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Abstract. Mechanical stoppers in MEMS capacitive systems can dramatically affect electrical performances
and result in complicated mechanical dynamic responses. This paper introduces electromechanical coupling
nonlinear dynamic responses in MEMS variable dual-capacitor with an effect of nonlinear and asymmetrical
stoppers. We found that the capacitance in the electrical circuit system related to the first-order derivative of the
output voltage on a load resistor, and the variable dual-capacitor was strongly affected by the coupling of up and
down superposition instantaneous electrostatic force and limited space by the length of nonlinear stoppers. The
numerical calculation results and the experimental results in our analysis based on our system had a good
agreement, and the numerical simulation results presented rich nonlinear impacts dynamic responses through
the imposed voltage and the height of stoppers in MEMS variable dual-capacitive device. The device in
operation cannot reach the 0.6 time’s initial gap due to small forcing amplitude (1.026 g). However, we observed
that the movable plate and stoppers (across the 0.6 time’s initial gap) had fierce impacts due to big forcing
amplitude (4 g) on to the device. With asymmetric stopper each impact, we also concluded that the movable
plate would experience attenuations of the displacement until the moment to the next impacts. Moreover, the
height of stoppers can not only result in complicated dynamic motion of the movable plate, but also can
modulate a voltage of the fixed plate with its asymmetry structure.
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1 Introduction

Energy harvesting from Micro-Electro-Mechanical Sys-
tems (MEMS) capacitive devices is a hot research area
around mechanical vibration. The power from MEMS
capacitive devices can be obtained to support MEMS
electronic devices and the Internet of Things. For the
capacitive device in operation, the parameters of the
capacitor would be changed along with the environment.
Thus, the research on the variable capacitive device is of
engineering interest, especially on the support for low
power consumption devices [1-6]. The principle of MEMS
variable capacitive device is based on mechanical vibration
to make a change of charges which in turn affects the
voltage of charged capacitor [3,4]. Compared to the theory
of the electromagnetic [7], the piezoelectric [8], the
thermoelectric, or the triboelectric mechanism [9-11],
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the capacitive method has the advantage of easy integra-
tion with CMOS technology [10-28]. Thus, we have chosen
to work with the capacitive device for both CMOS
compatible and simple MEMS process fabrication [29,30].

As to the key parameters of the capacitor, many
researchers have researched the parallel plate capacitors
with nonlinear electrostatic, nonlinear cantilever springs
(hanger), and squeezed film damping things [20,21,31-35].
Qiu et al. discussed the softening effect of their capacitive
device with a strong nonlinear component in the system
[20]. Nayfeh et al. reported superharmonic and subhar-
monic nonlinear analysis of the system in experiments [21].
They focused on the mechanism of the modeling in motion
without considering the advantage of dual-cavity. Zhu
et al. introduced strong nonlinear impact force in the
capacitor [36,37]. However, they did not conduct the theory
and phenomena analysis on the nonlinear stoppers to their
asymmetric. Thus, almost no groups have been conducted
an electromechanical coupling of stoppers in the variable
dual-capacitive device. Even though the previous research
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Fig. 1. (a) 3D schematic view of MEMS variable dual-capacitive device, (b) physical model of MEMS variable dual-capacitive device

with voltage fluctuation.

showed a kind of energy collecting method with MEMS
dual-capacitor, it did not do the numerical analysis in
MEMS electromechanical coupling based on stoppers [37].

With an asymmetric stopper in the MEMS system, the
motion of the movable plate or beam would experience
attenuations of the displacement until the moment to
the next impacts or constraints. To solve the issues about
the nonlinear stoppers and their asymmetry, in this study,
we focused on the electromechanical coupling with
nonlinear stoppers for dynamic responses in MEMS
variable dual-capacitive devices. We found that the
capacitance in the electrical circuit system related to the
first-order derivative of the output voltage, and the
variable dual-capacitor was strongly affected by the
coupling of an electrostatic force and the length of
stoppers. The numerical simulation and measured experi-
mental results showed a good agreement with nonlinear
dynamic response in MEMS variable dual-capacitive
device. Moreover, the height of stoppers can not only
result in complicated dynamic motion of the movable plate,
but also can modulate a root mean square (RMS) voltage
with its asymmetry.

