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Abstract. A universal dynamics modeling and analysis method applied for spatial parallel coordinate
measuring mechanism (SPCMM) is proposed. The influence of spherical clearance joints on the accuracy of
SPCMM cannot be ignored, it is necessary to study the influence of spherical clearance joints on the dynamic
response and chaotic characteristics of mechanisms. A dynamic modeling and analysis method considering three
spherical clearance joints based on Lagrange multiplier technology is developed, and the position motion model
of joint elements and contact force models are established. On this basis, dynamic response and chaotic
characteristics of SPCMM under different clearance values and friction coefficients are analyzed, the reliability
of dynamics model is verified by comparing the results from Adams and Matlab. This dynamics modeling and
analysis method can provide an important reference value for high quality and high precision applications of
spatial parallel mechanisms.

Keywords: Spatial parallel coordinatemeasuringmechanism / spherical clearances joints / dynamic response /
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1 Introduction

Spatial parallel mechanism [1] has some competitive
advantages compared with other mechanisms, such as
more compact mechanical structure, smaller kinematic
inertia, highermotion accuracy and good isotropy [2], it has
been successfully applied in the field of coordinate
measuring mechanism. The use of spatial parallel mecha-
nism improves the measurement accuracy and mechanism
stability of coordinate measuring mechanism [3–5].
Spherical joints are extensively used linking devices with
the advantages of higher transmission efficiency, but
existence of clearance between joint elements is inevitable
because of assembly requirements. Spherical clearance
joints exert a great influence on the dynamic behavior of
spatial parallel coordinate measuring mechanism, reducing
measurement accuracy and causing unpredictable vibra-
tion [6]. Studying the influence of clearance joints on spatial
parallel coordinate measuring mechanism can be demon-
strated by the dynamic behavior under different research
parameters [7]. Based on this, it is critical to establish a
dynamics modeling and analysis method applied for spatial
parallel coordinate measuring mechanism, and the method
canalsoenabletheresearchoftheeffectof sphericalclearance
joints on dynamic behavior of spatial parallel mechanisms.
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In the past, research about dynamic of spatial parallel
mechanism is imperfect, and research direction is mainly
focused on the plane multi-link mechanism [8–11]. Li et al.
[12] developed a comprehensive methodology for predicting
wear characteristic in crank slider mechanismwith multiple
clearance joints, and found a result that changing boundary
conditions have large effect on wear characteristics of the
mechanism. Bai et al [13] researched the influence of joints
with axial and radial clearances on the dynamic response of
planarmechanical systems, and discussed dynamic response
of hybrid clearance joints to crank-slider mechanism with
different examples. Chen et al. [14] compared the experi-
mental data with numerical simulations to investigate the
effect of clearance joints on the dynamical characteristics of
planar multibody systems, and verified the correctness of
modeling and analysis methods. Wu et al. [15] analyzed the
system dynamics of planar crank-slider mechanism with
multiple clearance joints by studying the correlation
dimension and bifurcation action, and found that the
response of system has different sensitivities to different
clearance joints.Wang et al. [16] explored dynamic behavior
ofplanar four-barmechanismconsideringdifferent clearance
jointmountingpositions andnumber of clearance joints, and
inferred that the larger the number of clearance joints, the
worse the stability of mechanism.

The research on chaotic characteristics of spatial
parallel mechanisms is immature, and the current research
mainly focuses on the dynamic response of spatial parallel
monsAttribution License (https://creativecommons.org/licenses/by/4.0),
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Fig. 2. The kinematic scheme of SPCMM.

Fig. 1. Characteristic map of SPCMM.
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mechanisms [17–20]. Erkaya et al. [21] explored influence
of vibration generated by clearance joint on chaos of
mechanism, concluded that vibration reduces dynamic
performance and making rod flexible can reduce the
negative impact which clearance bring to mechanism.
Hou et al. [22] explored dynamic response of four-bar
mechanism with rigid rod, flexible rod and flexible socket,
and inferred that flexible rod and flexible socket can
weaken adverse impact on the system produced by
clearance joint. Wang et al. [23] built dynamic model of
parallel mechanism with spherical clearance and flexible
input rod, found a result that making the rod flexible is
very necessary to study the influence of clearance joint on
mechanism. Zhang et al. [24] analyzed the dynamics of a
new parallel mechanism using implicit integration
algorithm and Baumgart stabilization technology, and
verified the validity of numerical results of the dynamic
response using ADAMS simulation software. Chen et al.
[25] used the principle of virtual work to analyze
dynamics of a new type of over constrained parallel
mechanism, and verified the validity of dynamic simula-
tion results through the physical model simulation in
Simscape and rigid flexible coupling model simulation in
Adams.

In this paper, because it is immature and imperfect in
the field of researching dynamic response and chaotic
characteristics of spatial parallel mechanisms at the same
time, a universal dynamics modeling and analysis method
applied for spatial parallel coordinate with multiple
spherical clearance joints was proposed. In Section 2,
motion collision process of spherical clearance joints is
described in detail, kinematic model of spherical
clearance joint is established, and different force models
are introduced to analyze contact force at the contact
collision point. In Section 3, kinematic model of spatial
parallel coordinate measuring mechanism is established,
and accompanying motion of mechanism is explained,
and clearance dynamic model based on Lagrange
multiplier technology is established. In Section 4, the
correctness of clearance dynamics modeling method is
verified by comparison with Adams virtual simulation,
and taking clearance value and friction coefficient as
single input variables, effect of spherical clearance joints
on response and chaotic characteristics of mechanism is
studied.

