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Abstract. The SCO2 turbine machines exchange energy through supercritical carbon dioxide. Their impeller
has the features of high-temperature and speed to enhance energy conversion efﬁciency, but the rotor needs to
be cooled to be compatible with bearings and seals. The paper introduces a pivotal parameter optimization of a
concentrating solar SCO2 turbine rotor and seeks to control the harmonic response amplitude while preserving
the distance between the critical speed and the working speed. The optimization considers several parameters
including bearing span, stiffness, effective mass and damping of the bearing hub, and gas ﬁlm stiffness
coefﬁcients of the cooler. The optimization is accomplished using a multi-objective and scale quantum
harmonic oscillator algorithm (mMQHOA) that couples an information interaction algorithm and transfer
matrix model. The application of information interaction accelerates the convergence speed of the objective
functions. The veriﬁcation results from the three-dimensional ﬁnite element (3D-FE) indicate that the nondominant design reduces resonance amplitude of the disc by approximately 71.91%, while the critical frequency
increases by about 34.33% in the direction away from the operating frequency, and imply a trade-off relationship
between harmonic response amplitude and critical speed. It is further reveal that the increased gas ﬁlm stiffness
of cooler in the primary level interval (<1E6 N/m) has no signiﬁcant effect on the harmonic response of the
system. The optimization is based not only on the analysis of design parameters, but also focuses on the
sensitivity of objective functions that can signiﬁcantly affect dynamic performance. The models with a single
variable of bearing span and ﬁlm stiffness are investigated respectively, and then the sensitivity of the system
response is analyzed. In addition, three different objective functions are proposed, with the purpose of
constructing a universally applicable model that can be further used to optimize the analogous bearing rotor
system.
Keywords: Rotor system / multi-objective optimization / vibration control / Pareto front

1 Introduction
Conventional steam Rankine cycle operate at a temperature of less than 550 °C [1–3], based on a trade-off between
material selection, safety and reliability of circulatory
mediator and rotor speed of the turbomachinery accounting also for bearings and seals induced restrictions of
operating temperatures and pressures [4–6]. In recent
years, reliability combined with the high thermal efﬁciencies related advantages has led to an increasing attention to
supercritical carbon dioxide (SCO2) energy conversion
system [7]. As a potential alternative power conversion
* e-mail: li_jishun@163.com

system, The SCO2 Brayton cycle has been extensively
studied [8]. The relevance of inlet temperature is reﬂected
by the numerous numerical and experimental studies that
have been implemented on this subject in the past few
years. To meet the demand for high thermal efﬁciency, it is
widely acknowledged that heat sources ranging between
500 °C and 900 °C and supercritical (>30.98 °C and >
7.38 MPa) conditions will be required. Therefore, elevated
temperature turbines may still remain a pivotal component
within future SCO2 power cycles. On the other hand, in the
drive towards compact physical footprint, and to surmount
challenges of the rotor dynamics related to high speed,
attention has turned to the small scale of thermodynamic
turbine [9]. As the working speeds (300 kW, 50,000 rpm)
and inlet temperature of the small SCO2 turbines are often
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extreme, a strict optimization design of the shaft bearing
system is required. The integrated optimization for
multiple physics including thermomechanics, rotor-bearing dynamics.
Researches on these optimization algorithms for bearingrotor system applications are neither unique nor trivial as
they have applications in the rotating machinery within
turbine engines and synchronous motors. The development
of contemporary designs of bearing-rotor systems depends on
the amelioration of methods of simulation and design as well
as algorithms of optimization. Combined with ﬁnite element
analysis (FEA), it allows the time-consuming repetitive
work of optimization of prototypes to be avoided. Earlier,
Hamidreza et al. [10] proposed a design method of ﬂexible
rotor support parameters to minimize the force transmission
in the vicinity of the ﬁrst critical speed in a preliminary design
phase. Detailed optimum variables were used to design the
support ﬂexibility and damping. However, this approach
shows limitations with regard to the optimization of multiobjective functions due to the deﬁciencies of the H∞ and H2
algorithms. SangJoon et al. [11] conducted an optimization
study on the rotor structure of a compound rotorcraft. The
objective functions are rotor weight and vibration performance. Furthermore, comprehensive optimization analysis
were conducted by Omar [12] using rigorous multi-objective
optimization algorithm in the electric machinery model to
make a trade-off between rotor geometries and loss
objectives.
Over the past decades, natural heuristic algorithms
based on statistics have been extensively developed [13].
Genetic algorithm (GA) is one of the most commonly used.
Angie et al. [14] carried out a CFD design optimization of
the radial-inﬂow turbine with respect to efﬁciency and
power output improvement. For this purpose, they used
Gaussian radial basis function in combination with an
improved genetic algorithm (NSGA II) to optimize the
parameterized shape of the turbine rotor system. Hybrid
genetic algorithm investigations performed by Copeland
et al. [15] sought to couple an evolutionary algorithm with a
surrogate model in the application of aerodynamic shape
optimization aiming at enhance micro-wave rotor turbine
efﬁciency. In addition to wave rotors, a hybrid of genetic
algorithm with the Nelder-Mead method have been used in
the preliminary design of organic rankine cycle (ORC)
axial turbine to improve the ﬂow efﬁciency [16]. Another
use of genetic algorithm was presented in Joseph’s [17]
investigation, which coupled with the controlled elitist
multi-objective optimization method to evaluate the
unbalance response performances of small turbine engine
rotor system. The results of comparing the amplitude of
vibrations show that the optimum design model is superior
to constant Rayleigh damping model.
Many investigations are conducted focusing on torque
and ripple of motor rotor from the perspective of
topological structure by using hybrid optimization algorithm (HOA). A typical HOA is a mixed mathematical
statistical method of topology optimization (TO) and
genetic algorithm (GA), which provides correlations
between the non-parameterize shape and the design
variables. Shingo et al. [18] applied a hybrid algorithm
to optimize the rotor shape and topology of the ﬂux barrier.