2 MEMS dual-capacitor and mathematical
modeling

The MEMS variable dual-capacitive device is shown in
Figure 1a. It contains a movable plate, two fixed plates, and
four gold stoppers. The stoppers were designed to avoid the
movable plate having impacts with fixed plates over-
whelming electrostatic force. The movable plates were
hanged by four suspending springs. The fixed plates are
located with the sandwich structure to the movable plates.
The gold was made as a conductive material, and the
chromium was as medium materials as a paste between
gold and SiO,/SizN, dielectrics. The energy can be
generated by the motion of the movable plate due to the
electrostatic effect. Four gold stoppers were placed on both
the top and bottom fixed plates to prevent snap-down of
the movable plates by overwhelming electrostatic force.
Figure 1b illustrates a physical model of MEMS variable
dual-capacitive device with a voltage fluctuation under a

C(t)
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O

Fig. 2. Electrical circuit of MEMS device. Note that V,,
demonstrates V,,;; or V9, and R, is Ry ; or Ry

sinusoidal vibration. An input voltage such as 6V, 9V,
12V, or 15V (V},) was applied to the system with charges
initially. The input voltage could be any number. However,
most electronic devices are with voltages such as 6V or
15 V. To meet the requirement of the electronic devices, we
chose the voltage range of 6 V-15V. If the above-
mentioned voltages were applied onto the device, the
movable plate was driven into motion by inertial forces
from the charged plates. If with mechanical excitation onto
the plates, the voltage over the capacitor increased since
the constant input voltage. The load resistors R; and Ry, s,
and variable x were used to measure the fluctuation of
output voltage during the test and dimensionless displace-
ment of the movable plate from the equilibrium position,
respectively.

Figure 2 depicts an electrical circuit of MEMS
capacitive device. The ordinary differential equation
(ODE) analysis was conducted on an electrical circuit to
obtain a relationship between the measured output voltage
and the variable capacitance. Parameter C(t) was a
variable capacitor. C, and Cj, represented a parasitic
capacitance and an input capacitance of the voltage
measurement circuit which was directly related to the
measured output voltage, respectively. The Cj, in our
case was from the measurement equipment oscilloscope.
Since the effect of C, can be lumped into C(t), we used
C, =0 to describe the electrical circuit [19-21]. The input
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voltages V;, on the top and bottom of the capacitive plates
were constant voltage source which was used to provide an
initial charge. The bias voltage over C(t) was Vi,-Viu,
which was limited by a pull-in effect and related to the
motion of the movable plate. The charge @ would be as
follows

Q = C(t)(vm - Vout)a (1)

the derivative on both sides of the equation was as
follows,

Q=Ct)(Vin — Vou) = Ct)V ous- (2)
The charge over C;, was given by
Ql = Cinvout- (3)

Based on Kirchhoff current law in the electrical circuit,
we had

Vout

Q=Q1+Rom-

(4)
Therefore, we got

Vout

CH) (Vi — )
()( R

Vout) - C(t)Vout = CinVout +

(5)
By rearranging the terms in equation (5), we finally got

Rout [Czn + C(t)]vout + [Routc(t) + 1]Vout = VinRoutC(t)
(6)

which was

C(t)(vm - Vout) - ;Z::

Vout = Cm T C(t)

(7)

The parasitic capacitance Cj, had a negligible effect if
the capacitive impedance was much larger than R,,.
Calculating the ratio (IR) of the capacitive to resistive
impedances [22,23], we had

1

IR=———.
R 27TfRoutCin (8)

For R,,;=5 MQ, C;,=10 pF, and f=500Hz, we had

1

IR=—+—=
2T[f-l'zoutcvin

6.4. 9)

Therefore, the capacitive impedance was a large
number for these parameters. It can be assumed that its
effect can be ignored. Based on Figure 2b, using Ohm’s law
on the load resistor, we had

Vout = Roth7 (10)

0.15}
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Fig. 3. Calculation results for output voltage.

using capacitance definition and Kirchhoff voltage law on
the variable capacitor, we had

Q = C(t)(vin -

by combining equation (10) and equation (11), we
obtained

Vout)7 (11)

Vout = Rout[(vin - Vout)o(t) - C(t)vout} (12)
which is
. Vz - Vou C t _M
Vout = ( t) ( ) Fou (13)
C(t)

Here, f=500Hz, R,,;=5 MQ, V,,=15V, C;,=10 pF.
With those parameters, f, R,.;, Vin, and C;,, into equations
(7) and (13) and solving for them using the first-order ODE
in MATLAB. The calculation results from equations (13)
and (7) can be found in Figure 3. The curves are in good
agreement.