2 Motion description of spherical clearance
joint

2.1 Kinematic model

Spatialparallel coordinatemeasuringmechanism(SPCMM)
ismade up of three identical kinematic chains connected to a
mobile platform, SPCMM can realize data measurement of
three degrees of freedom (one translation measurement and
two rotation measurement). Every branch consists of a
driving rod and a driven rod, driving rod is fixed connection
with the frame through the translational joint, the driving
rod is fixed connection with the driven rod through spherical
joint, and driven rod is fixed connection with the terminal
platform through rotating joint.
Figure 1 is the three-dimensional virtual model of
SPCMM. Figure 2 is structural sketch of SPCMM, Pi
represents translational joint, Si represents spherical joint,
Ri represents rotating joint, OA-XYZ is world coordinate
system fixed connection with the frame which is expressed
as {A}, its vertical distance from point P is a1, oi is object
coordinate system fixed connection with other moving
components which is expressed as {oi}, and {oi}(i = 1 ∼ 6)
is fixed at the centroid position of each component, and o7 is
established at the center position of R1 and R2 on the
terminal platform. Length hi(i = 1 ∼ 3) is the initial
installation position of the translational joint from point P.

Spherical joints S1, S2 and S3 are clearance joints, with
the ball socket of the ball joint fixedly connected to the
driving rod, and the ball joint ball fixedly connected to the
driven rod. Existing clearance makes the position con-
straint of spherical joint invalid, and the ball can get a
freely motion in six degrees of freedom, therefore, the
modeling of spherical clearance joint can be seen in
Figure 3. Coordinate system {A} is world coordinate
system, Point Zi and Zj are center points of the socket and
ball,R and r is radius of socket and ball. Vector Ann and

Att
are normal vector and tangential vector of plane where the
contact point is located. Vector eij is eccentric vector of
center points in spherical joint. VectorFN andFT are force
at the point of impact.



Fig. 3. Spherical clearance joint model.
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The position coordinate about origin of object coordi-
nate system fixed connection with driving rod in world
coordinate system is

APoi ¼ ½APoix
APoiy

APoiz�Tði ¼ 1, 2, 3Þ: ð1Þ
The Euler matrix of object coordinate system in world

coordinate system is written as

A Ri ¼ Rðx;aÞ⋅Rðz;bÞ⋅Rðy; gÞ

¼
cb⋅cg � sb cb⋅sg
sa⋅sg þ ca⋅cg⋅sb ca⋅cb ca⋅sb⋅sg � cg⋅sa
sa⋅sg þ ca⋅cg⋅sb ca⋅cb ca⋅sb⋅sg � cg⋅sa

2
4

3
5

¼ ½u vw� ¼
ux vx wx

uy vy wy

uz vz wz

2
4

3
5:

ð2Þ
The position coordinate about center point of ball and

socket in world coordinate system is written as follow

APZi ¼ ARi⋅opZiþAPoi

APZj ¼ ARi⋅opZjþAPoi

(
: ð3Þ

Vector opzi and
opZj are position coordinate of center

point of ball and socket in object coordinate system and
they can be expressed as

opZi ¼ ARi⋅ L1
2 0 0

� �T
opZj ¼ ARi⋅ � L2

2 0 0
� �T

8<
: : ð4Þ

Symbol L1 and L2 are the length of driving rod and
driven rod.

The eccentric vector Aeij of spherical joint is written as

Aeij¼APZj�APZi ð5Þ
The amplitude of eccentric vector Aeij at clearance joint

is expressed as

eij ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AeT•A

ij eij

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Aeijð1, 1Þ2þAeijð2, 1Þ2þAeijð3, 1Þ2

q
: ð6Þ
The relative impact velocity of center points between
ball and socket is

_eij ¼
Aeijð1,1Þ•A _eijð1,1ÞþAeijð2,1Þ•A _eijð2,1ÞþAeijð3,1Þ•A _eijð3,1Þ

eij
:

ð7Þ
The normal vector of the plane where the impact point

Ci and Dj are located is

Ann ¼
Aeij

eij
: ð8Þ

The clearance value of the spherical joint is

cij ¼ R�r: ð9Þ
Pseudo-penetration depth between spherical joint

elements is expressed as

dij ¼ eij�cij: ð10Þ
According to the value of pseudo-penetration depth,

the specific motion state of spherical joint elements can be
judged as follow

dij>0, in occurred

dij ¼ 0, Just contact or separation

dij<0, no contact and free motion

8><
>: ð11Þ

when spherical joint elements are in contact and collision
state, the position coordinate of potential collision points
Ci and Dj in world coordinate system are

APCi ¼ APZiþR⋅Ann
APDj ¼ APZjþr⋅Ann

(
: ð12Þ

Velocity vector of collision point in world coordinate
system is

AVCi ¼ AVZiþR⋅An
:
n

AVDj ¼ AVZjþr⋅An
:
n

,

(
ð13Þ

where, AVZi and
AVZj are velocity vector of center point in

world coordinate system, they can be written as

AVZi ¼ AWoi � ArZiþAVoi

AVZj ¼ AWoi � ArZjþAVoi

(
, ð14Þ

where, AWoi is the Euler velocity vector, ArZi is position
vector of center point Zi in object coordinate system which
transformed from object coordinate system to world
coordinate system, AVoi is velocity vector of the origin of
object coordinate system in world coordinate system.