A feasible trade-off between the rotor torque and ripple is
proposed with respect to pivotal parameters that affect the
problem. Nag and Harish et al. [19] investigated interference parameters of an Orbit motor rotor system. Their
main objectives were to determine interference effects
between the rotor and stator to identify further unbalanced
torque reduction potential by the application of GA.
Regarding topology optimization, Takeo et al. [20]
conducted numerical investigations aimed at optimizing
the rotor topology of a PM synchronous motors by using
genetic algorithms. The optimized topology showed a 30%
increase in torque compared to the values obtained by the
experimental motor. Karol et al. [13] also conducted a
similar optimization study using the gray wolf metaheuristic algorithm, which considered the functional parameters of the motor related to energy efﬁciency.
The probabilistic methods are particularly effective in
optimizing a single objective function [21]. By improving
the search efﬁciency, increasingly attention-grabbing
bionic stochastic algorithms, can also iterate to the
extremums of an objective function. Particle swarm
optimization (PSO) is one of the most widely known
swarm intelligence bionic algorithms. Recent research
studies have taken up territory particle swarm optimization (TPSO) algorithm and applied it to the optimization
design of permanent magnet synchronous motor (PMSM)
to reduce cogging torque [22]. Mutra [23] investigated
interference effects between the rotor spin speed and the
foil bearing parameters (including bearing clearance, bump
foil thickness, and foil pitch) of a conventional high-speed
turbocharger rotor system by supervised neural network
scheme in order to identify the nonlinear relationship
between the bearing parameters and vibration response
data. Furthermore, an optimal design of foil bearing
parameters is carried out using an improved particle swarm
optimization algorithm. In the damage identiﬁcation
method, the bat optimization algorithm (BA) combined
with multiaxial vibration data investigations were performed for a helicopter main rotor inverse damage location
[24]. One study conducted by Karol et al. used the gray wolf
algorithm (GWA) to optimize variables related to the
motor rotor structure to design a low-power line-start
synchronous motor [13]. The results show that up to 1.53%
efﬁciency increase was obtained, in comparison to the
induction motor.
In the pre-design of the bearing rotor system, numerical
calculation is usually used to optimize the relevant
parameters (such as the stiffness, span and damping of
the support). Finite element analysis (FEA) provides the
engineer with a numerical implementation and veriﬁcation
of the prototypes. Considering an advanced SCO2 turbine
design, there are two feasible ways to improve the
performance of the turbine rotor, namely to increase the
inlet temperature and speed. Therefore, the attenuation of
harmonic response amplitude and thermal management
has always been an important topic during the SCO2 rotorbearing systems development. The present work is part of
the SCO2 turbine system design optimization project,
which is well aligned with the required innovation for highperformance turbine. The project is aimed on the rotor
dynamics design optimization and vibration control of a
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Fig. 1. A schematic view of the investigated bearing-rotor system (a) and its cooler (b). (a) Schematic diagram of bearing-rotor
system. (b) Schematic diagramc of the cooler.

small scale SCO2 turbine rotor system. Most of these
previous investigations utilized single-objective and
nature-inspired algorithms to solve the parameters and
topology of rotor-bearing system. Nature-inspired algorithms (non-deterministic algorithms) are signiﬁcantly
affected by subjective factors and make parametric studies
cumbersome. Moreover, multiple Pareto solutions of
multivariate optimization are difﬁcult to capture, especially in the region of multiple conﬂicting objectives. For
this purpose, a multi-objective and multi-scale quantum
harmonic oscillator algorithm (mMQHOA) combined with
transfer matrix method is developed based on standard
MQHOA [25]. Our investigations improved the previous
algorithm to consider more than two kinds of objectives,

namely, resonance amplitude, critical speed and its
position, and designed the rotor structure considering
the cooling system.
The bearing-rotor system of a small scale SCO2 turbine,
which is shown in Figure 1, was rotor-dynamically optimized
within the present work. Initially, this paper presents the
optimization of the rotor support system considering a
journal cooler as well as two types of bearings (including
angular contact ball bearings (ACBB) and Oil-lubricated
tilted pad bearings (OTPB)). Bearings and cantilever
impeller are a major source of vibration in SCO2 turbine
rotor systems, producing a demand for strict vibration
evaluation and frequency response analysis. The application
of mMQHOA in the dynamic design is to minimize the
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Table 1. Parameters of oil-lubricated tilted pad bearing.
Parameters

Values

Viscosity of oil (m)
Eccentricity (e)
Bearing radius (R)
Bearing width (L)
Rotor speed (V)
Radial clearance (c)
Number of pads

17.66  103 pa . s
0.6
15  103 m
30  103 m
0–60,000 rpm
6.72  105 m
4

resonance response amplitude and adjust the position of the
critical frequency relative to the operating frequency. In
order to determine the advantages of the optimized rotor
system, it is compared to a reference structure, which was
supported by four-pad oil ﬁlm bearing during the preliminary
design stage of the FE demonstrator. Then, the ﬁnite element
method is further used to evaluate the sensitivity of the rotor
system’s harmonic response to parameters such as bearing
span and cooler ﬁlm stiffness.

2 Methodology
2.1 Structure of the rotor-bearing system
The force coefﬁcients of the bearing are combined with the
mass, damping and stiffness of the hub to form a composite
matrix, as shown below


½Koil þ ACoil  Khub þ AChub þ A2 Mhub
 : ð1Þ
Ke ¼ 
Koil þ ACoil þ Khub þ AChub þ A2 Mhub
This is the dynamic model of a series spring-massdamping system. The Koil and Coil are stiffness matrix and
damping matrix of oil-lubricated tilted pad bearing
respectively. The structural parameters of the bearing
used for analysis are listed in Table 1. Similarly, the Khub
and Chub are the force coefﬁcient matrices of the bearing
pedestal respectively. The Mhub is the mass matrix of the
bearing pedestal. The whirl frequency of the shaft is
expressed as a complex parameter:
A ¼ iv:

ð2Þ

The diameter of the shaft is deﬁned as D = 30 mm, then
the support span of the rotor can be written as
L ¼ b⋅D:

ð3Þ

As shown in Figure 1, L is the parameter to be
optimized. S1, S2 and S3 are the axial dimensions of the
impeller, cooling device and seal, etc., respectively.
In the ﬁnite element model and the transfer matrix
model, the impeller is equivalent to a rigid disk with the
same mass and moment of inertia. The mass, diameter and
thickness of the disc are di = 100 mm, h = 10 mm and
mi = 0.71 kg, respectively. In addition, the mass eccentricities of the disc are assumed to be ex = 0.5 mm and
ey = 0.5 mm.

