diagram of air spring structure and force.
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Combing equations (11), (12) and (14), the vertical
initial stiffness is given by the equation (15):

korg ¼ lp0
A2

e0

v0
¼ lp0p

2R8
0 sin

4 u

16h4
0v0

ਡu∈ 0;
p

2

� �
; ð15Þ

where korg, p0, R0, v0 are vertical initial stiffness, initial
internal pressure, radius of plane and initial volume of air
spring.

3.2.3 Vertical stiffness of arbitrary equilibrium position

According to equation (5), vertical stiffness of of arbitrary
equilibrium position is determined by effective area Ae,
effective volume V and their rate of change with height.

(1) Effective area and its rate of change.
The contact surface between the compression plate and

the upper surface of the air spring forms a circular plate
whose radius increases with the increase of axial displace-
ment. For ease of calculation and analysis, the deformed air
spring is roughly seen as a geometry similar to the
combination of a cylinder and a volume encased on a
curved surface, in which the diameter of the cylinder is the
diameter of the contact surface. In order to establish a
constant equation, the following assumptions are made:

–
 TPU thin film fabric composite material is nearly
in-compressible.
–
 Under axial vertical deformation, the surface area of the
air spring is invariable and the geometry shape is only
changed. Figure 9 shows the approximate shape and force.

Based on the analysis of Figure 9, the height of spherical
cap of n-chamber air spring is expressed as

lB ¼ h

2n
; ð16Þ

where lB, n and h are half height of the chamber, the sum of
chambers and the height of air spring at arbitrary
equilibrium positions.
According to geometrical axiom, the arc length of each
chamber edge is expressed as

sa ¼ 2c⋅ra; ð17Þ
where sa, ra and c are arc length, radius of arc and angle
between the tension at the edge of and plumb line.

On the basis of the above assumption, the following
equation were derived:

rb þ 1

2
⋅sa ¼ R0; ð18Þ

where rb, R0 are the radius of contact surface and circular
plate of air spring without inflating respectively.

Combing Figures 8 and 9, the equilibrium equations are
given:

F þ T ⋅cosc ¼ P ⋅Ab

2T ⋅sinc ¼ P ⋅2prblB
;

�
ð19Þ

where F, T and P are load, tension and internal pressure
of air chamber.

The contact area of chamber is calculated by

Ab ¼ pr2b : ð20Þ
Through analytic geometry, yield the following equa-

tion:

lB
sa

¼ sinc

c
: ð21Þ

Combing equations (19)–(21), the effective area can be
easily calculated:

Ae0 ¼ p R0 � clB
sinc

� �2

1� clB cosc

R0 sin
2 c� clB sinc

� �
: ð22Þ



Fig. 10. Approximate geometry of single air chamber depressed.
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The half height of the chamber is obtained by geometric
relations:

lB ¼ 8pR0 sinC

16pþ c

2
� sin 2c

4

: ð23Þ

Rearrange the equation (23), the mixed trigonometric
formula is given:

8pR0 sinc� 16plB � lB
2
cþ sin 2c

4
lB ¼ 0: ð24Þ

Solving formula (24) yield the angle c. Differentiating
equation (22) and combing equation (16), the rate of
change in effective area can be calculated:

See equation (25) below.
where c is determined by formula (24).
(2) Effective volume and its rate of change
dAe

dh
¼ 2p R0 � ch

2n sinc

� �
hpc2 coscð

2nR

�p R0 � ch

2n sinc

� �2

⋅
2nc cð

2nR0 sin

þp R0 � ch

2n sinc

� �2

⋅
2n R0cð

v ¼ 2np R0 � h

2n

c2

sinc
þ 1

sinc

4 s

6c�
���

þ 2np
h

2n
R0 � ch2

4n2 sinc

� �2

dv

dh
¼ � 2np

sinc
c2 þ 4 sin3c

6c� 3 sinc
� cosc

� ��

þ 2np R0� h

2n sinc

� �
c2 þ 4 s

6c�
��

þ 2ph R2
0 �

3ch

2n sinc
R0þ c2h2

n sin2c

� �
The effective volume of the approximate geometry
consists of two parts, a cylinder below the contact surface,
defined as vc, and the volume enclosed by the approximate
cambered surface, defined as varc. A single air chamber is
shown in Figure 10.

According to the axiom of superficial area of approxi-
mate cambered surface, the following equations are
obtained:

l ¼ ra
4 sin3c

3ð2c� sin 2cÞ � cosc

	 


Aarc¼ r2að2c� sin 2cÞ
2

;

8>>><
>>>:

ð26Þ

where l, Aarc are the distance between the center of
approximate cambered surface of air chamber and the
plumb line at the edge of the contact surface and the area of
the approximate cambered surface of chamber during work.