Normal component of relative collision velocity is

AVn ¼ ððAVZj�AVZiÞT⋅AnnÞ⋅Ann, ð15Þ
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Tangential component of relative collision velocity is

AVt ¼ ðAVZj�AVZiÞT�AVn: ð16Þ
Amplitude of tangential component of relative collision

velocity can be expressed as

Vt ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AVT

t � AVt

q
ð17Þ

So tangential vector of plane where impact pointCi and
Dj are located is

Att ¼
AVt

Vt

: ð18Þ

2.2 Normal contact force and tangential friction force
model

Lankarani-Nikravesh (L-N) contact force model [26] has
been confirmed by many experiments, and this model has
been widely used [27–29]. L-N contact force model performs
well in dealing with contact problems with low energy
dissipation and low collision velocities at high coefficient of
restitution [30, 31]. Therefore, L-N contact force model was
chosen in this paper to deal with normal contact force at
collision point in spherical clearance joins of spatial parallel
mechanism. Normal contact force model based on L-N
contact force model can be written as

FN ¼ Kijd
n
ij

1þ 3ð1� ce
2Þ_dij

4_dij0

" #
; ð19Þ

Where, KijKij is the stiffness coefficient, n is the power
exponent of material and dij is pseudo-penetration depth, _dij
is pseudo-penetration velocity, it comes from the derivative
of dij with respect to time, _dij0 is initial value of pseudo-
penetration velocity, ce is coefficient of restitution, yi and yj
are Poisson’s ratio of socket and ball, Ei and Ej are elastic
modulus, R is radius of socket and r is radius of ball.

In equation (19),Kij ¼ 4
3ðdiþdjÞ

ffiffiffiffiffiffi
Rr
R�r

q
and in extended

formula of Kij, di and dj are fixed values related to material

properties, anddi ¼ 1�y2i
Ei

, dj ¼ 1�y2j
Ej

.
In order to describe tangential force at collision point,

the tangential friction model need to be established.
Among the tangential force models for multi-body system
dynamics, the Coulomb friction model is more common
[32]. However, when the velocity approaches zero, this
model does not describe the tangential friction at collision
point well. Ambrosio [33] proposed an improved Coulomb
friction model by introducing dynamic correction coef-
ficients, improved Coulomb friction model compensates for
the reduced stability of numerical integration due to the
direction changed of friction force when collision velocity is
zero and also the improved Coulomb friction model can
well describe the dry friction and the viscous phenomena in
spherical clearance joints at relatively low speeds. The
improved Coulomb friction model can be expressed as

FT ¼ �cf cgFN

Att

jAttj , ð20Þ

Where cf is sliding friction coefficient, cg is dynamic
correction coefficient, Att is scalar of tangential velocity.

cg ¼
0 if jAttj<va

jAttj�va

vu�va
if va � jAttj � vu

1 if jAttj>vu

8>>><
>>>:

: ð21Þ

Symbols ya and yu are threshold of given limiting
velocity.

According to equations (19) and (20), the contact force
ball exerts on socket can be expressed as

Fi ¼ FN ⋅AnnþFT ⋅Att: ð22Þ
Reaction force of socket to ball is

Fj ¼ �Fi: ð23Þ
Under the action of contact force, the moment at the

centroid of components i and j can be written as

Mi ¼ ðAPCi�APOiÞ�Fi

Mj ¼ ðAPDj�APOjÞ�Fj

(
: ð24Þ

3 Dynamic model of SPCMM with spherical
clearance joints

3.1 Kinematic model

Kinematic modeling of SPCMM is the basis for solving
clearance dynamics, therefore, it is critical to build an
appropriate kinematic model.

Position coordinate of origin of object coordinate
system {07} in world coordinate system is OAo7= [x y z]T.

Position coordinates of the spherical joints Si in world
coordinate system are

APSi ¼ ½APSix
APSiy

APSiz�T: ð25Þ
Position coordinates of rotating joints Ri in world

coordinate system are

APRi ¼ ½APRix
APRiy

APRiz�T: ð26Þ
Vectors of driven rods in world coordinate system are

SiRi ¼ APRi�APSi: ð27Þ
Position coordinates of the rotating joints Ri in object

coordinate system{o7} are

o7PRi ¼ ½o7PRix
o7PRiy

o7PRiz�T:: ð28Þ
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The transformational vector of the above vector
changed from object coordinate system {o7} to world
coordinate system {A} is

APo7Ri ¼ ½APo7Rix
APo7Riy

APo7Riz�T: ð29Þ
Vector ei is axis vector of rotation joints, it can be

written as

e1 ¼ ½0 1 0�T, e2 ¼ ½0 1 0�T, e3 ¼ ½0 0 1�T: ð30Þ
According to the constraint relationship at the

rotating joints Ri in the parallel mechanism, SiRi is
always perpendicular to ei, constraint equation can be
written as

SiRi⋅ei ¼ 0: ð31Þ
By solving equation (31), the accompanying motion of

the mechanism can be obtained.The Euler matrix of object
coordinate system under world coordinate system can be
written as

Ri ¼ Tðz, hiÞ⋅Tðx0,�L1Þði ¼ 1, 2, 3Þ: ð32Þ
The Euler transformation process from point OA to

point Ri can be written as

Ri ¼Rðx,aiÞTðz0,hiÞ⋅Rðz00,bÞ⋅Rðy000,gÞTðx0000,L2Þði¼ 4,5,6Þ:
ð33Þ

Simplified equation (33), and simplified results can be
written as

APRix

APRix

APRix

2
64

3
75 ¼

L2⋅cosbi⋅cosgi
L2⋅ðsinai⋅singiþcosai⋅cosgi⋅sinbiÞ

h1 � L2⋅ðcosai⋅singi � cosgi⋅sinai⋅sinbiÞ

2
64

3
75:
ð34Þ

Solved equation (34), the Euler angle gi and bi can be
calculated as

gi ¼ a sinððFi⋅sinai � Gi⋅cosaiÞ=L1Þ, ð35Þ

bi ¼ a tanððFi⋅cosa1þGi⋅sina1Þ=ðNiÞÞ: ð36Þ
Symbol Fi, Gi and Ni are simplification parameters.
The kinematics closed-loop vector equation of mechan-

ical system is established as

OAo7 ¼ APSiþSiRi�APo7Ri: ð37Þ
According to the coordinate correspondence, the

following equations can be obtained

x ¼ f ðP1ÞþS1R1ð1, 1ÞþAPo7Rix

y ¼ f ðP2ÞþS2R2ð2, 1ÞþAPo7Riy

z ¼ f ðP3ÞþS3R3ð3, 1ÞþAPo7Riz

8><
>: , ð38Þ
where, symbol f(Pi) is driving function, by simplified
equation (38), f(Pi) can be expressed as

f P3ð Þ¼
� 2•C•D�2•Að Þþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2•C•D�2•Að Þ2�4• C2þ1