Besides of the thermal management for the dry gas seals
and the bearings, the paper will also propose the use of a
“cooling device” to add extra stiffness to support the rotor of
the turbine. However, the premise is that the stiffness of the
air ﬁlm does not negatively affect the unbalanced response
of the rotor. By “Cooling device”, it means a high-clearance
journal bearings with cool CO2 ﬂowing through the annulus
passage to cool the shaft. The cooler is not a true journal
bearing. Its clearance is selected to provide adequate
cooling. The ﬂow in the annular passage in the cooling
device will be simulated using computational ﬂuid
dynamics (CFD). The cooling device stiffness and damping
values (as predicted in CFD) are combined with the shaft
model of SCO2 turbine. The results will give the predicted
critical speed and damping for the SCO2 turbine.
2.2 Rotor system modelling
The optimization of key parameters allows one to obtain a
primitive conceptual design starting with minimal information of the object topology. Objective functions are the
system’s responses to these parameters, and used for
deﬁning optimization criteria. For the present work, the
support system design offering the best compromise
between three objective functions was chosen to be
investigated on the isolated, rotating turbine rotor system.
The proposed objective functions are designed to reduce
the harmonic response amplitude on the rotor cantilever
and to increase the distance between the rotor resonance
frequency and the operating frequency. Generally, the
multi-objective optimization problem can be described
mathematically as
Minimize
Subject to

FðXÞ ¼ ðf 1 ðXÞ; f 2 ðXÞ; ⋯ ; f m ðXÞÞ
X ∈ Xn

where F(X) is the m-dimensional objective function
vector, fm (X) is the objective function of the mth
dimension, X is the n-dimensional design variable, Xn is
an n-dimensional design space, constrained by lower and
upper bounds. The parameters to be optimized along with
their ranges have been summarized as
8
3  b  7
>
>
>
>
< 0 < mhub < ms
w
ð4Þ
s:t sl ⋅kw
oil  khub  su ⋅koil
>
w
w
>
s
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c

s
⋅c
>
hub
u oil
>
: l oil
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oil
8
5
w
where kw
oil = 7  10 _N/m and coil = 2  10 N . s/m are the
stiffness and damping coefﬁcient of the four-pad tilting pad
bearing at working speed (50 krpm), respectively. The
sl = 0.014 and su = 10 are the scaling factor. Reserve
effective space for other components while ensuring the
stiffness of the shaft, so the range of parameter b is speciﬁed
as [3,7]. The ms is the mass of the shaft. The kg is the
stiffness of the gas ﬁlm, assumed to be unknown.
To perform the bearing-rotor system optimization, the
phase one is to establish a mathematical model of the
system. To this end, two classic methods, the transfer
matrix method (RTM) and the ﬁnite element method
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(FEM), are considered. Notably, the transfer matrix
technique require fewer elements to provide an accurate
system model [26]. Therefore, the RTM is used in the
optimization design and the FEM is used in the simulation
of rotor systems. In a RTM, the rotor is divided into several
disc-shaft units, and the transfer equation between
arbitrary two adjacent cross sections can be expressed as

 
 
fi
u11 u12
f iþ1
¼
ð5Þ
eiþ1
u21 u22
ei
T
where,
the state vectors
e = ½ X ux Y uy  and

T
Q
M
Q
M
represent the internal forces
f=
x
y
x
y
(moment and shear force) and plural trajectory of the
section, respectively. The X and Y are the radial
displacements of the section. The u is the deﬂection angle
of the section. The M and Q are moment and shear force,
respectively. The u is the partitioned form of the transfer
matrix corresponding to the disc-shaft units. The unbalanced response amplitude A (v) and modal frequency vc
are introduced by the state vector. Refer to reference
[26,27] for a detailed introduction of transfer matrix.
The ﬁrst objective function is deﬁned by the
maximum resonance amplitude of the cantilever disc. It
is expressed as

ð6Þ
f 1 ðxi Þ ¼ Aðvc Þ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where A = X2 þ Y 2 . The second objective function is
deﬁned by the partial derivatives of the unbalanced
response function with respect to frequency, which is
expected to represent the ﬂatness of the operating
frequency region if the sweep interval is sufﬁciently small
f 2 ðxi Þ ¼ abs

∂A
j
:
∂n vwork

ð7Þ

In the actual numerical calculation, the second one can
be written as a difference form:
f 2 ðxi Þ ¼ abs

Anþ1  An1
2Dv

ð8Þ

where An+1 and An1 respectively represent the amplitude
of the harmonic response at the rotational speed adjacent
to the working frequency, which can also be obtained from
the state vector (ei) of the disc. Applying this transformation to the objective function can increase the
discrepancy between the operating speed point and the
critical speeds. The absolute value of the difference
between the rotor working frequency and the nearest
critical frequency is
Dn ¼ absðvnc  vwork Þ

ð9Þ

Then the third objective function is deﬁned as
f 3 ðxi Þ ¼ 1=Dn:

ð10Þ

5

The formulation is employed for the evaluation of the
global stiffness of a rotor system. As the stiffness of the
system increases, the critical speed ratio increases, and vice
versa. In some ranges of support stiffness, the variation of
modal frequency is also drastic, while in other ranges it is
relatively gentle [28]. These factors must be considered
during optimization, so that the modal frequency of each
order can be actively adjusted to a reasonable position by
adjusting the rotor body or supporting parameters. The
purpose of this effort is also to include further modal
frequency information in objective functions. In the current
problem, the optimal solutions would be the ones while all
three objective functions reach their minimum.
2.3 Multi-objective optimization method
According to the above, many parameters may affect the
harmonic response performance of a SCO2 turbine rotor,
including (1) hub stiffness khub, (2) hub damping chub, (3)
hub mass mhub, (4) support span b, and (5) Gas ﬁlm
stiffness kg. They make up the particles in the design space,
denoted as
h
i
xi ðtÞ ¼ bi ðtÞ mihub ðtÞ kihub ðtÞ cihub ðtÞ kigx kigy :
ð11Þ
Wang Peng et al. proposed the basic framework of
multi-scale quantum harmonic oscillator algorithm for the
ﬁrst time [25]. With only one human input parameter
(scale), multi-scale convergence and no training are the
distinctive features of this intelligent algorithm. In the case
of single-objective optimization, the update of all scales is
accomplished via solving the standard deviation of the
particle swarm. In this article, to treat the multi-objective
functions, a non-dominated sorting algorithm (INSA) is
employed to improve MQHOA. In addition, owing to the
diversity of solutions for multi-objective optimization, the
energy level scale matrix kk is deﬁned as the standard
deviation of the objective function value of the particles.
The procedure of the multi-objective and scale quantum
harmonic oscillator algorithm (mMQHOA) is described
below.
– Initialization
The initial stage of the optimization procedure is to
generate a set of random particles xi and specify the
convergence accuracy (Ac) of standard deviation. The
initial scale is determined by the design space as
s s ¼ xmax  xmin

ð12Þ

Speciﬁcally, this signiﬁes that the initial scales needs
to be determined via the maximum and minimum of
particles in design space.
– Energy level stabilization
Before the start of each iteration, calculate the
standard deviations of the current particles and the
standard deviations of their objective function
values, denoted as sk and kk. After the operation is
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accomplished, the routine proceeds to generate a set of
new sampled particle swarm XN for all k particles xi. The
evolution of all particles is implemented randomly in a
2
Gaussian distribution (xN
i ∼ N xi ; s s ), which corresponds to the wave function in quantum mechanics, and
serves as a constraint for solving optimization problems.
The objective function values of the new particles and the
current one are subsequently non-dominantly sorted by
running INSA program. The optimal particle from that
sort is then used to update the current particle. If the
subsequent evaluation particles xN is superior to
previously evaluated particles xi, is replaced by xN.
This represents an evolution of current particle swarms
that are randomly distributed. The evolution is necessary
as for most multi-objective and multi-dimensional
engineering practices, the initial uniform sampling will
not be detailed enough to identify a local extrema
combination of objective functions.
Adhering to the suggestion of Peng and Yan [25], a
sub-state named energy level stabilization procedure is
applied before the energy level (Energy of quantum
harmonic oscillator, QHO) and scale ss are lowered. The
sub-state is deﬁned as the absolute value Dsk of the
difference between the pre-evolutionary standard deviations sk and the post-evolutionary standard deviations
N
sN
k , i.e. Dsk ¼ abs sk  sk . The corresponding postevolutionary standard deviations representing the
stability of the energy level is kN
k .
Since the evolution of each particle is independent, it
is impossible to determine whether the optimal value is
local or global, and the optimization will run until the
energy level is stable (Dsk < ss or kN
k < kk ). The
proposed strategy seeks the stable state of the objective
function while balancing sampling diversity and local
exploration.
– Quantum harmonic oscillator (QHO) Convergence
After each evolution, the rank of each particle is
speciﬁed in the form of non-dominated sorting. That is,
fronts are ranked according to the domination concept of
objective function. In order to further facilitate the
energy level reduction of the design hypercube, the
objective function values of the worst level are
normalized within their range. It is expressed as


f xwl
j
ð13Þ
xwl
¼
f norm
m
j
max f wl  min f wl
The sum of the normalized objective function for each
particle is
wl
¼
f norm
sum xi

Mo
X

f norm
xwl
m
j



ð14Þ

m¼1

The three-dimensional optimization problem is considered, Mo is set to 3. The particle with the largest sum of
normalized values is the worst-evaluated particle xworst.
The xworst is then replaced by the average value x of all
current particles, which reduces the energy level of the
system while also facilitating to maintain the diversity of

Table 2. Pseudo code of mMQHOA.
1.

Input: Ac // Scale convergence accuracy

2.

Initialization: k; s s ¼ xmax  xmin //Number of
particles; Initial scale
X; kk; sk //Particle swarm; Energy level scale;
Pre-evolutionary scale
while(ss > Ac)
While(sk > ss)
While(Dsk > ss and kN
k > kk )
sk = std (X) // Pre-evolutionary standard
deviations
kk = std (F) // Standard deviations of objective
functions
2
For each xi, xN
i ∼ N xi ; s s //Generate sub
particle swarm XN
i
R= INSA (xi,XN
i ) //Non-dominated sorting
Update xi = xmin(R) //R, Particle rank vector
sN
k ¼ stdðXÞ // Post-evolutionary standard
deviations
kN
k ¼ stdðFÞ // Standard deviations of objective
functions
N
Ds ¼ abs s N
k  s k ; Dk ¼ kk  kk
end
R= INSA(X) //Non-dominated sorting
Energy level reduction xmean = xmax(R) //R,
Particle rank vector
end
ss = 0.5ss //Scale reduction
end
Output: Particle swarm X; Objective function
matrix F (xi)

3.
4.
5.
6.
7.
8.
9.
10.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.

the evolutionary solutions. Elites are preserved for the
next evolution. The optimization routine will continue to
perform the procedure of energy level stabilization on this
new particle swarm X. The reduction in energy level until
sk  ss is termed as QHO convergence.
– Multiscale (M) Convergence
The search accuracy depends on the standard
deviation of the particle swarm, which are selected as
the convergence criterions. The optimization seeks to
gradually approximate the search accuracy (Ac) by
halving the scale value (ss = 0.5ss). The QHO procedure
signiﬁes that the algorithm explores the optimal region in
the design space, while the scaling down ss procedure
aims at further narrow reasonable regions in an effort to
ensure an independence of local exploration. The scale
reduction until ss  Ac is termed as M (Multi-scale)
convergence.
The pseudo code of the mMQHOA routine is
represented in Table 2. The algorithm requires a set of
initial random particles uniformly distributed in the
design space to start. From the initial stage, the number
of evolutionary generations depends on the dimension-
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Fig. 2. The ideal Pareto fronts (a) and the Pareto fronts predicted by mMQHOA (b). (a) Ideal Pareto front. (b) mMQHOA Pareto
front.

ality of the optimization problem and the convergence
accuracy of the pre-speciﬁed standard deviation, as well
as the complexity of the objective function.
In case of the run does not converge within the
iteration limit, the run will be terminated and random
particles will be automatically generated to perform the
optimization calculation again.