Based on the test results, we found V,,, < V;,. The
maximum V,,, was less than 0.1V, and V;, was 15V.
Therefore, we approximated equation (11) by

Q=Ct)(Vin — Vour) C(t)Vipn. (14)
Substituting into equation (10), we can get
Vout = Routvznc(t) (15)

We found V,,; had a harmonic solution based on test
results. Thus, we assumed

Vout = Asin (27 ft), (16)
We can get
Ct) = Co— —2 cos(2mft) (17)
N 0 27TfRout Vm o8

where Cy=3.54 pF, the fluctuation range of C(t) can be
determined. Note that the capacitor was directly related to
the mechanical motion of the movable plate.
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The dynamic responses of the plate and stoppers
determine the voltage fluctuation in the MEMS variable
dual-capacitive device. Stoppers were not only used to
prevent the movable plate and the fixed plates to stick each
other but also strongly affected the system’s dynamic
response by constraining the free range of the movable
plate in the gap. A much high constant value of the spring
can be assumed as this nonlinear stopper shown in [13-17]
as follows

h
Chydon T g cp< o
1+zx
Fy = 0 —h<z<s > (18)
ksdos_x s<r<l
1—2z

where s and h were the dimensionless stroke parameter
from the top stopper and the bottom stopper, respectively.
They are normalized by an initial gap dy. If parameters s
and h with different numbers, it meant that stoppers with
an asymmetric state are shown in Figure 4. The stopper
spring constant k, was assumed to be 1000 times larger than
that of the suspension spring in our case. The capacitance
and electrostatic force between two plates can be obtained
as follows [16,24-26]:

eLW
Clz) = dd+) (19)
oU 9 [ Q@
ro= 5= alaew) (20)

where U was potential energy. Based on the theory of
superposition of electrostatic forces, the external excitation
force on the device can be obtained,

F.. = mycos (wt). (21)
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The parameter displacement amplitude (¢) in equa-
tion (21) was from the d’Alembert force. we was an angle
frequency of external vibration. Following Newton’s
second law and the electrical circuit for MEMS device
from equation (13), we had

. 1. k Fex Fst Fe
=——1—— 22
v m m mdy mdy mdpy’ (22)
. Vin = Vou)O(t) — F2t
Vouf, - ( t) ( ) Bout (23)

C(t)

where ¢ was a viscous damping coefficient. Equations (22)
and (23) was coupling with each other through a motion of
the movable plate. Note that the squeeze film air damping
for MEMS device requires a modified Reynolds equation
involving the damping effect of gas flow during the plate
vibration [27]. The holes in the movable plate were specific
designed to reduce the effect of the squeeze film air
damping effect. Meanwhile, we assumed that the viscous
damping contained the effect of the squeezed film damping.
We will perform extensive numerical analysis on the effect
of squeeze film air damping in our future work. The power
from R,,; can be seen as follows

2
Vout

Pt = R .
out

(24)

3 Measurement and dynamic response

The experimental results of MEMS capacitive device were
characterized by sweeping excitation frequencies from
200Hz to 800 Hz with steps of 25Hz under sinusoidal
excitations with constant accelerations, respectively. An
RMS output voltage under bias DC of 6V, 9V, 12V, and
15V to each device was plotted as a function of frequency
(Fig. 5a). Table 1 shows all the used parameters. The pull-
down voltage (12.4 V) was measured based on equipment
to MEMS single capacitor. The goal of the measurement for
the pull-down voltage was for the calculation of MEMS
spring in the system. It is possible that the MEMS dual-
capacitive device still works with 15V input voltage. If we
applied a higher voltage (18 V) in MEMS dual-capacitive
system, the movable plate in the system would stick onto
the top of the bottom plate which failed numerical
calculation. We found that simulation results matched
well with experimental test results (see Fig. 5a,b). The
good agreement results verified the feasibility of our
analyzed mathematical model. An RMS output voltage
meant a voltage perturbation on capacitors as given in
equation (11). The voltage perturbation resulted in a small
number of nonlinear electrostatic forces on the movable
plate. We also found that there was no contact between the
movable plate and the fixed plates under 1.026 g excitation.
Compared to 1.026g excitations, we found that 4g
excitations had a much stronger softening effect due to
the nonlinear stopper and electrostatic force in the system.
The maximum RMS output voltage with 4 g excitation was
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Fig. 5. Measurement: (a) experimental results RMS output voltage with 1.026 g excitation; (b) numerical simulation results in RMS
with 1.026 g excitation; (c) numerical results with 4 g excitation; (d) numerical simulation results displacement of the movable plate

with 4 g excitation.