� �
• A2�BþD2
� �q

2•ðC2þ1Þ
f P1ð Þ¼ b1•wzþ f P3ð Þ�x•tanbð Þ•sinb•tang�x•cosb•tangð Þþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L21� b1•wxþxð Þ2� b1•wyþx•tanb

� �2q
f P2ð Þ¼ b1•wz� f P3ð Þ�x•tanbð Þ•sinb•tang�x•cosb•tangð Þþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L22� x�b1•wxð Þ2� x•tanb�b1•wy

� �2q

8>>>>>>><
>>>>>>>:

:

ð39Þ
The symbol A, B, C andD is simplification parameters.
The position coordinate OAo7= [x y z]T of terminal

platform is a function of variable x, b and g. So linear
velocity vp and angular velocity wp of terminal platform
can be expressed by independent variable parame-
ter _H ¼ ½ _x _b _g�, it can be expressed as

vp ¼

∂x
∂x

∂x
∂b

∂x
∂g

dg

∂x
∂g
∂b

∂g
∂g

∂z
∂x

∂z
∂b

∂z
∂g

2
66666664

3
77777775

•

_x

_b

_g

2
64

3
75 ¼ J1A

_x

_b

_g

2
64

3
75: ð40Þ

Matrix J1A is linear velocity transformation matrix.

wp ¼Rðx,aÞ⋅
1

0

0

2
664

3
775⋅ _aþRðz,bÞ⋅

0

0

1

2
664

3
775⋅ _bþRðy,gÞ⋅

0

1

0

2
664

3
775⋅ _g

¼
1 0 �sinb

0 �sina cosa⋅cosb

0 cosa cosb⋅sina

2
664

3
775⋅

_a

_b

_g

2
664

3
775

¼ J2A⋅

_a

_b

_g

2
664

3
775

ð41Þ

The matrix J2A is angular velocity transformation
matrix.

Velocity vector of rotating joints in world coordinate
system is written as

ARiv ¼ vp þwp �ðAR7⋅o7PRiÞ: ð42Þ
Also, the acceleration vector of rotating joints in world

coordinate system can be written as

Ria ¼ _vp þ _wp �ðAR7⋅o7PRiÞþwp �ðwp �ðAR7⋅o7PRiÞÞ: ð43Þ

3.2 Dynamic model with spherical clearance joints

The generalized coordinates of each component are selected
to accurately describe the pose changes of the mechanism,
it is expressed as

Q ¼ ðQ1
T Q2

T Q3
T Q4

T Q5
T Q6

T Q7
TÞ, ð44Þ
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where Q ¼ ðOT
i f

T
i Þ,Oi=(xi yi zi)

T, fi=(ai bi gi)
T(i=1, 2,

..., 7), Oi is position coordinate of the origin of object
coordinate system in world coordinate system, fi is Euler
angle vector of object coordinate system in world
coordinate system.

Spherical joints restrict three-dimensional movement
and provide three-dimensional rotation, so its constraint
equation is written as

FS ¼ OAoiþARi⋅oici�OAoj�ARi⋅ojcj ¼ 03� 1, ð45Þ
where OAoi and

OAoj are position coordinate of origin of
object coordinate system {oi} and {oj} in world coordinate
system{A}, oici is position coordinate about center point of
socket in object coordinate system {oi}, ojcj is position
coordinate about center point of ball in object coordinate
system {oj},

ARi is Euler transformation matrix.
Sliding joints only provide translation in one direction

and limits the pose in the other five directions, its
constraint equation can be written as

FP ¼

dzj
T⋅ðOApj�OAoi�ARi⋅oipiÞ

dyj
T⋅ðOApj�OAoi�ARi⋅oipiÞ

dyj
T⋅ðARi⋅dxiÞ

dzj
T⋅ðARi⋅dxiÞ

dzj
T⋅ðARi⋅dyiÞ

2
66666664

3
77777775
¼ 05� 1, ð46Þ

where ARi is Euler matrix, Pi and Pj are center of two
components that make up sliding joint, dxi, dyi, dzi are
mutually perpendicular unit vectors fixed at dxj, dyj, dzj
are mutually perpendicular unit vectors fixed at Pj, dxi
and dxj are parallel to the translational direction of
sliding joint. The first two equations restrict the
movement of the sliding joint in the other two directions,
and the last three equations restrict the rotation in three
directions.