3.1 Numerical experiment
For purpose of acquiring estimations of the performance
and repeated ﬁdelity, the algorithm is tested on the
synthetic optimization conundrum for static multi-objective. The test equations named DTLZ2 [29] are given by
ð15Þ

minf 1 ðXÞ ¼ cos

p 
p 
x1 cos x2 ð1 þ gðXÞÞ
2
2

ð16Þ

minf 2 ðXÞ ¼ cos

p 
p 
x1 sin x2 ð1 þ gðXÞÞ
2
2

ð17Þ

minf 3 ðXÞ ¼ sin

gðXÞ ¼

n
X

p 
x1 ð1 þ gðXÞÞ
2

ð18Þ

ðxi  0:5Þ2

ð19Þ

i¼3


n ¼ 12;;i ¼ 1; 2; ⋯ n
s:t
:
0  xi  1

sd ¼

Mo
X


abs f Ii ðXÞ  f Pi ðXÞ :

ð21Þ

i¼1

3 Results and discussion

F D ðXÞ ¼ ðf 1 ðXÞ; f 2 ðXÞ; f 2 ðXÞÞ

pose a moderately challenge to most optimization
algorithm. They may not be able to reproduce the complex
characteristics for SCO2 bearing-rotors, but are intricate to
solve and should be able to give an assessment of whether a
non-dominant solutions could be obtained. Deﬁne the
spatial distance as:

ð20Þ

The FD(X) is a multimodal concave function. The
reason for using this test functions is that they represent
intricate spatial surfaces. The complex surfaces with
concave shapes, multiple peaks, and multiple local minima

The function values of the Pareto frontier (f Ii ðXÞ) are
known, so that the optimization can be evaluated as
convergence when the function values lowers within a
certain threshold of the fronts. The mMQHOA is run
through the test problems 512 times with a ﬁxed number of
16 stochastic particles. Each solution f Pi ðXÞ corresponds to
a Pareto front with the closest spatial distance. Therefore,
the ideal Pareto front corresponding to the non-inferior
optimal solution (f Pi ðXÞ) of mMQHOA is determined.
The errors of the non-dominated solutions are exempliﬁed in Figure 3 when mMQHOA is applied to the
DTLZ2 with twelve parameters. The approximation of
ideal Pareto fronts by the non-dominated solutions at three
different objective functions after multiple random optimizations is given. Figure 2 shows the mMQHOA’s
solutions (b) and the ideal Pareto fronts (a). The x-, yand z-axis are the ﬁrst-, second- and third-objective
function, respectively. The errors are sorted according to
the increase of the objective functions and plotted in
Figure 3. It can be seen from the scatters that the
randomness of Pareto fronts has been considered, and the
error of mMQHOA’s non-dominated solution relative to
Pareto front is less than 0.15%.
3.2 Optimization of rotor system
3.2.1 Convergence analysis
In the multipurpose optimization that may include
nonlinear force coefﬁcients in the bearing-rotor system,
somewhile it is difﬁcult to ﬁnd the optimum design scheme
without utilizing optimization algorithms. Moreover, for
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Fig. 3. Error distribution of mMQHOA predicted Pareto fronts. (a) Errors of objective function 1. (b) Errors of objective function 2.
(c) Errors of objective function 3.

the circumstances with conﬂicting objectives, acquiring a
superior solution for an objective function may cause others
to become worse. Therefore, for most multi-objective
problems, the design space needs to be constrained and
algorithm must automatically make trade-offs. The
optimization was carried out in this work using the
mMQHOA implemented by the in-house code. The fast
and computationally program developed for this investigation is generic in nature and can be used for any other
multi-objective system and rotors. For all runs and
algorithms, a swarm size of sixteen is used. The calculation
of the stiffness and damping of the oil-lubricated tilted pad
bearings is simpliﬁed by assuming that the oil ﬁlm is
controlled by Reynolds equation. As the equation is still
nonlinear, numerical method is used to solve it. Or
introduce the inﬁnite short bearing hypothesis and the

Guimbert boundary condition to derive the explicit
expression of the force coefﬁcients [26,30]. The presence
of nonlinearity complicates the optimization process.
The runs are implemented for both rotor systems of
angular contact ball bearings (ACBB) and oil-lubricated
tilted pad bearings (OTPB). The objective functions after
20986 (ACBB) and 33507 (OTPB) iterations shows the
convergence. Figure 4 shows convergence curves for a
selection of random particles. The represent the trajectory
of points on the Gaussian probability of the feasible space
obtained by phasing out the worst particles. In the
optimization of the OTPB-rotor system, the convergences
process of the objective functions are apparently more
tortuous. In fact, the signiﬁcant inﬂuence of the stiffness
and damping of the compliant hubs is reﬂected in the
critical speed and the amplitude of the unbalanced
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Fig. 4. Comparison of convergence process of mMQHOA optimizations for the two types of bearings. (a) Objective function 1
(ACBB). (b) Objective function 1 (OTPB). (c) Objective function 2 (ACBB). (d) Objective function 2 (OTPB). (e) Objective function
3 (ACBB). (f) Objective function 3 (OTPB).
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(a)
Fig. 5. Convergence procedure (a) and results (b) of CIMPSOA for optimization of OTPB-rotor system [31]. (a) Convergence
procedure of CIMPSOA. (b) Harmonic response results for non-dominated solutions.