Combing equations (16) and (26), the effective volume
of the air spring is given by equation (27):

See equation (27) below.
Differentiating equation (27), the rate of change of
effective volume can be easily obtained:

See equation (28) below.
Hereto, the vertical stiffness of air spring at any
equilibrium position can be calculated by formula in
Table 4.
þ sincÞ � 2nR0pc sin 2c

0 sin 3c� hc sin 2c

oscþ sincÞ
2c� ch sinc

sin 3c� c cosc sincþ sin 2cð ÞhÞ
2nR0 sin 2c� c sinchð Þ2 ;

ð25Þ

in3c

3 sin 2c
� cosc

���
⋅
2c� sin2cð Þh2

8n2 sin2c ð27Þ

�
⋅

2c� sin 2c

2 sin 2c

� �
h2

4n

in3c

3 sinc
� cosc

��
⋅
h 2c� sin 2cð Þ

2n sin2c
: ð28Þ



Table 4. Calculation formula of variables.

Variables Evaluation expression

Vertical stiffness (k0) k ¼ dF

dh
¼ �lp0

vl0
vlþ1

dv

dh
⋅Ae þ p0

v0
v

� �l
⋅
dAe

dh

Effective area (Ae) Ae ¼ p R0 � ch

2n sinc

� �2

1� ch cosc

2nR0 sin 2c� ch sinc

� �

Rate of effective area change

 
dAe

dh

!
dAe

dh
¼ 2p R0 � ch

2n sinc

� �
hpc2 coscþ sincð Þ � 2nR0pc sin2c

2nR0 sin
3c� hc sin2c

�p R0 � ch

2n sinc

� �2

⋅
2nc coscþ sincð Þ

2nR0 sin
2c� ch sinc

þp R0 � ch

2n sinc

� �2

⋅
2n R0c sin3c� c cosc sincþ sin2c

� �
h

� �
2nR0 sin 2c� c sinchð Þ2

Effective volume (v) v ¼ 2np R0 � h

2n

c2

sinc
þ 1

sinc

4 sin3c

6c� 3 sin 2c
� cosc

� �� �� �
⋅
2c� sin 2cð Þh2

8n2 sin 2c

þ2np
h

2n
R0 � ch2

4n2 sinc

� �2

Rate of effective volume change
dv

dh

� �
dv

dh
¼ � 2np

sinc
c2 þ 4 sin3c

6c� 3 sinc
� cosc

� �� �
⋅

2c� sin 2c

2 sin 2c

� �
h2

4n

þ2np R0� h

2n sinc

� �
c2 þ 4 sin3c

6c� 3 sinc
� cosc

� �� �
⋅
h 2c� sin 2cð Þ

2n sin 2c

þ2ph R2
0 �

3ch

2n sinc
R0þ c2h2

n sin 2c

� �

Transcendental equation for c calculation 8pR0 sinc� 8ph

n
� ch

4n
þ h sin 2c

8n
¼ 0

Table 5. Geometric parameters of air spring.

n R0 (cm) V0 (cm
3) h (cm)

Value 3 4 250 10

Table 6. Variable parameter setting.

Variables Parameters

R0 (cm) h0 (cm) P0 (MPa)

Initial internal pressure 4
ffiffiffi
2

p

3
R0

0.01–0.03

Radius 2–10
ffiffiffi
2

p

3
R0

0.02
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3.3 Verification and modification of the model
3.3.1 Performance of model for initial geometric

The geometric parameters of air spring in the experiment
are given in Table 5. To obtain a better understanding of
the influence of parameters on vertical initial stiffness, set
n=3, l=1 and other initial parameters for equation (15)
are respectively shown in Table 6. Vertical initial stiffness
values at different values of initial pressure and radius are
shown in Figure 11a, b, and the values of initial volume and
assembly height for different radii are shown in Figure 11c
and d.

According to the analysis of Figure 11a, there is a
positive linear correlation between initial vertical stiffness
and initial internal pressure when geometric parameters
are constant, which means that reducing initial inner
pressure can reduce the stiffness of air spring. Through the
analysis of Figure 11b, there is a negative non-linear
correlation between initial vertical stiffness and radius of



Fig. 11. Influence of parameters on stiffness (a) Initial stiffness and initial pressure, (b) Initial stiffness and radius, (c) Initial volume
and initial radius, (d) Height and initial radius.

Table 7. Calculated and measured values of air spring geometric parameters.

Height of spherical cap Initial volume Assembly height

Calculated value 1.89 242.2 11.30
Measured value 2 250 10.50
Relative absolute error (%) 6 3.59 7.16

Table 8. Difference between calculated and measured values of volume.