The rotating pair provides a rotational pose around the
axis, so the movement in three directions and rotation in
the other two directions should be restricted, and the
constraint equation can be written as

FR

OAoiþARi • oiri � OAoj�ARj • ojrj

ðARi • uiÞ� ðARi •ujÞ

" #
; ð47Þ

where ARi is Euler matrices, ui and uj are rotational axis
vectors of shaft and bearing, OAo

i and
OAo

j are position
coordinate of origin of object coordinate system in world
coordinate system, ri and rj are center points of shaft and
bearing

The rigid constraint equation of SPCMM including all
joints can be written as

FðQÞ ¼ FP1
T FP2

T FP3
T FS1

T FS2
T

FS3
T FR1

T FR2
T FR3

T FD
T

" #
¼ 042� 1, ð48Þ
where FD ¼
jPP1j�f ðP1Þ
jPP2j�f ðP2Þ
jPP3j�f ðP3Þ

2
64

3
75 ¼ 03� 1, f(Pi) is driving

function

of translation joints.
Formula (48) derivation of time t, the velocity

constraint equation is written as

FQ
_Q ¼ �Ft ≡ s; ð49Þ

where FQ is Jacobean matrix, _Q is generalized velocity
vector,Ftmeans that constraint equationF(Q) derivate of
time t, s is the other side of the equation.

The equation (49) derivate of time t, acceleration
constraint equation is written as

FQQ
::

¼ �ðFQ
_QÞQ _Q�2FQt

_Q�Ftt ≡ g, ð50Þ
where Q

::

represents generalized acceleration vector of
mechanism which means _Q derivate of time t, ðFQ

_QÞQ
means FQ

_Q derivate of the generalized coordinate Q, FQt
meansFQ derivate of time t,FttmeansFt derivate of time t,
g is other side of the equation.

Mass matrix of SPCMM is followed

MQ ¼ diag½N1 J1 N2 J2 ⋅⋅⋅N7J7�, ð51Þ
where Nk= diag[mk mk mk] (k=1, 2...7), the rotational
inertia Jk= diag[Ixk Iyk Izk] (k=1, 2...7).

The above results are substituted into dynamic
equation with Lagrange multiplier, equation may write
as follow

MQQ
::

þFQ
Tl ¼ FQ; ð52Þ

where l is Lagrange multiplier, it only related to the
internal force and internal moment of connected rods,FQ is
generalized force vector and it included external force and
external torque.

When SPCMM carried out with no load, the general-
ized force vector FQ is expressed as

FQ ¼ ½M1M2:::M7�T, ð53Þ
where Mk= [mkg 0 0 0 0 0]T (k=1, 2...7), g is the
acceleration of gravity.

Expression of formula (50) and (52) in form of
differential algebra, the union matrix is shown as

MQ FQ
T

FQ 0

" #
Q
::

l

" #
¼ FQ

g

� �
: ð54Þ

Because displacement constraint and velocity con-
straint of multibody system are not used in equation (54),
so there may be a violated constraint. Baumgarte [34]
proposed a method to solve this problem using feedback
control theory to enhance the stability of numerical



Table 2. Clearance dynamics simulation parameters of SPCMM.

Simulation Parameter Numerical Simulation parameter Numerical

Stable parameters ac and b 5 Radius of spherical socket R 1.03 cm
Power exponent of metal surface n 1.5 Radius of ball r 1.0 cm
Coefficient of restitution Ce 0.9 Ultimate speed va 0.001mm/s
Poisson’s ratio l 0.3 Ultimate speed vu 0.1mm/s
Elastic modulus of material E 206 GPa Matlab integral step 1.0 ms
Sliding friction coefficient Cf 0.15 Matlab integral function Ode 45

Table 1. design parameters of SPCMM.

Structural Parameter Numerical Structural Parameter Numerical

Circumscribed circle radius
of terminal platform (cm)

5.2 Rotary inertia of driving rod (kg ·m2)
5:22E�05 0 0

0 4:53E� 05 0

0 0 3:26E� 05

�

2
64

(cm) PiSi 2.8

(cm) SiRi 20 Rotary inertia of driven rod (kg ·m2)
1:93E� 03 0 0

0 1:92E� 03 0

0 0 1:58E� 05

�

2
64

Mass of driving rod (kg) 0.168
Mass of driven rod (kg) 0.384 Rotary inertia of terminal platform (kg ·m2)

4:44E� 04 0 0

0 3:31E� 04 0

0 0 1:35E� 04

�

2
64

Mass of terminal platform (kg) 0.490
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calculation, the new union matrix is written as

MQ FQ
T

FQ 0

" #
Q
::

l

" #
¼ FQ

g�2ac
_F�bc

2F

� �
, ð55Þ

where ac and bc are correction parameter bigger than zero,
_F is that the rigid constraint equation F(Q) derivate of t.

In clearance dynamics model, the ball moves freely in
the socket, the force constraint in spherical joint will
replace the displacement constraint in rigid dynamics
model, and the constraint equation and generalized force
vector considering spherical clearance joints S1, S2 and S3
are as follows:

�FðQÞ ¼ FP1
T FP2

T FP3
T FR1

T FR2
T FR3

T FD
T� � ¼ 033� 1,

ð56Þ
�FQ ¼ ½�M1

�M2 :::�M7�T: ð57Þ
In formula (57),

�Mk ¼ ½mkgþFSw
id 0 0 MSw

i � ðk ¼ 1, 3, 5 d ¼ x, y, zÞ,



Fig. 4. Flow chart of numerical simulation.
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�M7 ¼ ½m7g 00 0 0 0�;
where the force FSw

id is component of contact force of
spherical clearance joint in world coordinate system,MSw

i is
the moment of ball and socket from collision point to
component centroid.