algorithm. As described in Appendix A, CIMPSOA differs
as it employs chaotic maps to create and update the nonlinear elements in the particles. Figure 5a presents the
convergence trajectory of a random routine for a OTPBrotor system. Only the convergence trails of the global
optimal particle is shown. Overall, the data shows that
CIMPSO converges signiﬁcantly faster than mMQHOA in
multi-objective optimization. But the analysis of convergence process reveals that it seems impossible to have the
minimum of all objective functions, simultaneously. For
objective function 2, there is still the possibility that more
iterations are needed to converge, but it is clear that the
run has matured prematurely. Examining the data of the
harmonic response amplitude value in Figure 5b demonstrates a wide spread of between the 2.0 and 5.5 for the
dimensionless resonance amplitude. Premature convergence and especially poor repetitive ﬁdelity imply that
CIMPSOA has ﬂaws in ﬁne search.
(b)
Fig. 5. Continued.

response, and the variation of the rotor speed will directly
affect the stiffness and damping of the oil ﬁlm bearing. As
shown in Figure 4, this interactive and gradual running-in
process is reﬂected in the tortuous convergence curve of
objective function 3 and objective function 2.
Additionally, the performance of the mMQHOA is
compared with a CIMPSOA [31], another sociology
information interaction based multi-objective evolutionary

3.2.2 Harmonic response
Harmonic response analysis is performed on a rotor-bearing
system to identify inherent dynamic characteristics and to
generate amplitude information of the journal on critical
speed and working speed. The data of harmonic response
amplitude are plotted against the angular velocity of the
rotor and were normalized by the eccentricity (ex = ey =
0.5 mm) of the disc on the cantilever. Figures 6 and 7 yield
comparisons of the harmonic response of the disc between
the empirical solution and the optimized solution for two
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Fig. 8. 3D model used for ﬁnite element analysis.

Fig. 6. Harmonic response for initial design and mMQHOA
optimum design of a OTPB-rotor system.

Fig. 9. Analysis of mMQHOA Pareto fronts with ﬁnite element
method.

Fig. 7. Harmonic response for initial design and mMQHOA
optimum design of a ACBB-rotor system.

type of bearing-rotors. The empirical particle is deﬁned as

Xe ¼ 4 0:5ms

0:5kwork
oil

cwork
oil

ð1e  5Þkwork
oil


:
ð1e  5Þkwork
oil

ð22Þ
The purpose of this design is to reduce the stiffness and
reserve the damping while avoiding the inﬂuence of the gas
ﬁlm force on the rotor system. In the two runs shown in
Figure 6, the stiffness of the hub was constrained to range A
w
w
(0:1sl ⋅kw
oil  khub  su ⋅koil ) and range B (sl ⋅koil  khub 
w
su ⋅koil ) successively, so two corresponding sets of nondominated solutions were generated respectively, as shown
in Figure 6. Compared with empirical particles, there
clearly is a critical frequency reduction for the optimized
design, from approximately 34.33% in the hub stiffness

range B to 67.16% in the range A. Figure 7 represents the
harmonic response versus the angular velocity of the
ACBB-rotor. Similar to the results observed in Figure 6,
the amplitude is effectively attenuated at the nondominated solutions, and the resonance amplitudes are
concentrated.
Furthermore, the rotors supported by the two types of
bearings have been tested by ﬁnite element method on the
ANSYS software at the same design parameters conditions
as imposed as parameters in the transfer matrix computations. Figure 9 shows FE results of harmonic response.
The data yield that the trend witnessed in the transfer
matrix models is the same as that observed in the ﬁnite
element model. With the working angular velocity of
5235.99 rad/s as the constraint condition, the data shows
that the maximum harmonic response amplitude of the
cantilever is reduced by 71.91%, and the distance between
the resonance frequency point and the working frequency
point is increased by approximately 37.83%. Taking the FE
results as a reference, the data obtained by the numerical
simulation of FEM exhibits that the resonance frequency
and resonance amplitude are reduced by approximately
4.51% (vce for ACBB), 5.14% (vce for OTPB) and 7.48%
for ACBB), 9.18% (Amax
for OTPB), respectively,
(Amax
e
e
and hence lower than the results predicted by transfer
matrix. This shows a deviation from the smooth shape and
lumped parameter models used in the numerical campaign.
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Nonetheless, the ﬁnite element data provides veriﬁcation in
both the resonance frequency and harmonic response
amplitude, and can reproduce the trend with reasonable
accuracy without resorting to more detailed mathematical
models in the optimization algorithm.
At the current accuracy, non-inferior optimal solutions
on the Pareto fronts are non-dominated capable of
satisfying the requirements of rotor dynamics. It is worth
noting that b, mhub, khub, and chub reduce by 24.91%,
16.00%, 90.86%, and 92.71%, respectively, compared with
empirical particles, while kgx and kgy enhances by
approximately 3810.71% and 2641.82%, respectively,
which indicates that the optimal points depends strongly
on appropriate cantilever stiffness and compliant support.
Several tests have noted that all the optimal points occur at
b of minimum (about 3). For the practical application in
which b is more necessary than other parameters. In fact,
the gear and seal between the two bearings determine the
lower limit of b.
3.2.3 Algorithm improvement
Even for OTPB with nonlinear force coefﬁcients,
mMQHOA shows stable ﬁne search performance. Instead
of a bionic interactive exploration pattern, mMQHOA
uniformly initializes particles from the design space and
perturbs them with multi-scale standard deviations.
Further reduction of the scale results in further exploitation of the territory in the close vicinity of the current
optimal solution as well as subtly probe of behavior further
away from it. For each of the particles, non-dominated
sorting is performed according to the objective function
value predicted by the mathematical model, and the
candidate particle with the highest rank is chosen as the
Pareto front. In CIMPSOA, the current non-inferior
optimal solutions dominate the update iteration of
particles. Pertaining to the comparison of CIMPSOA
and mMQHOA, the general trend across all trials indicated
the interaction of information between particles resulting
in accelerated convergence. And information interaction is
the core of CIMPSOA. CIMPSOA performed well in
convergence speed, but exhibited comparably poor results
in repeated ﬁdelity trials as well as the convergence
accuracy. In Appendix A, the parameters that CIMPSOA
needs to customize include inertia coefﬁcient, self-adjustment and social adjustment weights, and the expansion
factor of the chaotic map. However, mMQHOA only needs
to specify the convergence accuracy, which is the
advantage of updating particles with Gaussian distribution
as the wave function under multi-scale. Generally speaking, the multi-scale Gaussian perturbation method performs marginally better than the search strategy of
CIMPSOA, in particular for the ﬁne optimization stage
of multi- parameter and modal functions.
In sum, the evaluation of harmonic response and
convergence implies that the combination of information
interaction between particles and multi-scale quantum
harmonic oscillator optimization algorithms can yield
signiﬁcant performance improvements, making the algorithm particularly attractive for ﬁne search of Pareto
fronts, such as optimal design required for rotors with