R0 (cm) n H (cm) Calculated value (cm3) Measure value (cm3) Relative error (%)

Values

4 1 2 87.78 83 5.44
4 2 2 161.55 167 3.37
4 3 2 251.33 250 0.53
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plate, which means the increase of radius can decrease
stiffness of air spring, consistent with equation (15).
Figure 11c indicates that initial volume increases with the
increase of radius. Figure 11d demonstrates that the
assembly height of an air spring increases proportionally
with the increase in radius.

When R0 is equal to 4 cm, the difference between the
calculated values and measured values for the height,
initial volume and assembly height of the spherical cap are
shown in Table 7. The error between them is due to the
height assignment of the spherical cap (1.886 cm), which is
smaller than the measured values (2 cm), but the error is
relatively minor and acceptable.
In order to validate the accuracy of equation (11),
set R0= 4 cm, n=3, h0= 2 cm then calculated the initial
volume and compared it with the measured value. The
results are shown in Table 8, which indicates that the
analytical model is quite precise.
3.3.2 Performance of model for any equilibrium position

Table 9 shows the predicted loads and intermediate
variables for the four height values, as well as the measured
loads, and Figure 12 illustrates the difference between the
load predictions and the measurements. As can be seen
from Table 9 and Figure 12, the error between the



Table 9. Calculation results of arbitrary height of air spring.

Height Intermediate variables Internal
pressure

Predicted
load

Experimental
load

Relative
error

h C (Rad) Rb (cm) V(cm3) Ae (cm
2) Ab (cm

2) P (MPa) F (KN) F (KN) %

6 0.53 3.74 91.30 23.60 43.87 0.071 0.17 0.12 29.41
7 0.61 3.28 120.74 22.88 33.75 0.054 0.12 0.07 41.67
8 0.71 3.18 153.86 19.62 31.66 0.042 0.08 0.04 50.00
9 0.84 3.07 189.86 16.53 29.64 0.034 0.06 0.02 66.67
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Fig. 12. Predicted and experimental values.
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calculated and the experimental measurements decreases
with the increase of the vertical depressions, and all the
calculated values are larger than the measured values,
probably due to the approximate geometry, which differs
considerably from the actual geometry in small depression
but is closer to real geometry when the compression is
larger. On this basis, the error is assumed to be a function of
height, and a correction function is proposed to modify the
model.

3.3.3 Performance of modified model

As indicated in equation (5) and Figure 12, the load
required for compression is a function of the height and
initial internal pressure, so the relative error of these two
parameters should also be related to the height of air
spring. According to experimental data, the error function
of initial internal pressure and height can be established by
polynomial fitting. The general approach is as follows:

–
 Firstly, the polynomial function of load and height is
fitted under nine initial internal pressures, and then the
coefficients of the multivariate function are represented
by matrix a respectively.
–
 Secondly, the polynomial function between the polyno-
mial coefficients and corresponding nine initial internal
pressures is fitted, and then coefficients of polynomial
function are represented by matrix b respectively.
–
 Thirdly, matrix a times matrix b and obtain vector c.
The elements of vector c are coefficients of the power
terms of a polynomial from the highest to the lowest
power respectively.

The error function is described as equation (29), and the
modification function after twice fitting is presented as
equation (30):

RðhÞ ¼ p1h
2 þ p2hþ p3 ð29Þ

Fcor ¼ F ⋅CðrÞ
F ¼ PAb

CðrÞ ¼ 1�RðhÞ

9>>=
>>;; ð30Þ

where C(r), R(h), Fcor are modifying function, error
function and load modified by correction function
respectively.

Finally, the modification function is expressed as

CðrÞ ¼ �0:004h2 � 0:1194hþ 0:3028 ð31Þ
Table 10 shows the fitting results of the correction

function, and Figure 13 gives the predicted and measured
values for initial internal pressure of 0.020MPa.



Table 10. Results of modified function fitting.

Fitting type SSE R-square RMSE

Quadratic polynomial 2.616e�05 0.997 0.0051
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Fig. 13. Measured values and predicted values with modifying function.
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The model for calculation modified by twice fitting can
predict load more accurately, and the predicted load and
height change trend are in good agreement with the
experimental results, which shows that the model is
credible in general. There are still some errors in the
revised model, and possible sources of error are:

–
 The angle of a transcendental equation can only find the
approximate root, not the exact root.
–
 The correction function can not completely eliminate the
error after fitting twice, but can only reduce the errors. In
the second fitting, the maximum fitting power in this
example is 3. The accuracy can be improved by
improving fitting ability, but not by much.