The union matrix with spherical clearance joints is
written as

MQ
�
FQ

T

�FQ 0

" #
Q
::

l

" #
¼

�FQ

g�2a _F�b2F

� �
: ð58Þ

4 Dynamics behavior analysis of SPCMM

4.1 Solving process and applied parameters

Numerical technique is used to solve dynamic model of
SPCMM with spherical clearance joints, and detailed
structural parameters and simulation parameters is
written in Tables 1 and 2. Simulation trajectory is given
as following

x ¼ sinðp⋅tÞ=40þ0:203

b ¼ sinðp⋅tÞ=40
g ¼ p=12

8><
>: : ð59Þ

According to Figure 4, the detailed numerical simula-
tion process can be summarized as
–
 Solve initial displacement and velocity of each compo-
nent at time=0 by inverse kinematics, these data will be
loaded into dynamics program with multiple spherical
clearance joints.
–
 Solve displacement constraint equations including all
prismatic joints, spherical joints and rotating joints. The
velocity and acceleration constraint equations can be
obtained by taking time derivatives of the displacement
constraint equations.
–
 Establish kinematics model of spherical clearance joint,
and solve normal contact force and tangential contact
force at the impact point.



Fig. 6. Velocity response in X and Beta under different clearance values.

Fig. 5. Displacement response in X and Beta under different clearance values.
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–
 The force constraint in spherical clearance joint is
introduced into Baumgarte stability equation instead of
position constraint of component to enhance the stability
of numerical simulation.
–
 Judge the contact state at the contact point and calculate
collision depth, if collision depth is greater than 0,
calculate normal contact force and tangential contact
force, and generalized displacement, velocity and
acceleration can be got at the same time.
–
 Perform iterative calculation until the end ofmotion time.

4.2 Dynamic response of SPCMM with multiple
spherical clearance joints
4.2.1 Dynamic response considering clearance values

It is inevitable that clearance will cause an unpredictable
impact and reduce the performance of mechanism.
Concreting dynamic response and chaotic characteristics
of parallelmechanismunder different clearances canprovide
theoretical guidance for selecting the appropriate clearance
in production and assembly, and set the clearance value as
the single variable, set other variables tofixed values and the
friction coefficient is fixed at 0.2.

From Figure 5a, the displacement curves of the terminal
platform in X direction has no obvious deviation under
different clearance values, and three curves coincided
together. In the Figure 5b, curves have obvious fluctuations
within the 0–0.3 s, and the amplitude of fluctuation increases
while clearance value becomes bigger. Maximum deviation is
0.012 radwhenclearancevalue is0.7mm,maximumdeviation
is 0.008 rad when clearance value is 0.5mm, and maximum
deviation is 0.006 rad when clearance value is 0.3mm. After
0.3 s, the curves basically coincide and mechanism start a
stable operation state. It is a conclusion change of clearance
values have a great influence on the displacement response in
Beta inthe initial stageofmovement,curvedeviationbecomes
bigger when matched a bigger clearance value.



Fig. 9. Contact forces of S1, S2 and S3 with c is 0.5mm.

Fig. 7. Acceleration response in X and Beta under different clearance values.

Fig. 8. Contact forces of S1, S2 and S3 with c is 0.3mm.
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From Figure 6a, It is obvious clearance values caused a
big different fluctuations within 0–0.4 s. Maximum fluctu-
ation peak is 0.186m/s while matched a fixed clearance
value 0.7mm, maximum fluctuation peak is 0.167m/s
while matched a fixed clearance value 0.5mm, maximum
fluctuation peak is 0.147m/s while matched a fixed
clearance value 0.3mm. In Figure 6b, and the fluctuation
is greater when matched a bigger clearance value,
maximum fluctuation peak is 1.511 rad/s while matched
a fixed clearance value 0.7mm, maximum fluctuation peak
is 1.104 rad /s while matched a fixed clearance value
0.5mm, maximum fluctuation peak is 0.906 rad /s while
matched a fixed clearance value 0.3mm, but the fluctua-
tions weaken very quickly, the mechanical system becomes
stable and the curves basically coincide when it is time
0.4 s. It can be concluded that clearance has a great effect
on the velocity in X and Beta of mechanism, when the
impact phenomenon in joints disappear and the spherical
joints elements are in contact, the mechanism can work in a
stable motion state.

From Figure 7a, acceleration fluctuation becomes
larger while matched a greater clearance value, the peak
acceleration in X direction is 667.5m/s2 when clearance
value set a fixed value 0.7mm, the peak acceleration in X
direction is 446.2m/s2 when clearance value set a fixed
value 0.5mm, the peak acceleration is 430.7m/s2 when
clearance value set a fixed value 0.3mm. In Figure 7b, the
acceleration in Beta is bigger than X, this means the
clearance value does a great effect on acceleration in Beta,
the initial fluctuation range of acceleration is very large,
and then it weakened rapidly, until the time comes to 0.4 s
the motion state becomes stable. The reason for this



Fig. 11. Displacement response in X and Beta under friction coefficients.

Fig. 10. Contact forces of S1, S2 and S3 with c is 0.7mm.
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fluctuation rule of acceleration in X and Beta is that
coupling motion and mutual interference occurs between
the three spherical joints.

In Figure 8, contact forces fluctuate greatly within
0–0.21 s in different joints, violent collision occurred
between joints elements at start of motion, and fluctuation
peaks is different. Fluctuation peak is 809.7 N in S1 joint
when clearance value matched a fixed value 0.3mm,
fluctuation peak is 463.3 N in S2 joint and fluctuation
peak is 755.8 N in S3 joint, after 0.21 s, collision
disappeared and mechanism are working steadily, here
is a conclusion impact phenomenon in S1 is more obvious
than impact phenomenon in S2 and S3. In Figure 9, the
contact forces fluctuate greatly within 0–0.33 s in
different joints S1, S2 and S3, after 0.33 s, collision
disappeared and mechanism are working smoothly.
When clearance value matched a fixed value 0.5mm,
fluctuation peak is 840N in S1 joint, fluctuation peak is
1061N in S2 joint and fluctuation peak is 982.7 N in S3
joint, it is concluded impact phenomenon in S2 is more
obvious than impact phenomenon in S1 and S3. In
Figure 10, contact forces fluctuate greatly within
0–0.39 s in different joints S1, S2 and S3, after 0.39 s,
collision disappeared and mechanism are working
smoothly. When clearance value matched a fixed value
0.7mm, fluctuation peak is 1094N in S1 joint, fluctuation
peak is 917.4 N in S2 joint and fluctuation peak is 1176N
in S3 joint, it is concluded impact phenomenon in S3 is
more obvious than impact phenomenon in S1 and S2.
Compare contact forces considering different clearance
values in joints S1, S2 and S3 and find that contact force
increased while clearance values increased, it takes
longer time for mechanism to reach stable motion state
when matched a bigger clearance value.