Table 1. Simulation parameters.

System parameters Symbols Values Unit
Initial gap dy 10 pm
Device resonant frequency f; 500 Hz
Pull-down voltage Vo 12.4 A%
Movable plate thickness hy 30 pm
Movable plate area A 25 mm?®
Constant permittivity & 8.85 pF/m
Damping ratio 8 0.2 1
Total spring stiffness k 168.88 N/m
Stopper spring stiffness k; 1.69 x 10° N/m
Displacement limit c 0.2 1
Height of top stopper S 0.6 1

constrained in a range of 400-600 Hz by stoppers (see
Fig. 5¢, d). It concluded that a higher bias voltage led to
more corresponding total output voltage out from MEMS
variable dual-capacitor. We can observe the obvious
impact between the stoppers and the moving plate from
Figure 5d. With an increased amplitude and stopper length
0.6d0, we can get a maximum voltage out of 0.5V (see
Fig. 6a). We found that the height of stopper 0.2d0

contributed almost 10 times voltage out than 0.8d0 in
MEMS variable dual-capacitor (see Fig. 6b). The output
voltage V,,; followed more or less from equation (15). We
concluded that the V,,,; strongly relied on the limited space
with a capacitance derivative of MEMS variable capacitor.
The height of stoppers in the system gave an obvious effect
for the case with amplitude of 4 g.

The displacements of the movable plate and the output
voltage on load resistors are shown in Figure 7. The
dynamic response showed that the movable plate did not
reach up to stoppers in the dual-capacitive device (see
Fig. 7ab). If MEMS device is subjected to stronger
excitation amplitude (4g), the dynamic motion of the
movable plate changes dramatically due to the impacts
between stoppers and movable plate in MEMS dual-cavity
device (Eq. (18)). We observed that the impacts between
the stoppers and the movable plate increased the energy
consumption of the output resistor (see Fig. 7c,d and
Eq. (24)).

Figure 8 depicts an investigation of the dynamic
response of avoidable asymmetric or symmetric stoppers in
MEMS dual-capacitive devices. Figure 8b shows that the
movable plate impacted with symmetrical stoppers,
whereas Figure 8c,d illustrates that the movable plate
impacted with asymmetrical stoppers (the bottom stopper
0.4d0 and 0.8d0). Compared to symmetric structure, the
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Fig. 7. Numerical results: (a) 400 Hz, 1.026 g; (b) 500 Hz, 1.026 g;
impacts in one forcing cycle.

asymmetric stoppers resulted in much more complicated
dynamic response phenomena. Figure 9a,b shows the phase
portraits of the symmetric stoppers and asymmetric
stopper, respectively. The velocity of the movable plate
would jump up when came to an impact with a stopper
every time. With an asymmetric stopper for each impact,
the movable plate would experience attenuations of the
displacement until the moment to the next impacts. We
observed that the system is in periodic motion. However,
due to the constraint from the limited space (top and
bottom stoppers), the system is in asymmetric dynamics.
We also observe that the system is still unstable status even
with fierce impact from the stoppers. It concluded that the
height of the asymmetric stopper can not only result in

6dy; (b) with different length of the stopper, amplitude 4 g.
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(c) 500 Hz, 4 g, 2 impacts in one forcing cycle; (d) 400Hz, 4¢g, 1.5

complicated dynamic motion of the movable plate but also
modulated an RMS voltage shown in Figure 10.

4 Conclusions

In this study, we investigated a complicated dynamic
response of the movable plate which came from strongly
nonlinear asymmetric stoppers in MEMS variable dual-
capacitor. We also found that the capacitance in the
electrical circuit system related to the first-order derivative
of the output voltage, and the variable dual-capacitor was
strongly affected by the nonlinear electrostatic force. The
good agreement results of the experiment and numerical
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simulation verified the feasibility of our analyzed mathe-
matical model. Both the experimental and numerical
simulation results showed that the forcing amplitude had
not yet reached the maximum value, and no contact
occurred between the movable plate and the fixed plate
with 1.026 g amplitude. Furthermore, we demonstrated
that the movable plate and stoppers had fierce impacts
with phenomena of a softening effect of the system with 4 g
amplitude. Moreover, the height and asymmetric structure
of stoppers can not only result in a complicated dynamic
response of the movable plate but also can modulate an
RMS output voltage.
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