3.4 The application prospect in mattress

In previous studies, ergonomic mattresses were designed
primarily on the basis of body pressure distribution (BPD)
at human-mattress interface, which is an indirect indicator
of comfort. In addition to BPD, many direct physiological
indicators are related to sleep comfort and health, such as
oxygen content in blood, heart rate, respiration and spinal
alignment, which should be used to help improve mattress
comfort. Spinal alignment is an important factor in sleep
comfort and health, and abnormal spinal alignment can
lead to muscle fatigue and even damage the musculoskele-
tal system. Conventional mattress support is constant in
strength, but sleep behavior is a dynamic processes.
Therefore, the mattress can not adjust the support
performance according to the sleep posture, which means
that the spine is not adequately supported for different
sleep behaviors. Although some mattresses with conven-
tional air bags can provide variable stiffness, which is
enough to improve the BPD at the human-mattress
interface, they fail to enhance spinal alignment during sleep
due to the unpredictable deformation.

The application of this novel air spring to ergonomic
mattress will provide the possibility to improve spinal
alignment. The results of Section 3.1 indicate that this
novel air spring with the same geometry size can obtain
different stiffness by adjusting initial air pressure, thus
satisfying different requirements of different human body
parts and different user groups. The method of adjusting
the stiffness of air spring is convenient, which provides the
possibility for the design of the variable rigidity of
mattress. The results of Sections 3.2 and 3.3 indicate that
any air springs with different vertical stiffness can be
designed and the vertical stiffness at an arbitrary
equilibrium position is predictable. Theoretically, the
height of this novel air spring subjected to the gravity of
the human body can be calculated when installed in a
mattress, so the height of air spring below the spine is used
to describe the spinal alignment. When spinal alignment
needs to be improved, adjust internal pressure of the
corresponding air springs below spine and change its
vertical stiffness to obtain new height required for normal
spinal alignment.

4 Conclusion

In this work, the mechanical properties of air spring and its
influence factors were studied, and a general analytical
model of variable stiffness has been established according
to the Ideal Gas Law and the approximate geometrical
parameters of the air chamber. Finally, the analytical
models of initial geometry, initial vertical stiffness and the
stiffness of arbitrary equilibrium positions were verified
and modified. Some valuable conclusions are as follows:
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–
 The vertical stiffness of air spring is negatively related to
the volume and positively related to initial pressure. The
vertical stiffness decreases nonlinearly with the increase
of volume and increases linearly with increase of initial
pressures.
–
 The calculating model of initial vertical stiffness is
established and modified, which provides theoretical
guidance for designing air spring by using critical
geometric parameters.
–
 In this work, an analytical model of polynomial fitting
error is adopted, with an average error of 6.96%.
–
 Research has shown that the air springs have potential
applications in providing personalized support and
maintaining normal spinal alignment.

The study has two limitations. On the one hand, the
density of the material is not taken into account, especially
in the analytical model, which may affect the stiffness of air
springs when they are made from different materials. On
the other hand, only the vertical stiffness of the air spring is
studied, and the lateral stiffness may affect its properties
during the working process. Therefore, the effect of
material density on vertical and lateral stiffness needs
further study. Even though, the experimental results and
the universal analytical model of variable stiffness air
spring still have important theoretical significance for
design and engineering application. To sum up, the vertical
stiffness model can predict the mechanical properties of the
air spring accurately at any height, and provides theoreti-
cal guidance for designing the air springs with special
stiffness
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List of symbols
P0
 Internal pressure of air spring of initial position
(MPa)
p
 Internal pressure of air spring of arbitrary position
during the working process (MPa)
vo
 Volume of air spring of initial position (cm3)

v
 Volume of air spring of arbitrary position during the

working process (cm3)

h
 Height of air spring of arbitrary position during the

working process (cm)

Ae
 The equivalent support area of the air spring of

arbitrary position during the working process (cm2)

Ae0
 The equivalent support area of the air spring of

initial position (cm2)

R0
 The radius of plate of air spring not inflated (cm)

Aa0
 The area of plate of air spring not inflated, which is a

constant (cm2)

Ra
 The radius of spherical cap of air spring (cm)

h0
 The height of spherical cap of air spring (cm)
h
 The height of air spring of arbitrary position during
the working process (cm)
lB
 The height of single air chamber of arbitrary position
during the working process (cm)
u
 The angle between the tension of the air spring and
the horizontal plane in the initial state (rad)
korg
 Vertical initial stiffness of air spring of initial
position (KN ·m�1)
Sa
 The arc length of the spherical cap surface through
the axis (cm)
ra
 The radius of approximate cambered surface of
chambers during the working process (cm)
rb
 The radius of contact surface (cm)

Ab
 The area of contact surface of air spring during the

working process (cm2)

l
 The distance between the center of approximate

cambered surface of air chamber and the plumb line
at the edge of the contact surface (cm)
Aarc
 The area of the approximate cambered surface of
chamber during the working process (cm2)
C
 The angle between tension of chamber and plumb
line during the working process (rad)
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