nonlinear oil ﬁlm forces. The following formula of
information interaction inspired by CIMPSOA is used to
improve the particle update iteration in the step of QHO
convergence:

t
t
t
t
t
ð23Þ
¼
x
þ
0:5
x

x
xtþ1
i
i
opt
i þ 0:5 xmean  xi
where xtopt and xtmean are the global non-dominated particle
and the mean value of all particles, in the current iteration
step, respectively. The improved algorithm enables each
particle to exchange information with the current nondominated solution, in order to alternate between local ﬁne
development (Multiscale perturbation) and exploration.
Continuing from the above, in order to understand how
the improved mMQHOA that introduces information
interaction fare against the primary one and CIMPSOA,
two independent trials are run on the rotor with OTPB and
ACBB. The convergence rates for the two runs are
presented in Figure 10 showing the detected three objective
function values for all sixteen particles. Comparing the
improved mMQHOA with CIMPSOA (as shown in Figs. 5
and 10), proves to achieve convergence with the same order
of magnitude of iterative steps. For the cantilever rotor
with ACBBs, the improved mMQHOA again exhibits a
steady convergence ﬁdelity, and the particle standard
deviation quickly converges to a given accuracy after less
than 3000 iterations. On the other hand, although the
ðvÞ) of the
dimensionless resonance amplitude (Amax
i
information-interaction version of mMQHOA has a
slightly wider distribution range (between 2.25 and 3.75)
compared to the original mMQHOA (Fig. 11), the runs for
OTPB-shaft systems exhibit stable and faster convergence
and being able to detect the given convergence accuracy
after approximately 1829 iterations. The search for the
Pareto fronts are still more tortuous as a consequence of
nonlinear oil ﬁlm forces. In addition, compared with
CIMPSOA routines that also use information interaction
strategies, the improved mMQHOA performs better on
repeatability ﬁdelity as well as the convergence precision.
3.3 Sensitivity investigation
For a non-dominated solution of OTPB-rotor system
shown in Table 3, parameters b and kg are forcibly changed
in order to evaluate the sensitivity of objective functions to
the variation of design parameters. Hence, the variations of
the resonance amplitude and its position can be observed.
As shown in Figure 12, resonance amplitude always
increases with increasing parameter b, but the critical
frequency of the cantilever does not change signiﬁcantly.
Therefore, from the perspective of increasing the rigidity of
the shaft, if the purpose is to achieve the lowest harmonic
response amplitude, the parameter b should be set to its
lowest value. However the sensitivity of the system
response to gas ﬁlm stiffness (kg) is slightly more
complicated. As shown in Figure 13, the gas ﬁlm stiffness
ðvÞ in the
is directly and positively correlated with Amax
i
median range (1E6 < kg < 5E7), whereas in its range of high
value (5E7 < kg), this trend is reversed. Moreover, when kg
is at a low level (kg < 1E6), it has little effect on the

J. Li et al.: Mechanics & Industry 23, 21 (2022)

13

(a)

(b)

(c)

(d)

(e)

(f )

Fig. 10. Convergence process of OTPB rotor system optimized by improved mMQHOA. (a) Objective function 1 (ACBB). (b)
Objective function 1 (OTPB). (c) Objective function 2 (ACBB). (d) Objective function 2 (OTPB). (e) Objective function 3 (ACBB).
(f) Objective function 3 (OTPB).

unbalanced response. The sensitivity of the system to
different ranges of parameters is individual, which also
implies that the contradiction between the objective
functions may be weakened in a certain probability.

The step changes of objective function 3 between the
iterations shown in Figures 4 and 10 implies that it may
have a more sensitive response to changes in design
parameters than other objective functions. Figure 14
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(a)

(b)

Fig. 11. Results of improved mMQHOA for optimization of rotor system.

Table 3. Comparison of Pareto fronts and empirical solutions.
Particles

b

mhub

khub

chub

kgx

Kgy

Experience X
Pareto X for ACBB
Pareto X for OTPB
Average changes (%)

4.00
3.01
3.00
–24.91

1.25
0.99
1.11
–16.00

3.50E8
2.59E7
3.81E7
–90.86

2.00E5
1.37E4
1.54E4
–92.71

7.00E3
2.47E5
3.01E5
3810.71

7.00E3
1.84E5
2.00E5
2641.82

Fig. 12. The effects of b on the Pareto fronts.

compares the effect of the presence or absence of objective
function 3 on the optimization results of the rotor systems.
In both cases, only the results of the respective global
optimal solutions are used for comparison. As can be seen,
the objective function 3 has little effect on the maximum
amplitude of the harmonic response, but it directly affects

Fig. 13. The effect of gas ﬁlm stiffness on Pareto fronts.

the damping mode frequency. The non-dominated solution
after removing the objective function 3 in the optimization
routine introduces a second formant in the investigated
frequency range. And the formant is near the operating
speed point. Table 4 show the impact of objective function
3 on operational variables. It can be observed that the
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Fig. 14. Response to unbalance for optimal solution with and without objective function 3.

Table 4. The impact of objective function 3 on the Pareto fronts.
Particles

b

mhub

khub

chub

kgx

Kgy

Without f2(X)
With f2(X)
Changes (%)

3.63
3.00
–17.36

1.69
1.11
–34.32

1.63E7
3.81E7
133.74

8.13E3
1.54E4
89.42

6.76E4
3.01E5
345.27

6.76E4
2.00E5
195.86

objective function 3 has the smallest impact on b, and the
highest impact on the stiffness of hubs, and the damping is
the second. The value of kg is less than 1e6 N/m, so it is not
considered. The stiffness of the bearing hub and cooler is
the main driver for the critical speed movement, and the
optimization result is that both the ﬁrst and second critical
frequencies avoid the operating frequency.