Fig. 12. Velocity response in X and Beta under different friction coefficients.

Fig. 13. Acceleration response in X and Beta under different friction coefficients.
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4.2.2 Dynamic response considering friction coefficients

Oversized contact force existing in spherical clearance joint
caused by violent collision may lead to an unbalanced
motion state of the mechanism, and the main influence
factor of the contact force is the friction coefficient, so it is
particularly critical to research the dynamic response and
chaotic characteristics of mechanism under different
friction coefficients, here the clearance value takes a fixed
0.3mm.

In Figure 11a, the displacement curves of different
friction coefficients coincide, it can be concluded that
different friction coefficients have little effect on the
displacement curves in X direction. In Figure 11b, the
curves fluctuate significantly before 0.3 s, and the fluctua-
tion amplitude increases with increase of friction coeffi-
cient. Maximum deviation is 6.61� 10�3 rad when friction
coefficient is 0.15, maximum deviation is 6.77� 10�3 rad
when friction coefficient is 0.20, and maximum deviation is
6.90� 10�3 rad when friction coefficient is 0.25. Fluctua-
tion amplitude decreases gradually with movement of the
mechanism, after 0.3 s, the curve does not fluctuate and the
curves coincide. It can be concluded that friction coefficient
has much effect on displacement curve at beginning of
movement, the greater the friction coefficient, the greater
the fluctuation of the curve.

From Figure 12a, the velocity curves in X fluctuate
obviously within 0–0.3 s, and the peak of fluctuation
reached 0.161m/s, 0.156m/s and 0.149m/s separately
while cf is 0.25, 0.20 and 0.15, and the curves fluctuate
significantly before 0.3 s, the fluctuation amplitude
decreases gradually within 0–0.3 s, and after 0.3 s, the
curve has no obvious fluctuation. Here is a concluded that
friction coefficient does a great effect on the velocity curve
in X within 0–0.3 s, after 0.3 s, the friction coefficients have
little effect on the velocity curve in X. In Figure 12b, the
fluctuation of velocity curve in Beta is very obvious within
0–0.3 s, different friction coefficients lead to different
fluctuation peaks, the fluctuation peak corresponding to
friction coefficient 0.25 is 1.279 rad/s, the fluctuation peak



Fig. 16. Contact forces of S1 S2 and S3 with cf is 0.25.

Fig. 14. Contact forces of S1 S2 and S3 with cf is 0.15
Fig. 15. Contact forces of S1 S2 and S3 with cf is 0.20.
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corresponding to friction coefficient 0.20 is 1.277 rad/s, the
fluctuation peak corresponding to friction coefficient 0.15 is
1.265 rad/s, after 0.3 s the fluctuation of curve is not
obvious and curves basically coincide. It can be concluded
that different friction coefficients have much effect on the
velocity curve in Beta within 0–0.3 s, after 0.3 s, the friction
coefficient has little effect on the curve, the mechanism
reaches a stable motion state.

In Figure 13, the acceleration curves in X and Beta
fluctuate violently within 0–0.3 s, after 0.3 s, the curves do
not fluctuate and the curves present a stable periodic
working state. In Figure 13a, biggest peak value is 533.2m/
s2 while friction coefficient matched a fixed value 0.15, peak
value is 430.7m/s2 while friction coefficient matched a
fixed value 0.20, the peak value is 426m/s2 while friction
coefficient matched a fixed value 0.25, Here is a concluded
that the greater the friction coefficient, the greater the
fluctuation peak. In Figure 13b, the biggest peak value is
2193m/s2 while friction coefficient is 0.20, the peak value is
1582m/s2 while friction coefficient matched a fixed value
0.25 and peak value is 993.1m/s2 while friction coefficient
matched a fixed value 0.15. Here is a concluded that due to
existence of coupled motion, influence of friction coefficient
on acceleration in Beta is not following the rule the greater
the friction coefficient, the greater the peak value of the
curve, the acceleration curve in Beta has higher sensitivity
than the acceleration curve in X when the friction
coefficient changes.

From Figure 14, the contact force curves fluctuate
greatly within 0–0.22 s, after 0.22 s, mechanism are working
steadily. Peak value is 1057N in joint S2, peak value is
966.4N in joint S1 and thepeak value is 866.8N in joint S3, it
is a conclusion collisions inS2 ismore severe.FromFigure 15,
the contact force curves fluctuate greatly within 0–0.23 s,
after 0.23 s, mechanism are working steadily. Peak value is
922.3N in joint S2, peak value is 552.6N in joint S1 and peak
value is 444.7N in joint S3, it is a conclusion collisions in S2 is
more severe. In Figure 16, the contact force curves fluctuate
greatly within 0–0.22 s, after 0.22 s, mechanism are working
steadily. Peak value is 719.4N in joint S1, peak value is
560.8N in joint S2 andpeak value is 500.2N in joint S3, it is a
conclusion collisions in S1 is more severe.