4 Conclusion
This study focuses on the vibration control analysis and
optimized design of a small scale SCO2 turbine system with
gas ﬁlm cooler. The simulated rotor comprises a disc and a
cooler, on which two bearings and hubs are designed to
adjust the critical speed and resonance amplitude value.
This type of bearing-rotor is used for turbine of high-inlet
temperatures in the concentrated solar power industry.
The approach applied is the combination of the MQHOA
and the simpliﬁed fast non-dominated sorting algorithm
(INSA) and the energy level stabilization method of the
objective functions. Moreover, an information-interactive
multi-objective MQHOA has been proposed for acceleration. The optimization then runs through an improved
probe patterns: variable-scale perturbation development
(local ﬁne search) and global exploration (information
interaction).
For the optimization of the SCO2 bearing-rotor, a single
operating angular velocity point was selected, and the
stiffness, damping and mass of the bearing hub, the gas ﬁlm

stiffness of the cooler and the bearing span parameterized
using six different parameters. The diameter of the rotor,
the cantilever and its disk remain constant. The primary
purpose of the optimization campaign is to attenuate the
harmonic response amplitude while ensuring that the
operating speed is not affected by the critical frequency.
The conclusions are summarized as follows:
– Three different optimization runs were randomly
selected and compared, where one employed the
mMQHOA, one used CIMPSOA, and another improved
mMQHOA. CIMPSOA converges fast but has poor
repeat ﬁdelity. Both the basic and improved mMQHOA
can converge to a non-dominated solution. mMQHOA
requires an average of about 27,500 design evaluations,
while the improved mMQHOA requires an average of
approximately 2500. Both optimization designs indicate
that the harmonic response amplitude is effectively
attenuated, and the resonance frequency is far away from
the operating frequency. Overall, convergence rate
appear to vary substantially as a consequence of the
information interaction between particles, and the
objective functions are predominantly decreasing in
the entire convergence phases, implying that information
interaction is the dominant driver for accelerating
convergence.
– The harmonic response calculations of three-dimensional
ﬁnite element models constructed for accurate results are
performed using commercial software ANSYS. Comparing empirical and optimized design of the ﬁnite element
models indicates an increase in the distance between the
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operating frequency and the resonance frequency of
approximately 37.83% and decrease in the resonance
amplitude of 71.91% conﬁrming the trends witnessed in
the observed in the transfer matrix models, and also
implying that the construction of the objective function
set is reasonable.
– The results show that the increase in the span of the two
bearings leads to an increase in the magnitude of the
unbalanced response of the disc on the cantilever. In
addition, the evolution of harmonic response of the disc
exhibits that the gas ﬁlm stiffness of the cooler has no
signiﬁcant effect on the optimization results during the
phase of less than 1E6 N/m. This accounts for a
high stiffness produced by the brace and rotor. At
median levels of air ﬁlm stiffness, increasing its value
attenuates the harmonic response amplitude of the
cantilever, but this trend is reversed in high levels of air
ﬁlm stiffness.
– The analyses of harmonic response and the convergence
of objective function 3 reveal that the relative position
between the critical frequency and the operating
frequency is most sensitive to the modiﬁcation of particle
elements. The stiffness of the bearing hub is the main
driver for the critical speed movement. Maximizing the
distance between the critical frequency and the operating
frequency and minimizing the resonant amplitude may
be conﬂicting objectives, depending on the range of
design parameters, so the solutions of optimization are
ﬁgured out as a set of non-dominated fronts with
decision-making preferences.
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Appendix A: Introduction of CIMPSO
The main feature of CIMPSO (chaotic interval multiobjective particle swarm optimization algorithm) is that
chaotic mapping is introduced to deal with the problem of
multi-objective optimization with nonlinear elements.
Based on the optimization process of the rotor system,
the pseudo code of CIMPSO is shown in Table A1. The
detailed procedure of this multi-objective optimization
methodology can be referred to [34].

Table A1. Pseudo code of the CIMPSO algorithm [31].
Input: Learning factor c1,c2; Particle swarm size N;
Number of iterations T; Velocity inertia weight wu;
Position inertia weight wx; Expansion factorsα and β;
Control parameter μ; Chaotic variable element
numbering c.
Initialization: The position of the particles Xji ðtÞ;
//j is the number of the particle element.
1. For n = 1 to T
2. For m = i to N
3. Characteristic number of nonlinear element Xci ðtÞ;
//i is Number of the particles.


4. Generate chaotic variables Xchaos ¼ C haos Xci ðtÞ ;
//t is the number of iteration steps.
5. Xci ðtÞ ¼ Xchaos ðmÞ;
// Chaotic variable element assignment.
6. Evaluate the ﬁtness of Xji ðtÞ:f 1i ðtÞ, f 1i ðtÞ and f 3i ðtÞ;
7. Update the locally optimal particle:
P1i ðtþ1Þ,P2i ðtþ1Þ andP3i ðtþ1Þ;
8. End For
9. Perform non-dominated sorting on the local
optimal particle
ﬁtness to get the ﬁrst dominated layer particle
P (t);
10. Global optimal particle Pg (t+1) = maxﬁt [Pd (t)];
//maxﬁt (⋅) represents the particle with the optimal
ﬁtness.


11. X1worst ðtÞ ¼ C haos Pg ðtÞ ; //Chaos (.) represents
chaotic map.


12. X2worst ðtÞ ¼ C haos Pg ðtÞ ;
// The particles with the
 worst ﬁtness are replaced.
13. X3worst ðtÞ ¼ C haos Pg ðtÞ ;
//worst represents the subscript of the worst-ﬁt
particle.
14. Vi (t + 1) = wvVi (t) + c1r1 [Pi (t) − Xi (t)] + c2r2 [Pg
(t) − Xi (t)];
// Update particle velocity.
15. Xi (t + 1) = wxXi (t) + Vi (t + 1); // Update particle
position.
16. End For
17. Output: Non-inferior optimal solution set Pg (t).
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