4.2.3 Reliability verification of dynamic model with
multiple spherical clearance joints

To test the reliability of dynamic model for SPCMM with
multiple spherical clearance joints, Matlab calculation
results, Adams simulation results and ideal motion results
without clearance joints were compared, the comparison
results are shown in Figure 17.

Figure 17 shows simulation comparison curves between
Adams and Matlab. Figure 17a and 17b shows the
displacement curves in X and Beta, and Adams results,
Matlab result and the no clearance results basically
consistent. Figure 17c and 17d shows that velocity curves
fluctuate greatly at the beginning of operation, the results



Fig. 17. Simulation comparison curves of Beta between Adams and Matlab.
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Fig. 19. Poincare map of terminal platform.

Fig. 18. Phase diagram of terminal platform.
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solved byMatlab is bigger than the results solved byAdams,
the curves are basically consistent when the mechanism
reaches the stable state. Figure 17(e) and (f) shows that the
acceleration curves fluctuate greatly at the beginning of
operation, the peak fluctuation of Adams curve in X is
291m/s2, the peak fluctuation of Matlab curve in X
is 319.2m/s2, the peak fluctuation of Adams curve in Beta is
1571 rad/s2, the peak fluctuation of Matlab curve in Beta is
1754 rad/s2, when the mechanism reaches the stable state,
curves are basically consistent. It can be concluded that
reliabilityofdynamicsmodelofSPCMMwithmultiplespherical
clearance joints is verified through comparison results.

4.3 Chaotic characteristics of SPCMM with multiple
spherical clearance joints

Through Phase diagram, Poincare map and Bifurcation
diagram of terminal platform in X and Beta direction,
effects of different clearance values and friction coefficients
on chaotic characteristics of mechanism can be researched
and analyzed intuitively.

From Figure 18a, the Phase diagrams in X coincide
basically and the images are smooth ellipses. It can be
concluded different clearance values have little effect on
Poincare map in X, the mechanism is in periodic motion in
X analyzed by Poincare map. In Figure 18b, the picture is
presented as ellipses of different widths, and the width of
the ellipse becomes bigger when increases clearance value,
it can be concluded that with increase of clearance value,
influence of clearance on Poincare map in Beta becomes
more obvious.

In Figure 19a, the Poincare maps in Beta corresponding
to different clearance values are presented as three points
at different positions, and the larger the clearance value,
the more right the point is. It can be concluded that
mechanism is in quasi periodicmotion at thismoment. From



Fig. 21. Phase diagram of terminal platform.

Fig. 20. Bifurcation diagram of terminal platform.
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Figure 19b, the image is represented as three circular areas,
and circular area becomes bigger when increases clearance
value, it can be concluded that clearance value has much
influence on the Poincare map in Beta, the mechanism is in
quasi periodic motion state in Beta.

InFigure20a, the curvehasnodivergenceandpresentsas
a stable straight line, it is resulted that mechanism is in
periodicmotion state all timewhile clearance value increases
from 0.01mm to 1mm. In Figure 20b, the image gradually
diverges while increases clearance value, and it can be
concluded the clearance value does a great effect on the
chaotic characteristics in Beta direction, and mechanism
varied from periodic motion state to chaotic motion state
with increase of clearance value.
In Figure 21a, the image appears as three smooth
ellipses which coincide together, it can be concluded that
friction coefficient has little effect on the phase diagram in
X, and the mechanism is in periodic motion under different
friction coefficients. From Figure 21b, there are three
ellipses with wider contours which coincide together, the
contours of the ellipse do not become wider when the
friction coefficient becomes bigger, here is a concluded that
friction coefficient has less effect on the phase diagram in
Beta, and mechanism is in quasi periodic motion.

From Figures 22a and (b), the Poincare maps
corresponding to different friction coefficients are located
in the same position, the closer the mapping points are to
the center, the denser the distribution is. It can be



Fig. 23. Bifurcation diagram of terminal platform.

Fig. 22. Poincare map of terminal platform.
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concluded that changing friction coefficient has little effect
on Poincare mapping in X and Beta, and the mechanism is
in quasi periodic motion.

From Figure 23, the Bifurcation diagrams of terminal
platform in X and Beta present two convergent straight
lines when friction coefficient increases from 0.01 to 0.4, it
can be concluded that the mechanism is always in periodic
working state, friction coefficient has little effect on the
Bifurcation diagram of terminal platform in X and Beta.
5 Conclusions

As an indispensable resource for studying dynamic behavior
of parallel mechanism, dynamic response and chaos
characteristics of spatial parallel coordinate measuring
mechanismwithmulti spherical clearance joints are studied.

–
 A dynamic modeling method with multiple spherical
clearance joints for spatial parallel coordinate measuring
mechanism based on Lagrange multiplier technology is
developed. The reliability of dynamics modeling method
is verified by comparing the results from Adams and
Matlab, also a detailed contact collision model of
spherical clearance joints under different collision states
are established.
–
 Dynamic response of spatial parallel coordinate measur-
ing mechanism is studied by comparing displacement,
velocity, acceleration curves and contact force curves.
The clearance values are respectively taken as fixed
values of 0.3mm, 0.5mm and 0.7mm and friction
coefficient are respectively taken as fixed values of
0.15, 0.20 and 0.25. Comparing the analysis results, it is
found that dynamic response of mechanism becomes
more violent with increase of clearance value and friction
coefficient.
–
 Chaos characteristics of spatial parallel coordinate
measuring mechanism are researched by comparing
Phase diagram, Poincare map and bifurcation diagram.
Comparing the analysis results, get a conclusion that
clearance value has a great influence on chaotic
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characteristics of Beta direction, chaotic characteristics
became more obvious when matched a bigger clearance
value, and different friction coefficient has little effect on
Chaos characteristics.
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